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PREFACE 


For  almost  twenty  years  the  Radiation  Laboratory  of  The  University  of  Michigan 
has  been  actively  engaged  in  predicting  the  radar  scattering  behavior  of  a  wide  variety 
of  targets,  both  simple  and  complex,  and  out  of  this  work  a  wealth  of  material  has 
grown.  Much  of  it  has  been  published  in  the  open  literature,  but  some  has  remained 
bound  in  the  experience  of  the  individual  investigators  or  has  appeared  only  in  techni¬ 
cal  reports  with  limited  distribution.  The  suggestion  that  this  material  be  collected 
together  and,  in  conjunction  with  an  exhaustive  review  of  the  literature,  be  made 
available  to  a  wider  audience,  was  the  factor  that  led  to  the  w  riting  of  this  book. 

In  considering  the  form  that  such  a  book  might  take,  it  was  apparent  that  a  rigid 
limitation  of  objectives  would  be  necessary  to  keep  the  manuscript  to  manageable 
size.  Because  of  the  several  treatments  of  the  methods  of  scattering  and  diffraction 
theory  that  have  appeared  in  recent  years,  it  was  felt  that  the  main  focus  should  be 
placed  on  the  presentation  of  results,  but  even  so,  a  further  restriction  on  the  type 
and  material  composition  of  the  scattering  body  was  still  required  to  permit  a  reason¬ 
ably  complete  coverage  of  each  particular  case.  We  therefore  decided  to  confine 
ourselves  to  bodies  which  are  soft  or  hard  in  the  acoustical  sense,  or  are  perfectly 
conducting  to  electromagnetic  w'aves,  and  fifteen  geometrically  simple  scattering 
shapes  were  selected  for  the  study.  Except  in  one  instance  (the  wire),  these  shapes 
are  determined  by  the  coordinate  system  in  which  the  wave  equation  is  separable, 
and  are  the  ones  for  which  extensive  mathematical  results  are  available. 

The  information  about  the  scattering  behavior  of  these  fifteen  different  shapes 
was  collected,  revised  and  systematically  organized,  and  is  here  presented  in  chapters 
divided  according  to  the  shape.  Many  new  formulae  and  computations  are  included, 
especially  for  the  wire  (Chapter  12)  and  the  cone  (Chapter  18).  Each  section  of  the 
book  is  as  self-contained  as  possible  compatible  with  a  tolerable  amount  of  repetition, 
and  the  contents  of  each  chapter  are  presented  in  a  standard,  stylized  format  to 
facilitate  ready  reference.  Emphasis  is  placed  on  results  in  the  form  of  formulae  and 
diagrams,  but  a  brief  outline  of  the  methods  for  the  solution  nf  scattering  problems 
is  given  in  the  Introduction,  together  with  the  main  properties  of  those  special 
functions  which  are  used  extensively  throughout  the  book.  The  bibliography  is 
selective  and  critical,  rather  than  exhaustive,  and  every  effort  has  been  made  to  correct 
errors  in  the  source  material.  It  is  our  hope  that  a  handbook  such  as  this  will  prove 
valuable  to  radar  and  antenna  specialists,  and  to  all  interested  in  scattering  theory. 
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LIST  OF  SYMBOLS 


Unless  otherwise  stated,  the  symbols  most  commonly  used  in  the  book  have  the 
following  meaning: 


i:  -  electric  permittivity  (dielectric  constant)  in  vacuo. 

ft  =  magnetic  permeability  in  vacuo. 

l/\A'/<  =  velocity  of  light  in  vacuo  («  2.9979  x  108  m/sec). 

Z  =  Y~ 1  =  yjftjc  =  intrinsic  impedance  of  free  space  (=  \20n  Q). 
to  =  angular  frequency, 
i  =  N/-i  a  imaginary  unit. 

c"1'"  -  time-dependence  factor  (omitted  throughout). 

A  =;  2njA  =  lOyJ'ift  =  wave  number  in  vacuo  (A  =  o/c  in  the  acoustical  case,  where  c 
is  the  velocity  of  sound). 

=  Neumann  symbol  (e0  =  1;  e„  =  2,  for  n  =  1,  2,  3, . . .). 

.v,  \\  z  =  rectangular  Cartesian  coordinates. 
lh  z  -  circular  cylindrical  coordinates, 
r.  0.  tj)  =  spherical  polar  coordinates, 
log  =  natural  logarithm. 

V  =  grad  =  gradient  operator. 

V-  =  div  =  divergence  operator. 

V  a  =  curl  =  rot  =  curl  operator. 

V2  =  V  •  V  =  div  grad  =  Lanlace's  operator. 

R  =  |r  —  r0|  =  distance  between  the  source  point  r0  and  the  observation  point  r. 

Vx  =  incident  velocity  potential. 

I  s  -  scattered  velocity  potential. 

I  =  r+r  =  total  velocity  potential. 

E‘  -  incident  electric  field  vector. 

H‘  -  incident  magnetic  field  vector. 

Es  -=  scattered  electric  field  vector. 

//'  -  scattered  magnetic  field  vector 
E  E‘  +  E'  -  total  electric  field  vector. 
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//'  \  IE  total  magnetic  field  vector. 

far-held  coefficient  in  two-dimensional  problems,  j  „  .  *  4 

,  see  Section  1.2.4 

tar-ticld  coelncient  in  three-dimensional  problems.! 

bistatic  radar  cross  section.  with  separation  angle  //  \ 

between  transmitter  and  receiver.  I  ...  .  .  . 

,  ,  ,  ,  .  see  Section  1.2  > 

rr( 0 )  back  scattering  or  monostatic  radar  cross  section. 

total  scattering  cross  section. 


//-tli  zero  of  \i(  -  y ). 
//-th  /ero  o\  \i  (  --/>*). 


see  Section 


1.3.2 
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INTRODUCTION 


J.  J.  BOWMAN,  T.  B.  A.  SENIOR  and  P.  L.  E.  USLENGHI 


1.1.  General  considerations 

Various  factors  dictated  the  choice  of  the  fifteen  shapes  treated  in  this  book. 
Bodies  such  as  the  sphere,  circular  cylinder,  wire,  cone,  wedge,  half-plane,  disc  and 
paraboloid  have  important  applications  in  radar  and  antenna  theoii:s.  Others,  such 
as  the  elliptic  cylinder  and  the  spheroids,  have  often  been  used  for  the  development 
and  testing  of  approximation  methods  of  general  applicability,  in  both  the  low  and 
high  frequency  limits.  For  all  except  the  wire,  the  scalar  wave  equation  is  separable 
in  some  system  of  orthogonal  coordinates.  Shapes  excluded  from  this  book  arc  the 
triaxial  ellipsoid  (Strutt  [1897];  Moguch  [1927]),  the  elliptic  cone  (Kraus  and 
Levine  [1961]),  the  quarter  plane  (Radlow  [1961,  1965]),  the  torus  (Weston  [I960]), 
the  ogive  (Ar  [1967]),  the  parallel-plate  waveguide  and  the  thin-walled  half-cylinder 
(Vajnshtejn  [1954]),  among  others.  Composite  shapes  of  great  practical  interest, 
such  as  the  cone-cylinder  and  the  cone-sphere,  are  also  excluded. 

Acoustically  soft  and  hard,  and  perfectly  conducting  bodies  are  considered.  The 
fifteen  scatterers  are  divided  into  three  groups:  (i)  infinitely  long  cylinders  with  genera¬ 
tors  parallel  to  the  r  axis,  (ii)  finite  and  (iii)  semi-infinite  bodies  with  the  r  axis  as 
axis  of  symmetry.  The  emphasis  is  placed  on  scattering  rather  than  on  radiation 
problems,  i.e.  the  primary  source  is  usually  located  off  the  surface  of  the  scatterer. 
Radiating  slots  in  the  scattering  surface  are  not  considered,  and  although  the  case  of  a 
dipole  on  the  surface  is  examined,  no  general  discussion  of  the  equivalence  between 
dipoles  and  slots  is  given.  The  primary  field  is  that  of  a  plane  wave,  a  point  source  or 
a  dipole;  in  Part  One.  line  sources  parallel  to  the  generators  of  the  scatterer  are  also 
considered. 

The  choice  of  time-harmonic  fields  (with  time-dependence  factor  e  ""  omitted 
throughout)  is  justified  by  the  fact  that  this  is  an  important  case  in  practice,  that  most 
of  the  literature  does  indeed  consider  this  type  of  field  only,  and  that  an  arbitrary 
field  can  always  be  decomposed  itro  the  sum  of  monochromatic  waves  by  Fourier 
analysis.  It  should  be  noted,  however,  that  the  high-frequency  results  quoted  in  this 
book  are  valid  for  real  positive  frequencies,  and  cannot  in  general  be  extended  to  the 
whole  complex  frequency  plane  (in  particular,  they  cannot  in  general  be  analyti¬ 
cally  continued  t o  negative  ;ea!  frequencies). 

flic  scattered  field  or  the  total  field  is  given  at  an  arbitrarily  located  observation 
po,nt  1  xplicit  results  arc  also  exhibited  for  the  t  otal  field  at  the  surface  of  the  scatterer 
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(especially  important  in  antenna  applications)  and  for  the  far  field,  from  which  the 
radar  cross  sections  are  derived. 

i.2.  Fundamental  concepts 

This  section  is  not  intended  to  be  a  comprehensive  treatise  on  methods,  but  rather 
a  brief  survey  of  the  most  widely  used  techniques  in  which  the  reader  may  find  some 
useful  formulae  and  the  most  relevant  bibliographical  references. 

1.2.1.  Maxwell's  equations 

The  electromagnetic  field  at  a  time  /  and  at  any  point  in  a  linear,  homogenous 
and  isotropic  medium  of  electric  permittivity  magnetic  permeability  /t  and  zero 
conductivity  is  described  by  the  homogeneous  Maxwell  equations 

VaH  =  £~,  Va  £=—/<  —  ,  (1.1) 

dt  dt 

which  govern  the  behavior  of  the  electric  field  E  and  of  the  magnetic  field  H  at  all 
ordinary  points  in  space,  but  do  not  describe  the  field  at  the  source  points.  By  taking 
the  divergence  of  both  sides  of  eqs.  (1.1)  and  with  the  convention  that  at  some  time 
the  fields  may  become  solenoidal  (which  is  certainly  the  case  if,  for  example,  Er=  .  „  - 
//,=  _  „  -  0)  one  finds  the  auxiliary  equations 

V  •  ff  =  V  •  E  =  0.  (1.2) 

If  a  scattering  body  is  embedded  in  the  medium,  eqs.  (1.1)  and  (1.2)  are  satisfied 
by  the  incident  or  primary  fields  E1  and  //',  by  the  total  (incident  plus  scattered) 
fields  E  and  H,  and  therefore  also  by  the  secondary  or  scattered  fields  E*  and  H\ 
which  represent  the  disturbance  added  to  the  primary  fields  by  the  scattercr. 

Fn  the  following  we  shall  consider  only  the  particular  case  of  monochromatic 
radiation.  The  wave  number  A'  and  the  intrinsic  impedance  Z  of  the  medium  surround¬ 
ing  the  scattercr  arc  given  by 

A  =  ws/cn  -  InjX  .  Z  =  V”1  =  v// i/r,  (1.3) 

where  to  is  the  angular  frequency  and  /.  the  wavelength  (in  free  space,  Z  -  1 20  tt  ohm). 
The  time  dependence  factor  cxp(-ito/)  is  suppressed  throughout  the  book.  By 
replacing  the  operator  e/Ct  with  the  multiplicative  factor  -  ito,  it  is  seen  that  eqs.  (I.  I ) 
become: 

V  a  //  =  —ikYE,  VaE  =  \kZH.  (1.4) 

1.2  2.  Acoustical  equations 

If  the  medium  surrounding  the  scattercr  is  a  gas,  such  as  air.with  negligible  \  iscosity. 
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in  which  small  perturbations  from  the  rest  condition  occur,  the  equations  that  describe 
the  motion  of  the  gas  at  all  ordinary  points  in  space  are  Newton’s  equation 

<5„  |"=-Vp  (1.5) 

dt 

and  the  continuity  equation 

—  =  -<50c2V  • «,  (c2  =  yp0/U  (1.6) 

dt 

where  S0  and  p0  are  the  density  and  pressure  respectively  of  the  gas  at  rest,  y  is  the 
ratio  of  the  specific  heat  at  constant  pressure  to  that  at  constant  volume  (y  =  1.4  for 
air  at  normal  temperature  and  pressure),  u  is  the  gas  particle  velocity,  p  is  the  excess 
pressure  (i.e.  the  difference  between  the  actual  pressure  and  p0),  and  i  is  the  time. 

It  is  customary  to  introduce  a  velocity  potential  V  such  that 


u  =  VV ; 

(1-7) 

then  from  eq.  (1.5)  and  the  fact  that  p  =  0  at  rest: 

.  dV 

(1.8) 

p  =  -d0  —  . 
dt 

The  symbols  V\  Vs  and  V  =  +  V*  will  indicate  the  incident,  scattered  and  total 

velocity  potentials,  respectively. 

For  harmonic  vibrations  with  time  dependence  exp  ( —  ico/),  eqs.  (1.5),  (1.6)  and 
(1.8)  become: 


u  =  -  1  Vp, 

(19) 

P  =  -  -<5C)C2V  • 

O) 

(MO) 

p  =  i  a)60V. 

(Ml) 

1.2.3.  W'U'c  propagation 

In  the  electromagnetic  case,  it  follows  from  eqs.  (1.1)  that 

(VaVa  +c/<  '\)e  =  ().  (vaVa  +c/(  *'  ) 
\  <W  \  drl 

1  H  =  0. 

(M2) 

or 

H  =  0. 

(1.13) 

where  V:  operates  on  the  rectangular  Cartesian  components  of  E  and  II.  For  har¬ 
monic  time  dependence,  eqs.  (1.13)  become 

(V:  \-k2)E  =  0,  (V2  +  Jr)H  =  0. 


(1.14) 
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In  the  acoustical  case,  it  follows  from  eqs.  (1.5)  and  (1.6)  that 


=  0. 


(1.15) 


In  the  following  we  shall  work  with  the  velocity  potential  V ,  from  which  p  and  u 
are  obtained  through  simple  operations  of  differentiation  as  indicated  in  eqs.  (1.7) 
and  (1.8).  We  therefore  consider  the  wave  equation 

which  for  harmonic  time  dependence  becomes 

(V2  +  A2)k=  0,  (k  =  (ojc).  (1.17) 


The  solutions  of  eq.  (1.17)  represent  sound  waves  of  angular  frequency  uj  and 
velocity  v  (for  air  at  N.T.P.,  c  ^  340  m/sec).  Similarly,  the  solutions  of  each  of  the 
six  equations  (1. 14)  represent  waves  of  angular  frequency  to  and  velocity  I/n’c/j 
(in  vacuo,  \js  v.p  ^  2.9979  x  10H  m/sec).  It  is  thus  evident  that  a  certain  correspon¬ 
dence  exists  between  the  solutions  of  scalar  and  vector  boundary  value  problems,  and 
this  •orrespondence  takes  a  particularly  simple  form  for  two-dimensional  problems 
(see  Chapter  I ). 


1.2.4.  Boundary  and  radiation  conditions 

In  the  electromagnetic  case  we  limit  our  considerations  to  perfect  conductors,  i.e., 
we  require  that  the  tangential  component  of  the  total  electric  field  at  any  regular  point 
of  the  scattering  surface  be  zero: 

E-(E  m  =  0,  (1.18) 


where  h  is  the  mil  normal  to  the  surface  directed  from  the  body  into  the  surrounding 
medium.  It  is  seen  from  Maxwell's  equations  that  condition  (1.18)  implies  that  the 
normal  component  of  the  total  magnetic  field  is  zero  at  any  regular  point  of  the  sur¬ 
face  of  the  scattercr. 

Some  components  of  the  electric  and  magnetic  fields  become  infinite  at  those  points 
of  the  scattering  surface  where  the  Gaussian  curvature  is  infinite.  To  ensure  the 
uniqueness  of  the  solution  one  must  then  invoke  an  additional  boundary  condition, 
the  Meixner  integrability  condition:  the  electromagnetic  energv  contained  in  any 
finite  volume  about  the  surface  singularity  must  be  finite  (Miixnir  [1949]).  l  or 
example,  in  the  case  of  the  wedge  with  aperture  angle  212  shown  in  big.  6.1  (12  0 

for  the  half  plane),  it  can  be  shown  that  the  components  of  the  electric  and  magnetic 
fields  parallel  to  the  edge  behave  like  /»'  and  those  perpendicular  to  tile  edge  like  1 
as  />  -*  0.  where  />  is  the  distance  of  the  observation  point  from  the  edge  of  the  wedge 
and  v  --  z  (2a - 212)  (Van  Biadii  [1964)). 

A  generalization  of  the  boundary  condition  (1.18)  winch  is  not  explicitly  considered 
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in  this  book  and  which  has  many  practical  applications  is  the  so-cailed  impedance 
boundary  condition  or  Lconlovich  condition: 

£-(£’*)*  =  (1.19) 

where  fj  is  the  relative  surface  impedance  (f;  -  0  for  a  perfect  conductor)  A  nonzero 
surface  impedance  may  account  for  the  finite  conductivity  of  the  scatterer  (see,  for 
example,  Senior  [1960a]),  for  the  roughness  of  its  surface  (Senior  [19^0b]),  for  the 
presence  of  highly  absorbing  coating  layers  (Weston  [1963]),  or  for  an  overdense 
plasma. 

If  the  scatterer  and  all  the  primary  sources  are  located  within  a  finite  distance  from 
a  fixed  origin  r  -  0,  the  fields  £  and  H  are  required  to  satisfy  the  Silver-Muller 
radiation  condition 

lim  [r a(V .\)  +  ikr]E  =0 

r'*x  uniformly  in  if.  (1.20) 

lim  [r  a(V  a  )  +  \kr]H  =  0 

r-»  / 

in  the  case  of  plane  wave  incidence  it  is  necessary  to  separate  incident  from  scattered 
fields:  the  scattered  fields  E'  and  H*  are  required  to  satisfy  condition  (1.20). 

If  the  scatterer  is  an  infinitely  long  cylindrical  body  with  generators  parallel  to  the 
r  ax;s  (.7  =  rcosd)  and  the  primary  sources  are  at  a  finite  distance  from  r  —  0, 
then  condition  (1.20)  is  to  be  satisfied  for  all  0  in  the  angular  range  0  <  $  ^  0 
with  <>  arbitrarily  small  and  constant.  If  the  primary  source  is  a  fine  source  parallel 
to  the  r  axis  (two-dimensional  problem)  condition  (1.20)  must  be  replaced  by 

0 

uniformly  in  (/>;  (!.2i) 

0 

when  the  primary  source  is  a  plane  wave  at  broadside  incidence,  only  the  scattered 
fields  £ !  and  HI  are  required  to  satisfy  condition  (1.21). 

In  the  acoustical  case  we  only  consider  scatterers  that  are  either  perfectly  soft  or 
perfectly  rigid.  At  the  surface  of  a  soft  scatterer,  the  excess  pressure  p  is  zero:  it 
follows  from  eq.  (I.l  I )  that  the  boundary  condition  for  the  total  velocity  potential  is 

1=0.  (1.22) 

At  the  surface  of  a  rigid  or  hard  scatterer,  the  normal  component  u  •  it  of  the  particle 
velocity  u  is  zero:  it  follows  from  eq.  (1.7)  (hat  the  boundary  condition  for  the  total 
velocity  potential  is 

=  0.  (1.23) 

cn 

Conditions  (1.22)  and  (1.23)  are  also  known  as  Dirich!et  and  Neumann  boundary 
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conditions,  respectively.  A  more  general  boundary  condition  is 


(1 

\dn 


.  o)S 

+  i  — 

n 


V  =  0, 


(1.24) 


where  >s  the  density  (mass  per  unit  volume)  of  the  medium  surrounding  the  scatterer 
and  rj  is  the  normal  acoustic  impedance,  i.e.  the  ratio  of  the  excess  pressure  to  the 
normal  component  of  the  particle  velocity  at  the  surface  of  the  scatterer  (in  particular, 
r\  =  0  for  a  soft  body  and =  0  for  a  hard  body).  Condition  (1.24)  is  not  considered 
in  this  book;  for  a  noteworth y  application  to  the  scattering  of  sound  by  circular  cylin¬ 
ders  and  spheres,  see  Lax  and  Feshbach  [1948]. 

The  radiation  conditions  for  scalar  scattering  problems  are  similar  to  those  pre¬ 
viously  stated  for  vector  problems;  namely,  that 


lim  r 

r  —  v. 


V  =  0 


uniformly  in 


P 


(1.25) 


for  three-dimensional  problems,  and 

lim  p *  —\k\  V  =  0  uniformly  in  <j) 

p-*<*  \dp  / 


(1.26) 


for  two-dimensional  problems.  If  the  primary  field  is  a  plane  wave,  than  V  is  to  be 
replaced  by  Vs  in  eqs.  (1.25)  and  (1.26). 

If  the  primary  sources  and  the  scattering  body  are  given,  the  boundary  conditions 
at  the  surface  of  the  scatterer  and  the  radiation  condition  at  infinity  are  sufficient  to 
ensure  the  uniqueness  of  the  solution  to  the  (scalar  or  vector)  wave  equation. 

In  three-dimensional  problems,  the  far  scattered  field  may  be  written  as 

e;'r 

Vs  ~  S  (r  -  oo)  (1.27) 

kr 


in  the  acoustical  ease,  and  as 


Jkr 


/r  -  Se  (r  -  oo) 
kr 


(1.28) 


in  the  electromagnetic  case,  so  that  in  ln>tli  eases  only  the  expression  for  S  -  S(0t  </>) 
needs  to  be  given  explicitly.  Similarly,  the  far  scattered  fields  in  two-dimensional 
problems  miv  be  writ  leu  as 

/’('/')  \  1  c11'’"’*1"  (/» —  :©).  (1.29) 

1  nkp 

In  the  following,  the  use  ol  tli  •' i r  field  coefficients  S  and  /*  is  restricted  to  the  ease  of 
plane  wave  mculence. 

I  m.dl\.  it  should  be  pointed  out  that  conditions  (1.20)  and  (1.25)  arc  sufficient 
lun  not  necessary,  and  can  be  replaced  by  weaker  requirements  (Wilcox  [1956a,  b]). 
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1.2.5.  Radar  cross  sections 

The  radar  cross  sections  are  defined  for  plane  wave  incidence,  and  are  closely 
related  to  the  far  field  coefficients  S  and  P  of  the  previous  section. 

In  the  three-dimensional  case,  the  differential  scattering  cross  section  or  bistatic 
radar  cross  section  o(0,  (f>)  is  der  xl  by 

n(0,ij>)  =  \m4nr1^J.  (f.30) 

r-x  \t  ! 

where  \E\2  =  \EX\2  +  \Ey\2 4*|£-|2,  and  Es  is  the  scattered  electric  held  at  the  observa¬ 
tion  point  (r,  0,  0).  For  an  incident  electric  field  of  unit  amplitude,  eqs.  (1.28)  and 
(1.30)  yield: 

a(0<  <t>)  =  |S(0,  ^>)|2-  (1.31) 

The  total  scattering  cross  section  a,  is  defined  by  the  ratio  of  the  time  averaged  total 
scattered  power  to  the  time  averaged  incident  Poynting  vector,  and  is  related  to  the 
bistatic  cross  section  by  the  equation 

aT-  '  f  f  o(0,  <l>)  sin  OdOdift.  (1.32) 

4nJo-*oJ+  o 

A  relation  between  crT  and  the  far  field  coefficient  S(P)  of  eq.  (1.28)  is  provided  ivy  the 
forward  scattering  theorem  (see  e.g.  Born  and  Wolf  [1959]): 

°t  =  4”,  lm  S(*0)(*  •  c)  (1.33) 

A 

where  i*()  is  oriented  in  the  direction  of  propagation  of  the  incident  wave,  c  gives  the 
direction  of  the  incident  electric  licid,  and  S  is  normalized  to  the  amplitude  of  the 
incident  field. 

in  the  case  of  broadside  incidence  on  an  infinitely  long  cylindrical  body  with  genera¬ 
tors  parallel  to  the  r  axis,  the  bistatic  cross  section  o((j))  per  unit  length  is  defined  by 

p  2 

--  lini  2 7T/i  ,  .  |  ,  (1.34) 

i»  •  *  '  I  ; 

where  I  s’1  /P '  if  the  electric  field  is  parallel  to  the  r  axis,  while  P’1  ~  //*• 1  if 
the  magnetic  field  is  parallel  to  the  r  axis.  If  P  has  unit  amplitude,  it  follows  Irom 
eq.  (1.29)  that 

«■(*/.)  -  4  |/’(</*)|-.  (1.35) 

f\ 


fne  iota!  scattering  cro«*s  section  per  unit  length  is  defined  b>  the  ratio  ot  the  time 
averaged  total  scattered  power  per  unit  length  of  cvlimter  to  the  tune  averaged  incident 
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Poynting  vector;  if  \  V'\  =  1,  then 

<7X=  ~  Jr  eP(0o),  (1.36) 

k 

where  <p0  is  the  azimuth  of  the  direction  of  propagation  of  the  incident  wave. 

The  definitions  of  radar  cross  sections  may  be  modified  to  take  into  account  the 
polaiization  of  the  receiver.  Thus,  for  example,  the  three-dimensional  bistatic  cross 
section  can  also  be  written  as 

a(0^)  =  ^|S(O,0)|2|e'/|2,  (1.37) 

k 

where  e  is  the  unit  vector  of  eq.  (I  28)  and /  represents  the  polarization  of  the  rtceiver; 
if  \e  */j  =  1,  result  (1.37)  reduces  to  eq.  (1.31). 

1.2.6.  Electromagnetic  potentials 

It  is  often  convenient  to  represent  the  electromagnetic  field  in  terms  of  a  scalar 
potential  <f>(r,  t)  and  a  vector  potential  A(r ,  /): 

rIA  1 

E  =  -V0-  — ,  H  -  -  VaA,  (1.38) 

dt  p 

where  0  and  A  are  required  to  satisfy  the  Lorentz  condition 

VA+en—  =  0.  (1.39) 

dt 


This  condition  has  the  advantages  of  assuring  a  relativistic  covariant  relation  between 
0  and  A  and  of  making  both  potentials  satisfy  the  wave  equation,  namely 

V2*’-e/i3-f  =  -  (1.40) 

dr  c. 

V2A-r.,id'i  =  -,J.  (1.41) 

<  r 


where  p  and  J  are  the  charge  and  current  densities  of  the  primary  and/or  secondary 
sources,  depending  on  whether  the  potentials  represent  the  primary  and/or  scattered 
fields.  The  particular  solutions  of  eqs.  (1.40)  and  (1.41)  are  expressible  as  integrals 
over  the  charge  and  current  distributions;  the  retarded  solutions  are; 


0(r,/)  = 


4/rJ  |r  —  r'| 


(1.42) 


A(r,t) 


//  CJ{r\  t-‘\r~r  \  e)^, 

4rcJ  |i —  r'[ 


(1.43) 


-  (r.p)  -V  The  advanced  solutions,  corresponding  to  ( / -f- |r  —  r'j  c)  in  the 


where  < 
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argument  of  the  integrands,  must  be  disregarded  on  the  basis  of  causality.  For  a 
discussion  of  the  dependence  of  <t>  and  A  on  the  field  sources  in  the  time-harmonic 
case  see,  for  example.  Van  Bladel  [1964;  Section  7.8]. 

For  given  fields  E  and  H,  the  potentials  <P  and  A  are  not  uniquely  defined;  in  fact, 
if  <P  and  A  satisfy  eqs.  (1.38)  and  (1.39),  the  same  is  true  of  all  potentials  d>'  and  A' 
related  to  and  A  by  the  gauge  transformation 

<t>’  =  <P+  ‘V  ,  A'  —  A—Vf,  (1.44) 

dt 

where /(r,  t)  is  any  solution  of  the  homogeneous  wave  equation 

(1.45) 

The  potentials  have  the  advantage  of  being  “more  regular”  than  the  electric  and 
magnetic  fields.  1  his  regularity  can  be  further  enhanced  bv  introducing  other  functions, 
the  so-called  superpot cntials,  fu-m  which  the  fields  are  obtained  by  higher-order 
differentiations.  The  most  widely  used  superpotentials  are  the  electric  and  magnetic 
Hertz  vectors  J7C  and  /7m,  also  known  as  polarization  potentials.  The  vector  potential 
IIC  originates  fields 

£  =  V  a  V  a  i7c ,  H  =  «V  a  h  /7C ,  (1.46) 

dt 

whereas  the  vector  potential  /7m  gives  rise  to  fields 

E  =  — /«Va  J  nm,  H  =  V  a  V  a  /7m.  (1.47) 

()t 


The  electric  and  magnetic  fields  in  a  region  where  c  and  p  are  constant  and  p  =  /  =  0 
are  the  sums  of  the  partial  fields  of  eqs.  (1.46)  and  (1.47).  Observe  that  E  and  H 
remain  unchanged  when  the  gradients  of  arbitrary  functions  of  space  and  time  are 
added  to  the  Hertz  vectors.  The  fields  determined  by  eqs.  (1.46)  and  (1.47)  satisfy 
the  Maxwell's  equations  (I. I )  provided  that 


( 

( 


VaVa  +  C/i  ; 

tit2 

d1 

VaVa+e/i  - 
dr 


) 


nc  =  v/. 
nm  =  v/. 


(1.48) 


where  (\r,  /)  is  an  arbitrary  scalar  function  of  position  and  time. 

In  particular,  the  potentials  </>  and  A  may  be  derived  from  Hertz  vectors;  thus, 
one  may  choose  either 

<l>  =  -V  ■  flc .  A  =  qt  '  nc  (1.49) 

Cl 

or 


</>  -  0. 


a  =  pv  a  nm\ 


(1.50) 
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the  fields  are  then  given  by  eqs.  (1.38),  the  Lorentz  condition  is  automatically  satis¬ 
fied,  and  /  =  V  •  /7C  in  cq.  (1.48)  for  /Ie. 

A  general  theory  of  the  Hertz  vectors  and  of  the  associated  gauge  transformation 
is  to  be  found  in  Nisturr  [1955];  sec  also  McCrea  [1957].  For  the  relation  of  the 
Hertz  vectors  *o  the  sources  of  the  field  see,  for  example,  Stratton  [1941;  Sections 
1.11,  and  8.3  t<  8.6],  Born  and  Wolf  [1959;  Sections  2.2.2  and  2.2.3],  Panofsky  and 
Phillips  [1962:  Sections  14.5  to  14.9]  and  Van  Blxdel  [1964;  Section  7.2].  It  is  here 
sufficient  to  recall  that,  in  the  time- harmonic  case,  an  electric  dipole  located  at  the 
point  r0  with  i  moment 

(1 51) 


produces  a  field  that  can  be  derived  from  eqs.  (1.46)  in  which 

IkR 

/7,  =  e— c,  (R  =  |r — r0|), 
kR 

whereas  the  field  of  a  magnetic  dipole  located  at  r0  and  with  a  moment 

4  n  A 
—  c 
k 


can  be  derived  from  eqs.  (1.47)  in  which 


TIm  = 


JkR 


kR 


(1.52) 


(1.53) 


(1.54) 


In  the  time-harmonic  case,  an  especially  important  class  of  Hertz  vectors  is  obtained 
by  setting 

ne  =  ur,  nm  =  vr  (1.55) 


where  the  scalar  functions  of  position  u  and  i\  the  so-called  Debye  potentials,  satisfy 
the  wave  equation 

(VJ  +  fcJ)n  =  0, 
i\z  +  k*)v  =  0, 


(1.56) 


and  r  is  the  radial  vector  from  a  fixed  origin,  livery  electromagnetic  field  defined  in  a 
source-frcc  region  between  two  concentric  spheres  can  be  represented  there  by  two 
Debye  potentials  (Wilcox  [|957|);  the  components  of  the  field  au. 


Ir 

I'.A 


(,v  •  ‘-1 


ni), 

I  f*'  v  ikZ  Ci 
(nOt 

r  CrCO  sin  0  C</> 


i  r 


( ni )  ikZ 
r  sin  0  CrCiit  CO 
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,,  !  d2  .  ,  iky  du 

H„  = - (rv) -  - 

r  drdO  sin  0  dip 


(1.57) 


"*  = 


l  -  -  S--(rv)+ikY  -  . 
r  sin  0  drd(j>  dO 


The  Debye  potentials  can  be  expressed  in  terms  of  the  current  density  distribution  J 
of  the  sources:  see  Boijwkamp  and  Casimir  [1954]  and  Van  Bladel  [1964;  Section 
7.7]. 


1.2.7.  Green  s  functions 
Consider  the  equation 

Lf  =  -g  (1.58) 

subject  to  certain  boundary  conditions,  where  L  is  a  differential  operator,  #(a*)  is  a 
given  continuous  function,  f(x)  is  the  unknown  function,  and  x  may  be  considered  as 
a  vector  in  an  //-dimensional  space.  Its  solution  may  be  written  as 

f(x)  =  J  0(.x|.x')y(x')d.x';  (1.59) 


here  G(.y|.y')  is  the  so-called  Green  function  for  the  boundary  value  problem  under 
consideration,  and  satisfies  the  equation: 

LG{x  |x')  =  -<5(.x-.x'),  (1.60) 

where  0  is  the  Dirac  delta  function.  Thus,  formally: 

G(.x|.x')  =  -L-^.x-.v'J  +  Co,  (1.61) 

where  G0  is  any  solution  of  LG0  -  0. 

Green's  function  has  the  following  properties:  1 )  it  is  symmetrical  in  .v  and  .v': 

G(.y).x')  =  G(.y'|.y),  (1.62) 

and  2)  it  is  the  solution  of  the  homogeneous  differential  equation  LG  -  0  at  all 
points  except  v  -  v',  where  a  singularity  occurs.  The  physical  meaning  of  eqs.  (1.58) 
and  (1.59)  is  that  the  source  </  originates  the  fieid/.  Green's  function  represents  the 
field  produced  at  v  by  a  source  of  unit  intens  ity  located  at  .v'  (here  .v  and  v'  represent 
both  space  and  time  coordinates).  Therefore,  the  field  /  is  given  by  an  integral  over  all 
the  space-time  positions  of  the  source. 

We  wish  to  point  out  that  since  we  are  here  concerned  only  with  macroscopic 
phenomena,  the  principle  of  causality  must  be  respected;  this  implies  that  time 
reversal  must  be  introduced  in  the  reciprocity  relation  satisfied  by  a  time-dependent 
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Green  function.  For  example,  the  Green  function  for  the  scalar  wave  equation 

must  satisfy  the  reciprocity  relation 

G(r,  f|r\  f#)  =  G(r\  -i>#  -r).  (1-63) 

For  t'  —  0,  eq.  (1.63)  becomes 

G(r,  t\r\  0)  =  G(r',  0|r,  -t), 

that  is,  the  effect  at  the  point  r  and  at  the  time  t  of  an  impulse  started  at  r'  at  time 
zero  equais  the  effect  produced  at  r'  at  time  zero  by  the  same  impulse  started  at  r 
at  the  time  -t.  For  a  detailed  discussion  of  time-dependent  scalar  Green's  functions 
see,  for  example,  Morse  and  Feshbach  [1953;  Section  7.3]. 

The  Green  function  G(i*|r')  for  the  steady-state  wave  equation  (1.17).  i.e.  the  solu¬ 
tion  of 

(?2-f  k2)G  =  (1.64) 

is  investigated  c.g.  by  Morse  and  Feshbach  [1953;  Section  7.2];  for  a  bounded  region 
of  space,  see  Sommerfeld  [1949;  paragraph  27].  In  free  space,  the  solution  of  eq. 
(1.64)  which  obeys  the  radiation  condition  is 


G(r|r')  = 


cxp(\k\r-rf\) 
47r|r  —  r'| 


for  three  dimensions,  and 


G(r|r')  =  {i  //[,  \k\r-r\) 


(1.65) 


1.66) 


in  two  dimensions,  The  corresponding  free  space  Green  function  for  the  Laplace 
equation,  i.e.  the  solution  of 


V2G  =  -<Hr-F'), 


*s 


G(r|F) 


I 

47r|r-r'| 


(1.67) 

(1.68) 


for  three  dimensions,  and 


G(rir')  --- 


In  |r  —  r'| 


(1.69) 


for  two  dimensions. 

Green':  t unction  technique  is  also  applicable  to  the  solution  of  sector  problems 
Mich  as 
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Now,  however,  it  is  in  general  necessary  to  use  nine  scalar  Green  functions  to  express 
the  three  components  of  /  in  terms  of  the  three  components  of  g.  These  nine  quantities 
constitute  a  tensor  of  rank  two,  the  so-called  dyadic  Green  function  x\x'),  which 
satisfies 

Lfr(x|x')«  (1.71) 

where  ./  is  the  identity.  Thus,  the  solution  of  eq.  (1.70)  is: 

f(x)=jy(x\x')-g(x')dx'.  (1.72) 

The  dyadic  formalism  enables  one  to  discuss  the  solutions  of  vector  scattering  prob¬ 
lems  without  actually  calling  into  play  the  inevitably  complicated  representations 
of  solutions  of  particular  problems.  The  dyadic  Green  function  of  free  space  has 
been  discussed  by  Van  Bladel  [1961];  also  available  are  the  dyadic  Green  functions 
for  the  half  plane  (Tai  [1954a])  and  for  the  circular  and  elliptic  cylinders,  wedge, 
flat  ground,  sphere  and  cone  (Tai  [1954b]).  Some  fundamental  properties  of  dyadics 
are  listed  in  Appendix  B. 


1.2.8.  Reciprocity  theorem 

Equations  (1.62)  and  (1.63)  of  the  previous  section  already  constitute  reciprocity 
relations.  A  reciprocity  theorem  for  time-dependent  electromagnetic  fields  in  vacuo 
has  been  given  by  Welch  [I960].  If  Maxwell’s  equations  are  written  in  the  form 


VaW  =  J+cdE , 
dt 

VaE  = 

dt 


(1.73) 


where  a  magnetic  current  Jm  has  been  introduced  for  reasons  of  symmetry,  then: 

pd,  f  [£'•  r+H'  J^v  =  -  Pdf  I  [£■•  J'+W-r^dv,  (1.74) 

••'all  space  vfj  vail  space 

where  E\  Hx  are  the  retarded  fields  produced  by  sources  Jr  and  Jrm ,  and  HiX  are 
the  advanced  fields  produced  by  sources  Ja  and  J*m\  in  deriving  cq.  (1.74),  it  has  been 
assumed  that  the  sources  were  switched  on  at  some  time  after  tx .  The  reciprocity 
theorem  (1.74)  can  be  modified  for  time-harmonic  fields,  yielding  (see  Van  Bladel 
[1964:  Section  7.5]): 


[E-  y  -  H'  ii]dr  =  f  [e;i  r-  hr  ■  rm]dv, 

all  space  Call  space 


(1.75) 


where  /:\  //r  and  IT  are  respectively  generated  by  sources  J r,  J‘m  and  JJ,  J*n 
operating  at  the  same  frequency.  Reciprocity  relations  for  propagation  in  a  homo¬ 
geneous  anisotropic  medium  and  for  the  scattering  matrix  have  been  respectively 
derived  by  Ri  msiv  [1954]  and  by  IX  Hooi»  [I960];  see  also  Van  Bi  adi  i  (1964; 
SectinnN  S.3  and  S.7j.  'P.e  relationship  between  transmitting  and  receis  ing  properties 
of  an  antenna  has  been  discussed  by  i)i  Hoop  [1968]. 
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1.2.9.  Babinet's  principle 

Babinet's  principle  enables  one  to  derive  the  electromagnetic  field  diffracted  by  a 
set  of  apertures  A  in  an  infinite  metal  plane  of  zero  thickness  from  the  field  scattered 
by  a  plane  metal  screen  S  of  zero  thickness  having  the  same  size,  shape  anil  position 
as  the  apertures  (A  =  S).  Here  we  follow  the  presentation  of  Babinet’s  principle 
given  by  Bouwkamp  [1954],  where  a  comprehensive  bibliography  on  this  subject  is 
also  to  be  found.  An  extension  of  Babinet’s  principle  to  screens  that  arc  not  perfectly 
conducting  has  been  attempted  by  Neugebauer  [1956], 

Let  (F,  (?)  denote  any  incident  electromagnetic  field,  where  the  first  vector  repre¬ 
sents  the  electric  field  (£'  =  F)  and  the  second  the  magnetic  field  (Hl  =  G),  and 
define  the  “complementary  incident  field’’  to  be  (-ZG,  YF),  i.e.  £*  =  -ZG  and 
H1  =  YF .  For  example,  if  the  incident  field  is  a  plane  wave,  the  complementary 
incident  field  is  obtained  by  rotating  the  plane  of  polarization  through  a  right  angle 
counter-clockwise  when  looking  in  the  direction  of  propagation.  Both  incident  and 
complementary  incident  fields  satisfy  Maxwell’s  equations  for  free  space. 

Firstly,  we  consider  the  scattering  of  the  field  (F,  G)  by  a  perfectly  conducting 
plane  screen  S  of  zero  thickness,  located  in  the  plane  z  «  0.  Secondly,  we  consider 
the  “complementary  diffraction  problem’’,  that  is  the  scattering  of  the  complementary 
Held  (-ZG,  YF)  by  the  apertures  A  in  a  perfectly  conducting  plane  screen  of  zero 
thickness  located  at  z  =  0,  such  that  the  apertures  A  in  the  second  problem  extend 
over  that  portion  of  the  z  ~  0  plane  which  was  occupied  by  the  screen  S  in  the  first 
problem.  In  both  problems,  the  sources  of  the  primary  field  are  supposed  to  be  located 
in  the  half  space  z  >  0,  so  that  z  >  0  is  the  “illuminated’’  half  space,  whereas  z  <  0 
is  the  “shadowed"  half  space.  The  rigorous  form  of  Babinet’s  principle  states  that  the 
solution  of  either  one  of  these  problems  can  be  obtained  at  once  from  the  solution  of 
the  other. 

In  the  first  problem,  let  the  total  field  at  any  point  in  space  be  given  by  (F  +  £\ 
G  +  /F),  where  (£*,  H*)  is  the  scattered  field  due  to  the  currents  induced  in  the  screen 
by  the  incident  field  (F,  G).  In  the  complementary  problem,  we  distinguish  between 
the  fields  in  front  of  and  behind  the  aperture.  Let  (£(),  H0)  be  the  total  field  that 
would  be  present  in  the  illuminated  half  space  z  >  0  if  there  were  no  holes  A  in  the 
perfectly  conducting  screen  z  =  0,  and  let  (£d,  Hd)  be  the  diffracted  field  when  the 
apertures  A  are  present.  Then  the  total  field  behind  the  apertures  (z  <  0)  is  (£d,  Hd), 
whereas  the  total  field  in  front  of  the  apertures  (z  >  0)  is  ( Eu  +  Hu  t-  //“ ).  Accord- 
ing  to  Babinet's  principle: 

fc“  =  +7.H\  /Id  =  ±  V £',  (;  s;  0).  (1.76) 

Finally,  observe  that  in  the  portion  of  the  r  =  0  plane  that  is  not  occupied  by  the 
screen, 

e:  -  //;  -  n;  -  o,  d.77) 

from  which  it  follows  that  in  the  ape  ’tures  the  tangential  magnetic  field  and  the  normal 
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electric  field  are  not  disturbed  by  the  presence  of  the  screen.  Also,  the  components 


F-F-z, 

Ed- 

-£d'z. 

H'  z. 

Hd  z 

are  even  functions  of  z,  whereas 

Hs  —  Hs  •  z, 

Hd- 

-Hdz, 

E'z , 

£d  •  z 

are  odd  functions  of  z. 


1.2.10.  Integral  equations 

For  an  acoustic  or  electromagnetic  wave  incident  on  a  body,  integral  equations 
can  be  derived  from  which  to  determine  the  fields  induced  on  the  surface  of  the 
scatterer.  Although  these  are  capable  of  exact  solution  for  only  a  limited  number  of 
geometries,  they  do  form  the  starting  point  for  most  numerical  methods  (see  Section 
1.2.14.4)  and  arc  also  valuable  in  the  derivation  of  low  and  high  frequency  approxi¬ 
mations 

It  is  convenient  to  confine  attention  to  a  three-dimensional,  closed  and  bounded 
body  whose  surface  S  is  regular  in  the  sense  of  Kellogg  [1929],  and  to  treat  successiv¬ 
ely  the  cases  in  which  the  body  is  acoustically  soft  or  hard,  or  is  perfectly  conducting. 

If  V1  is  the  velocity  potential  of  an  incident  acoustic  field,  the  total  velocity  potential 
V  at  a  point  r  in  the  space  surrounding  S  is 

V(r)  =  V\r)+  '  f  (P(r,)  -  -  (***)  -  ***  /-  K(r,)|  d S  (1.78) 

AnJs  \  dnt  \  R  /  R  on ,  ) 

where  rx  is  a  variable  point  on  5,  R  =  Ir-rJ,  and /1|  =  ^(rj)  is  a  unit  vector  normal 
to  5  directed  out  of  the  body  and  into  the  surrounding  space.  From  this  representation, 
integral  equations  for  either  the  field  or  its  normal  derivative  on  S  can  be  derived. 
For  a  soft  body  (F  =  0  on  S),  eq.  (1.78)  reduces  to 

1  C  eikR  tl 

V(r)=V\r )-  ~^r,)dS  (1.79) 

4 nJs  R  on , 

which  in  turn  leads  to  two  integral  equations  for  the  unknown  surface  field.  The  first 
of  these  follows  on  allowing  r  to  be  a  point  on  S  and  is 

f  i) 

47tF'(r)  =  -  F(r,)dS,  (r,  r,  e  S).  (1.80) 

Js  R  Pn, 


The  singularity  of  the  kernel  R~  V4*  at  r  =  r{  is  integrable.  The  second  equation  is 
obtained  by  differentiating  eq.  (1.79)  in  the  direction  h  -  /i(r)  of  the  outwards  normal 
towards  the  point  r  and  then  allowing  r  to  lie  on  5: 


p  j  r*  p  p  /cik*\ 

1  »  =  „  Hr)+  Hr,)  (  ■■IdS,  (rr.cS),  (1.81) 

vn  2nJs  Pw.  Cn  \  R  ! 


where  the  asterisk  denotes  the  taking  of  the  Cauchy  principal  value  at  r  =  .  The 
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kernel  is  no  longer  singular  at  r  =  rt  and  is  continuous  as  r  -►  rlt  Eq.  (1.81)  is 
particularly  useful  for  existence  and  uniqueness  theorems  (Muller  [1952]),  and  is 
also  amenable  to  solution  by  iteration. 

For  a  hard  body  (dV/dn  =  0  on  S),  eq.  (1.78)  reduces  to 

V(r)  =  K'(r)+  7  (  F(r.)  A  (--)  dS,  (1.82) 

4tcJs  6?fi|  \  R  / 

and  as  in  the  previous  case,  iwo  integral  equations  can  be  derived  for  the  unknown 
field  on  S .  For  the  first  of  these,  r  is  allowed  to  approach  S  to  give 


where  the  asterisk  again  denotes  the  Cauchy  principal  value.  The  kernel  is  continuous 
at  r  =  rj .  The  second  equation  follows  as  in  the  corresponding  Dirichlet  case  and  is 


*  f 


(»’.  ft  6  S). 


(I.M) 


Since  the  derivative  vjdn  cannot  be  taken  inside  the  integral,  eq.  (1.84)  is  actually  an 
integrodifferential  equation. 

In  the  electromagnetic  problem  in  which  the  field  (£*,  Hl)  is  incident  on  S,  the 
derivation  of  integral  equations  again  proceeds  from  a  representation  of  the  total  field 
in  the  source-free  region  surrounding  S  (Stratton  [1941]): 


E(r)  =  E\r)+  i-J  JifcZ(«,  a«)-J  +(<,a£)aV  +(«,  •  E)V  )J  dS 

(185) 

I  f  I  c11*  /-'«\  /C'W\. 

H(r)  =  H'(r)-  4  J  jik>'(4,  aE)-  -(«,  aH)aV(  j  -(«,  •  H)V  ^  )j  ds' 


(1.86) 


in  which  the  differentiation  is  with  respect  to  the  coordinates  of  the  surface  point  r, . 

If  the  body  is  perfectly  conducting,  an  integral  equation  for  the  surface  current 
density  J  --  A  a  H  follows  immediately  from  cq.  (1.86)  and  is  (Maue  [1949]): 


2/i(r)  a  H\r)  =  J(r)-  1  |  h(r)  a  j  J(r, )  a  V  (C  \\  dS,  (r,r,eS). 
2 nls  \  \  R  1} 


(1.87) 


An  alternative  form  of  Mauc’s  integral  equation  is 
4-ri(r)  a  £'(r) 

I*  I  j  . 

J»(r)Aj(r,)  “  2(V,-i(r,)VHr)AV(C  )|  dJv 


(r.  r,  e-  S), 
(1.88) 
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where  Vs-  is  the  surface  divergence  operator  at  rx .  Analogous  equations  for  surfaces 
at  which  an  impedance  boundary  condition  is  fulfilled  have  been  derived  by  Mitzner 
[1967]. 

1.2.1 1.  Separation  of  variables 

The  solution  V  of  the  scalar  wave  eq.  (1.17)  can  be  considered  as  a  function  of  any 
system  of  orthogonal  curvilinear  coordinates  ux ,  u2 ,  u3.  There  is  a  limited  set  of 
coordinate  systems  in  which  me  can  find  a  set  of  particular  solutions  V  that  can  be 
expressed  as  products  of  three  functions: 

V(ui<U2,u>)=  K1(m1)K2(m2)K3(u3),  (1.89) 

where  =  1,  2,  3)  is  a  function  of  ut  only,  and  satisfies  a  second-order  ordinary 

differential  equation.  The  general  solution  of  eq.  (1.17)  is  a  linear  combination  of  the 
separated  solutions  (1.89).  There  are  eleven  separable  coordinate  systems  for  the 
scalar  wave  equation:  the  triaxial  ellipsoidal  coordinates  and  their  ten  degenerate 
forms;  the  coordinate  surfaces  are  confocat  quadric  surfaces  or  their  degenerate  forms 
(for  details  see,  for  example,  Morse  and  Feshbach  [1953;  Chapter  5];  Moon  and 
Spencer  [1961]). 

In  passing  from  the  partial  differential  eq.  (1.17)  to  the  three  ordinary  differential 
equations  with  independent  variables  m,  ,  u2,  u3  by  means  of  the  substitution  (1.89). 
two  separation  constants  /,  and  /.2  are  introduced.  The  separated  solution  takes  one 


of  the  following  six  forms: 

r  =  rl(„la,/1<A2)^(«2;A1)K3(H3,;.2)  (i.90) 

for  rectangular  Cartesian  and  circular  cylinder  coordinates; 

V  =  F2(ii2:  A, .  A2)  K3(u3;  A2)  (1.91) 

for  spherical  coordinates; 

V  =  \\(i i, :  A.  A,)  V2(u2;  A, ,  A2)  V2(u3;  ,  A2)  (1.92) 

for  parabolic  cylinder  coordinates; 

V  =  F,(w ,;;.,)  K2(m, ;  A,  A, ,  A2)  l3(u3 ;  A*,  A, ,  /,)  (1.93) 

for  elliptic  cylinder,  prolate  spheroidal,  oblate  spheroidal  and  parabolic  coordinates; 

»•  -  l\(!#I;^Al,A2)iyii2:AI.A2)MM3:/i^-2)  (1.94) 

for  conical  coordinates; 

r  -  r,(if  i :  A.;.l,;>)r,(if2:  ;.2)r,(M3:  a.  d.95) 

for  paraboloidal  and  ellipsoidal  coordinates. 


With  respect  to  the  separation  constants,  the  solution  I  is  completely  separable 
in  cases  (1.90)  and  (1.91),  due  to  the  high  degree  of  symmetr>  in  the  coordinate 
systems;  it  is  only  partially  separable  in  cases  (1.92)  and  (1.93),  and  it  is  nonscpuruMc 
in  cases  (1.94)  and  (1.95). 
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The  allowed  values  for  the  separation  constants  may  form  a  discrete  or  a  continuous 
spectrum,  and  are  to  be  determined  by  imposing  the  boundary  conditions  for  the 
specific  problem  on  hand.  Thus,  for  example,  the  field  scattered  from  a  circular  cylinder 
must  be  periodic  with  period  In  in  the  azimuthal  variable  and  this  requirement 
restricts  the  separation  constant  Xt  to  integer  values  Xx  =0,  ±  1,  ±2, . . ..  The  spec¬ 
trum  for  the  other  separation  constant,  X2 ,  is  determined  by  the  type  of  primary  field; 
for  a  plane  wave  incident  at  an  angle  a  with  the  cylinder  axis,  only  the  value  X2  = 
k  cos  a  is  allowed;  for  a  point  source,  X2  can  be  any  real  number. 

The  general  solution  of  eq.  (1.17),  which  is  a  linear  combination  of  all  the  separated 
solutions  (1.89)  that  correspond  to  different  values  of  Xx  and  X2i  is  represented  by  a 
double  infinite  series  if  both  Xx  and  X2  have  discrete  spectra,  by  a  double  integral  if 
both  Xx  and  X2  have  continuous  spectra,  and  by  an  infinite  series  of  single  integrals  if 
one  spectrum  is  discrete  and  the  r'her  continuous;  only  in  particular  cases  will  the 
general  so?  cion  be  represented  by  a  single  infinite  series  or  a  single  definite  integral. 

The  combination  constants  that  appear  in  the  general  solution  of  eq.  (1.17)  are 
found  by  imposing  the  boundary  and  radiation  conditions.  The  explicit  determination 
of  these  constants  is  possible  for  all  scatterers  whose  surface  is  a  coordinate  surface 
in  any  of  the  eleven  separable  coordinate  systems,  provided  that  the  scatterer  is  either 
perfectly  soft  or  perfectly  hard.  If  the  scatterer  is  penetrable  to  the  radiation,  or  if  it 
has  a  finite,  nonzero  surface  impedance,  then  the  explicit  determination  of  the  combi¬ 
nation  constants  is  straightforward  only  if  the  separated  solution*  (1.89)  are  completely 
separable  for  the  separation  constants  A,  and  X2,  i.e.  in  cases  (1.90)  and  (1.91);  for  the 
other  eight  coordinate  systems,  the  explicit  solution  of  the  boundary  value  problem 
requires  the  inversion  of  an  infinite  matrix  or  the  solution  of  an  integral  equation. 

The  particular  case  in  which  A:  =  0  in  eq.  (1. 17)  gives  the  Laplace  equation  V2V  -0. 
In  two-dimensional  problems,  the  Laplace  equation  separates  in  any  coordinate  sys¬ 
tem  which  is  obtained  by  conformal  mapping  from  the  rectangular  Cartesian  system 
(.v,  y).  In  three  dimensions,  the  Laplace  equation  obviously  separates  in  the  eleven 
coordinate  systems  for  which  the  scalar  wave  equation  separates.  In  addition,  however, 
there  are  some  coordinate  systems  in  which  any  separated  solution  of  Laplace's 
equation  is  of  the  form 


B(w, ,  i/2,  u3) 


(1.96) 


where  B,  the  so-called  modulation  factor,  is  independent  of  the  separation  constants 
and  X 2  and  can  therefore  be  factored  outside  the  summations  over  the  allowed 
values  of  Xx  and  X2  in  writing  the  general  solution  of  V2  V  -  0.  The  Laplace  equation 
in  three  dimensions  separates  in  the  sense  of  eq.  (1.96)  in  all  the  cyclidal  coordinate 
systems,  which  include  the  ellipsoidal  coordinates  and  all  theii  degenerate  forms; 
the  coordinate  surfaces  are  confocal  cydides.  In  particular  two  important  coordinate 
systems  in  which  the  Laplace  equation  separates  with  a  m*'  dulation  factor  B  that  is  not 
identically  equal  to  unity  are  the  toroidal  and  the  bispherical  coordinates. 
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The  vector  wave  equation 

(V2  +  /c2)F  =  0  (1.97) 

could  be  solved  by  taking  three  solutions  of  the  scalar  wave  equation  (1.17)  as  the 
three  rectangular  components  of  the  vector  F,  and  in  this  sense  eq.  (1.97)  would 
be  separable  in  the  same  eleven  coordinate  systems  in  which  eq.  (1.17)  is  separable; 
in  most  cases,  however,  it  would  then  become  impossible  to  fit  the  boundary  conditions. 
In  the  following,  therefore,  we  consider  the  separability  of  eq  (1.97)  only  in  the  restrict¬ 
ed  sense  of  Hansen  [1935]  and  Stratton  [1941]  (see  also  Senior  [1960c]). 

The  solution  F  of  eq.  (1.97)  can  always  be  written  as  the  sum  of  a  longitudinal  part 

L  -  V4>  (1.98) 

and  of  a  transverse  part 

T  =  Va/I.  (1.99) 

Consider  a  system  of  orthogonal  curvilinear  coordinates  u{ ,  u2,  u3  with  metric  coeffi¬ 
cients  //, ,  /j2,  /i3  defined  as  in  Appendix  C,  and  for  which  the  scalar  wave  equation 
is  separable.  Suppose  that  the  surface  of  the  scatterer  is  described  by  u{  —  a,  where  a 
is  a  constant.  The  transverse  part  T can  be  derived  from  two  scalar  fields,  and  in  order 
to  satisfy  the  boundary  conditions  it  is  convenient  to  choose  these  two  scalar  functions 
so  that  the  partial  held  derived  from  one  scalar  is  tangential  to  the  surface  =  a, 
whereas  the  partial  field  derived  from  the  other  scalar  is  perpendicular  to  u{  =  a. 
This  is  possible  if  one  of  the  metric  coefficients  is  unity,  and  if  the  ratio  of  the  other 
two  metric  coefficients  is  independent  of  the  coordinate  corresponding  to  the  unity 
metric  coefficients;  these  conditions  are  met  by  six  of  the  eleven  coordinate  systems 
for  which  eq.  (1.17)  is  separable:  rectangular  Cartesian  coordinates;  circular,  elliptic 
and  parabolic  cylinder  coordinates;  spherical  and  conical  coordinates  (see  Morse  and 
Feshbach  [1953;  Chapter  13]).  For  these  six  coordinate  systems,  the  solution  F  of 
eq.  (1.97)  may  be  written  as  the  sum  of  three  vectors  /„,  M,  iV,  with  L given  by  eq.  (1.98) 
and 


M  =  V(/0 , )  a  u  | , 

N  =kf<P2u,+k-'v\‘>  ■(/<!>,) 
leu , 


(1.100) 

(1101) 


where  <£,  and  02  are  solutions  of  the  scalar  wave  equation,/  =  1  for  the  rectangu¬ 
lar  and  the  three  cylindrical  coordinate  systems  (with  i/j  as  the  coordinate  varying 
along  the  cylinder  generators),  and/  =  r(i/,  =  r  is  the  radial  distance  from  the  origin 
of  coordinates)  for  the  spherical  and  conical  systems. 

Of  cofrse,  solutions  can  also  be  found  to  certain  vector  problems  which,  because 
of  their  symmetry,  reduce  to  the  solution  of  a  scalar  wave  equation  in  one  of  the 
eleven  coordinate  systems  in  which  it  is  separable.  For  an  extension  of  the  Hansen- 
Stratton  vector  wave  function  method  to  spherically  inhomogeneous  media,  see  e.g. 
Marcuvitz  [1951],  Tai  [1958]  and  Gutman  [1965]. 
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Finally,  we  observe  that  for  certain  scatterers  whose  boundary  extends  only  to  a 
portion  of  a  coordinate  surface  (such  as  a  thin-walied  semi-infinite  circular  pipe), 
a  rigorous  solution  can  be  obtained  by  combining  separation  of  variables  and  func¬ 
tion-theoretic  methods  (see  Section  1.2. 14.3). 

1.2.12.  Low  frequency  methods 

The  first  attempt  to  obtain  low-frequency  solutions  of  the  steady-state  wave  equa¬ 
tion  from  the  solutions  of  the  corresponding  static  problems  is  due  to  Strutt, 
Lord  Rayleigh  [1897];  a  comprehensive  survey  of  Strutt’s  contributions  to  scattering 
theory  is  presented  by  Twersky  [1964].  In  general,  the  term  “Rayleigh  scatterer” 
is  applied  to  a  body  whose  characteristic  dimensions  are  small  compared  to  the 
wavelength,  but  authors  often  disagree  with  one  another  on  the  precise  definition. 
Thus,  for  example,  to  Born  and  Wolf  [1959]  a  Rayleigh  scatterer  is  one  that  does 
not  change  the  frequency  of  the  incident  field  in  forming  the  scattered  field,  whereas 
to  other  authors  it  is  one  whose  scattered  far  field  is  linearly  polarized,  or  is  pro¬ 
portional  to  k2.  For  our  purposes  a  satisfactory  definition  of  Rayleigh  scattering 
has  been  given  by  Kleinman  [1965a]:  for  a  given  scatterer,  the  “Rayleigh  region”  is 
that  range  of  values  of  k  for  which  the  quantity  of  interest,  c.g.  the  scattered  far 
field,  can  be  expanded  in  convergent  series  in  positive  integral  powers  of  k.  For 
three-dimensional  scattering  by  smooth  finite  objects,  such  series  exist  and  have 
finite  radii  of  convergence,  as  proved  by  Kleinman  [1965b]  in  the  scalar  case  and 
by  Werner  [1963]  in  the  electromagnetic  case.  These  expansions  are  known  as 
“Rayleigh  series”,  or  “quasi-static  series”,  or  “low-frequency  expansions”. 

In  keeping  with  Rayleigh’s  original  work,  some  authors  restrict  the  Rayleigh  region 
to  the  wavelength  range  in  which  the  Rayleigh  series  is  not  only  convergent  but  is 
well  approximated  by  its  first  term.  To  this  order,  the  backscattering  cross  section 
of  a  thin,  elongated,  perfectly  conducting  body  of  revolution  on  which  a  plane  electro¬ 
magnetic  wave  is  axially  incident  is 

a  =  4  k*V2,  (1.102) 

71 

where  V  is  the  volume  of  the  body.  As  the  body  is  made  less  elongated,  the  approxi¬ 
mation  (1.102)  becomes  worse;  however,  it  can  be  improved  somewhat  by  multiplying 
the  right-hand  side  of  (1.102)  by  a  shape  factor  (Siegel  [1959]).  and  anyhow,  eq. 
(1.102)  is  in  error  by  only  27  percent  for  a  sphere. 

In  the  scalar  case,  the  determination  of  the  low-frequency  expansion  by  the  ex¬ 
tension  of  Rayleigh’s  method  consists  of  two  steps:  the  terms  of  the  expansion  are 
found  for  the  near  field,  and  then  they  are  continued  into  the  far  field.  The  details 
of  this  procedure  may  be  found,  for  example,  in  Noble  [1962]  and  Kleinman  [1965a]. 
When  applied  to  soft  (hard)  scatterers,  the  method  consists  of  a  series  of  steps  which 
require  the  solution  of  the  same  Dirichlet  (Neumann)  potential  problem,  but  with 
dilTcrent  boundary  values  at  each  step.  This  inconvenience  has  been  eliminated  in  a 
new  method  developed  by  Kleinman  [1965b]  (see  also  Ar  and  Kleinman  [1966]), 
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which  produces  successive  terms  iteratively,  without  requiring  the  solution  of  a  new 
problem  at  each  stwp. 

In  both  Rayleigh’s  and  Kleinman’s  methods,  the  solution  of  the  potential  problem, 
i.e.  the  static  Green’s  function  for  the  scatterer  under  consideration,  must  be  known. 
For  a  limited  number  of  shapes,  potential  problems  can  be  solved  by  separation  of 
variables  (see  Section  1.2.11).  Darling  (1960)  has  proposed  a  method  of  solving 
potential  problems  for  surfaces  which  are  intersections  of  separable  surtaces,  and 
Darling  and  Senior  [1965]  have  applied  it  to  a  spherically-capped  cone. 

The  extension  of  Rayleigh’s  method  to  electromagnetic  scattering  by  penetrable 
three-dimensional  bodies  was  performed  by  Stevenson  [1953a];  a  detailed  account 
may  be  found  in  Van  Bladel  [1964;  Sections  9.4  through  9.6].  The  calculations  re¬ 
quired  for  obtaining  each  successive  term  in  the  low-frequency  ser.es,  however,  rapidly 
become  so  intolerable  (see,  for  example,  Stevenson  [1953b  ])  that  Stevenson’s 
technique  does  not  seem  to  have  been  employed  in  deriving  more  than  three  terms. 
Kleinman  [1965c,  1967]  has  achieved  some  simplification  and  removed  some  of  the 
ambiguities  in  Stevenson's  work.  Low  frequency  electromagnetic  scattering  by  two- 
dimensional  bodies  has  been  studied  by  Van  Bladel  [1963]. 

The  extension  of  the  method  of  Kleinman  [1965b]  to  two-dimensional  scalar 
problems  as  well  as  to  electromagnetic  problems  might  possibly  be  achieved  by 
combining  it  with  an  extension  of  a  variational  approach  due  to  Schiffer  [1957]; 
however,  no  results  are  presently  available.  A  survey  of  low-frequency  scattering 
for  both  scalar  and  vector  problems  has  been  given  by  Kleinman  [1965a]. 

1.2.13.  High  frequency  methods 

The  relationship  between  ray  optics  and  wave  n  «-  )agation  was  well  understood 
after  the  works  of  Huygens  in  1690  and  of  Fresnel »  .  ,i8,  and  the  connection  between 
electromagnetism  and  optics  was  established  by  Maxw'ell  in  1873.  For  a  rigorous  and 
extensive  discussion  of  these  and  related  matters,  the  reader  should  see  the  books  by 
Bateman  [1915],  Luneburg  [1944],  Baker  and  Copson  [1950],  Born  and  Wolf 
[1959],  Sommerfeld  [1954],  and  Kline  and  Kay  [1965]. 

When  the  wavelength  is  small  compared  with  the  characteristic  dimensions  of  the 
scattering  body,  asymptotic  high-frequency  methods  must  be  employed.  This  is  true 
even  if  the  solutions  of  scattering  problems  can  be  written  exactly  as  series  of  eigen¬ 
functions,  because  at  high  frequencies  the  convergence  properties  of  these  series 
are  generally  very  poor. 

For  a  given  scatterer,  it  is  intuitive  that  as  the  wave  number  k  tends  to  infinity, 
the  scattered  field  tends  to  the  values  predicted  by  the  simple  laws  of  geometrical 
optics.  It  is  on  this  observation  that  the  methods  of  geometrical  and  physical  optics 
and  the  geometrical  theory  of  dilfraction  are  based.  In  that  portion  of  space  which 
is  illuminated  by  the  primary  wave,  one  would  expect  the  scattered  field  to  be  given 
by  the  geometric  optics  value  plus  higher-order  correction  terms;  indeed,  starting 
from  the  wave  equation,  it  is  possible  to  derive  a  complete  asymptotic  expansion  in 
inverse  powers  of  A\  the  so-called  Luneburg-Kline  expansion,  whose  leading  term  is 
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the  geometric  optics  field.  The  transition  region  between  light  and  shadow,  or  penum¬ 
bra  region,  near  the  surface  of  a  smooth  opaque  convex  body  has  been  investigated 
in  detail  by  Fock.  A  different  high-frequency  method,  known  in  its  original  form  as  the 
Watson  transformation,  is  applicable  to  those  canonical  shapes  for  which  an  exact 
solution  to  the  scattering  problem  is  available.  All  these  techniques  are  outlined  in 
the  fvJowing  subsections;  for  general  surveys,  see  also  Kouyoumjian  [1965]  and 
Felsen  [1964]. 

1.2.13.1.  GEOMETRICAL  OPTICS 

In  geometrical  optics,  the  propagation  of  energy  between  two  points  Q  and  P 
occurs  according  to  Fermat’s  princiole  that  the  optical  distance  between  Q  and  P 
must  be  stationary;  in  particular,  therefore,  the  optical  rays  in  a  homogeneous  iso¬ 
tropic  medium  are  straight  lines.  The  variation  of  the  intensity  of  the  geometric  optics 
field  along  a  ray  is  dictated  by  energy  conservation:  the  energy  flux  in  a  tube  of  rays 
must  be  the  same  at  all  points  along  the  tube.  Let  us  consider  the  vector  case,  and 
specifically  the  electric  field  £;  with  reference  to  Fig.  1.1,  we  have  that 

|H(P)I  =  |£(Q)ll/^Q.  (1.103) 

I  dSP 


where  dSQ  and  dSP  are  the  cross  sections  of  the  elementary  tube  of  rays  at  Q  and  P 
respectively,  and  are  inversely  proportional  to  the  Gaussian  curvature  of  the  wave- 
front.  Thus,  if  we  denote  by  s  the  oriented  distance  of  the  observation  point  P  from 
a  fixed  origin  Q,  and  by  =  AQ  and  p2  ~  BQ  the  distances  of  the  astigmatic  lines 
A  and  3  from  Q,  and  if  in  addition  we  assume  that  the  polarization  of  E  is  unchanged 
along  the  ray,  then 

£(P)  =  £(Q)V  ?'pl  e“\  (1.104) 

r  (Pi+s)(p2  +  s) 

This  geometric  optics  result  yields  an  infinite  value  of  the  field  at  the  caustics  A  and  B, 
where  either  pt  =  -s  or  p2  =  -  s\  the  field  in  the  vicinity  of  a  caustic  has  been 
determined  by  Kay  and  Keller  [1954].  Note,  however,  that  formula  (1.104)  gives  the 
correct  phase  jump  of  Jrc  that  occurs  when  the  observer  passes  through  a  caustic. 
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The  first  problem  that  arises  when  a  wave  is  reflected  at  the  surface  of  a  body  is 
the  determination  of  the  reflected  field  at  the  surface,  for  a  given  incident  field;  we 
consider  the  vector  case  only,  since  the  scalar  case  is  trivial.  Let  the  incident  fields 
be  given  by 

£'  =  E°eiM>,  H'  =  ffV*®  (1.105) 

where  </>  obeys  the  eikonal  equation  (V4>)2  =  I,  and  the  incident  fields  E°  and  H° 
at  the  surface  of  the  body  are  assumed  to  be  slowly  varying  functions  of  coordinates. 
Let  Ef  and  Hr  be  the  reflected  fields  at  the  surface  of  the  body.  Let  £,  £r,  h  and  0 
be  respectively  the  unit  vectors  representing  the  directions  of  propagation  along  the 
incident  and  the  reflected  rays,  the  unit  normal  to  the  surface  oriented  from  the  body 
into  the  surrounding  space,  and  the  angle  of  incidence,  such  that 

kt  fi  =  -£  •  A  =  cos0.  (1.106) 

The  reflected  fields  at  the  surface  are  (Fock  [1965;  Chapter  8]): 

£'  =  ~~  {Rl(E°-fl)(Acos2fl  +  Ucos0)-ZRI(f/0’  A)AaJE},  (1.107) 
sin  0 

H'  =  {R2(H°  ■  fl)(A cos  20  +  £cos fl)+  YRt(JE?  ■  A)AaIc},  (1.108) 

sin2  0 


where  /?,  and  R2  are  the  Fresnel  reflection  coefficients: 


e'  cos  0-yj(e'n'-  sin2  0) 
c'  cos  0  +  v/(e'/i'-  sin2  0) 

(1.109) 

n'  cos  0- sin2  0) 

/('  cos  O  +  ^e'h' -  sin2  0) 

(1110) 

and  i\  and  /t'  are  the  relative  electric  permittivity  and  the  relative  magnetic  perme¬ 
ability  of  the  reflecting  body.  In  particular,  for  a  perfect  conductor  (//'  =  1,  |e'|  =  oo), 
R  |  =  +1  and  R  i  ~  —  1. 

The  second  problem  that  arises  when  a  wave  is  reflected  at  the  surface  of  a  body 
is  the  determination  of  the  reflected  field  along  the  reflected  ray  as  a  function  of 
the  reflected  field  at  the  surface.  This  problem  has  been  solved  by  Fock  [1965;  Chapters 
6  and  8]  by  taking  into  account  the  geometry  of  both  the  incident  wavefront  and  the 
reflecting  surface  at  the  point  of  incidence.  Fock's  general  results  will  not  be  repeated 
here:  however,  a  simple  formula  which  is  useful  in  many  applications  is  given  in  the 
following. 

Consider  a  scalar  point  source  located  at  P0,  such  that 


V' 


e»MPoQ) 

*(PoQ) 


(mo 


is  the  field  incident  at  Q  on  the  surface  of  the  scatterer.  Let  pj  be  the  radius  of  curva- 
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ture  of  the  convex  scattering  surface  in  the  plane  of  incidence  at  Q,  and  let  p2  be 
the  radius  of  curvature  in  a  plane  perpendicular  to  the  plane  of  incidence  and  containing 
the  normal  to  the  surface  at  Q.  The  geometric  optics  scattered  field  at  a  point  P  along 
the  reflected  ray  is: 


*0. 


_  exp{i/c[(P0Q)+(OP)]} 
k(  PoQ) 

x  (r|+  (QP)  2(QP)1  r  +  (QP)  2(QP)  cos  0“j 
IL  (P0Q)  (> ,  cos ()J  L  (P0Q)  p2  J 


-! 


(1112) 


where  the  upper  (lower)  sign  holds  for  a  perfectly  soft  (hard)  scattered  and  9  is  the 
angle  of  incidence. 


1.2.13.2.  KELLKR’S  THEORY 


A  significant  extension  of  classical  geometric*!  optics  was  provided  by  Kni.UR 
[1953,  1958,  1962],  who  proposed  and  systematically  developed  t  he  geometrical  theory 
of  dilTraction.  Keller  postulates  that  along  v.ith  the  usual  rays  of  geometrical  optics 
there  exists  a  class  of  diffracted  rays  which  accounts  for  the  phenomenon  of  diffrac¬ 
tion.  These  rays  arc  produced  when  incident  rays  hit  edges,  corners,  or  vertices  of 
scattering  surfaces,  or  when  the  incident  rays  impinge  tangentially  on  smoothly 
curved  boundaries.  Diffracted  rays  may  also  arise  at  caustics  and  foci,  or  when  total 
reflection  takes  place.  Some  of  the  diffracted  rays  penetrate  into  the  shadow  regions 
and  account  for  the  existence  of  fields  there;  other  rays  modify  the  1  eld  in  the  illu¬ 
minated  regions.  The  initial  value  of  the  field  on  a  diffracted  ray  is  obtained  by  multi¬ 
plying  the  field  on  the  incident  ray  at  the  point  of  diffraction  by  an  appropriate 
diffraction  coefficient.  By  hypothesis  the  diffraction  coefficient  is  determined  entirely 
by  the  local  properties  of  the  field,  the  media,  and  the  boundary  in  the  immediate 
neighborhood  of  the  point  of  diffraction.  Away  from  the  diffracting  surfaces,  the 
diffracted  rays  behave  just  like  the  ordinary  rays  of  geometrical  optics.  Since  only 
the  local  properties  near  the  diffraction  points  are  important,  the  diffracted  ray  ampli¬ 
tudes  may  be  determined  from  the  solution  of  the  simplest  boundary  value  problems 
having  these  local  properties.  Such  problems  are  called  canonical  problems,  and  many 
of  them  are  included  in  this  book.  Alternatively,  experimental  measurements  on  canon¬ 
ical  configurations  can  yield  the  diffraction  coefficients.  As  in  the  case  of  classical 
geometrical  optics,  the  geometrical  theory  of  diffraction  is  basically  a  heuristic  theory;, 
nevertheless,  the  theory  has  been  confirmed  in  a  wide  variety  of  cases  by  comparison 
with  special  problems  for  which  rigorous  solutions  are  available.  Because  of  its 
similarity  to  geometrical  optics,  Keller's  method  can  be  expected  to  yield  good 
results  when  the  wavelength  is  small  compared  to  the  obstacle  dimensions.  However, 
it  has  been  found  that  in  many  cases  the  results  are  useful  even  for  wavelengths  as 
large  as  the  relevant  dimensions  of  the  scattered  An  important  advantage  of  the 
method  is  that  it  does  not  depend  on  separation  of  variables  or  any  similar  procedure, 
and  it  is  therefore  especially  useful  for  shapes  not  easily  subjected  to  rigorous  treat¬ 
ment. 
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Keller  [1958]  presented  his  extension  of  geometrical  optics  in  two  equivalent 
forms.  The  first  is  the  explicit  form,  in  which  the  different  species  of  diffracted  rays 
are  enumerated  and  an  explicit  characterization  of  each  is  provided.  The  second 
formulation  is  based  upon  an  extension  of  Fermat's  principle  to  include  discontinuous 
media  and  classes  of  curves  which  may  have  arcs  on  discontinuity  surfaces  and 
points  on  edges  or  vertices  of  these  surfaces.  The  equivalence  of  the  two  formulations 
follows  from  considerations  of  the  calculus  of  variations.  A  comprehensive  bibliog¬ 
raphy  and  a  discussion  of  previous  work  are  also  contained  in  his  paper.  Later, 
Ki  ller  [1962]  reviewed  the  ray  theory  of  diffraction  with  particular  attention  paid 
to  specific  applications  and  experimental  confirmation  of  the  theory.  Today  the 
literature  concerning  Keller's  theory,  its  many  applications  and  refinements,  is  so 
extensive  that  a  complete  bibliography  here  is  precluded.  A  detailed  summary  of  the 
theory  is  presented  by  Lewis  and  Keller  [1964]  with  applications  to  representative 
problems  involving  reflection,  transmission,  and  diffraction  in  homogeneous  and 
inhomogeneous  media.  Keller  and  Hansen  [1965]  have  provided  an  exhaustive 
survey  of  the  theory  of  high-frequency  diffraction  by  thin  screens  and  other  objects 
with  edges,  and  have  compared  the  results  obtained  by  other  methods  with  those 
obtained  by  means  of  the  geometrical  theory.  For  lucid  treatments  of  the  theory  as 
applied  to  diffraction  by  smooth  convex  objects,  consult  the  now  classic  papers  of 
Keller  [1956]  and  Levy  and  Keller  [1959].  In  this  connection  it  should  be  mentioned 
that  diffracted  rays  on  convex  surfaces  were  termed  “creeping  waves"  by  Franz  and 
Depperman  [1952]  and  by  Franz  [1954],  and  this  terminology  is  now  widely  used. 
The  geometrical  theory  of  diffraction  as  applied  to  smooth  transparent  objects  of 
arbitrary  shape  is  discussed  by  Chen  [1964],  although  only  scalar  fields  and  two- 
dimensional  problems  are  considered  explicitly.  By  introducing  the  concept  of  com¬ 
plex  rays,  Keller  and  Karal  [I960]  have  dealt  with  the  excitation  of  surface  waves 
by  a  line  source  above  an  impedance  surface,  and  they  have  checked  their  results 
against  certain  special  configurations  for  which  exact  solutions  are  available.  For  an 
application  concerning  diffraction  by  an  absorbing  infinite  strip  with  arbitrary  face 
impedances,  along  with  experimental  data,  see  Bowman  [1967].  Recent  detailed 
comparisons  of  the  theory  with  experiment  have  been  made  available  by  Bec  htel 
[1965]  for  finite  cones  (also  included  are  additional  corrections  to  Keller's  [1960, 
1961a]  results)  and  by  Ross  [1966]  for  rectangular  flat  plates;  in  both  cases  the  angular 
variations  of  the  monostatic  cross  sections  are  evaluated.  See  Yee  et  al.  [1968]  and 
Felse.n  and  Yee  [1968a,  b]  for  treatments  concerning  geometrical  diffraction  tech¬ 
niques  and  their  relation  to  canonical  problems  with  parallel  plane- geometries  (e.g. 
the  parallel  plane  waveguide,  which  is  discussed  in  Section  1.2.14.3). 

The  simple  ray  formulation  of  Keller  is  restricted  to  the  calculation  of  fields  in 
regions  that  exclude  the  vicinity  of  caustics,  focal  points,  shadow  boundaries,  and 
other  transition  regions.  Within  such  transition  regions  -  which  delimit  the  domains 
of  existence  of  the  various  ray  species  -  more  elaborate  procedures  are  required. 
Felsen  [1964]  has  giver,  a  comprehensive  review  of  the  transition  phenemcna  which 
cannot  be  described  by  simple  ray  optics.  The  analytical  description  of  the  field  in 
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a  transition  zone  is  generally  achieved  by  means  of  a  uniform  asymptotic  solution, 
and  boundary  layer  or  transverse  diffusion  techniques,  among  others,  have  been 
extensively  employed  in  this  connection.  For  discussions  involving  edge  diffraction 
see  Buchal  and  Keller  [1960]  and  Wolfe  [1966,  1967];  for  treatments  involving 
caustics  see  Buchal  and  Keller  [1960],  Kravtsov  [1964a,  b]  and  Ludwig  [1966]; 
for  diffraction  by  smooth  convex  bodies  see  Brown  [1966],  Fock  and  Wainstain 
[1963],  Lewis  et  al.  [1967],  Ludwig  [1967]  and  Zanderer  [1964a,  b;  1967];  and 
for  diffraction  by  a  smooth  convex  interface  between  two  different  media  see  Rulf 
[1967,  1968]. 

1,2.13.3.  LUNEBURG  INLINE  EXPANSION 

This  is  a  method  for  obtaining  the  high-frequency  field  reflected  by  an  obstacle  of 
arbitrary  shape,  and  can  be  applied  to  both  scalar  and  vector  problems.  Assume  that 
the  scalar  wave  function  V,  which  satisfies  the  reduced  wave  equation  (V2  -}  k2)V  =  0, 
has  an  asymptotic  expansion  of  the  form 

V  ~  e,w*  £  u«(ifc)“\  as  k  oo,  (1.113) 

n  =  0 

where  the  vn's  are  functions  of  the  coordinates  of  the  observation  point,  but  are  in¬ 
dependent  of  k.  By  inserting  eq.  (1.113)  into  the  wave  equation  and  by  equating  to 
zero  the  coefficient  of  each  power  of  k ,  it  is  found  that 

(V4>)2  =  I,  (1.114) 

2Vi vV<J>+o„V20=  -VV,,  (n  =0,1,2,...  ;p_,  =  0).  (1.115) 

The  eiconal  equation  (1.114)  determines  the  phase  function  <#>,  whereas  the  v„'s  are 
obtained  from  eqs.  (1.115)  by  iteration.  If  s  denotes  the  arc  length  along  an  optical 
ray,  that  is  a  curve  orthogonal  to  the  wavefronts  =  constant,  then  the  solution  of 
eq.  (1.1 15)  can  be  written  in  the  form  (Luneburg  [1944]); 

*>„(*)  =  »n(s0)  r^(-S):T-i[C(s)]*  f[G(0]-1VV,(r)dr.  i'1'6) 

LG(s0)J  J5  o 

where  G(s)  denotes  the  Gaussian  curvature  or,  in  two  dimensions,  the  ordinary  curva¬ 
ture,  of  the  wavefront  <P  =  constant  at  the  point  s  on  a  ray.  In  particular,  it  is  easily 
seen  that  v0  varies  along  a  ray  as  the  inverse  of  the  square  root  of  the  cross  sectional 
area  of  a  narrow  tube  of  rays,  as  was  found  in  Section  1.2.13.1  by  energy  conservation. 

The  construction  of  the  asymptotic  expansion  (1.1 13)  requires  the  determination  of 
a  phase  function  <P  satisfying  eq.  (1. 1 14)  and  of  the  associated  system  of  optical  rays, 
which  are  the  straight  lines  orthogonal  to  the  surfaces  <P  =  constant.  Let  us  introduce 
the  surface  coordinates  x2 ,  .v3  on  the  wavefront  <P  -  0  by  means  of  the  two  families  of 
lines  of  curvature  of  <P  =  0.  If  s  is  the  distance  from  <P  =  0  along  the  oriented  normal, 
then  the  orthogonal  coordinates  (j,  x2  ,  *3)  uniquely  locate  a  point,  and  we  may  choose 

=  +5  as  a  solution  of  eq.  (1. 1 1 3).  Thus  eq.  (1.1 16)  becomes  (Keller  etal.  [1956]); 
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/  x  /  x  r(P2  +  So)(P3  +  so)l* 
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-i[(P2+«)(P3 +«)]“*  f  [(P2  +  0(P3  +  0]iV\_t(/,X2,X3)d/, 

J  50 


(1.117) 


where  p2(x2,  .x3)  and  p3(x2,  *3)  are  the  principal  radii  of  curvature  of  the  surface 
s  -  0  at  the  point  (0,  x2,  x3),  and 
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Observe  that  c0  becomes  infinite  at  the  points  s  -  -p2  and  s  =  -p3  on  each  ray 
(x2,  x3);  the  locus  of  these  points  is  called  the  caustic  surface  of  the  system  of  rays. 
On  a  caustic,  the  expansion  (1.113)  is  not  valid  and  V  is  asymptotic  to  a  positive 
fractional  power  of  k  (Kay  and  Kkller  [1954]). 

Detailed  applications  of  eqs.  (I.l  13)  through  (U  18)  to  various  scattering  bodies 
when  the  primary  field  is  that  of  point  sources,  line  sources  and  plane  waves  are  given 
in  Keller  et  al.  [1956].  The  first  two  terms  of  the  series  in  eq.  (I.l  13)  are  given  explic¬ 
itly  by  Sc'HENSTED  [1955]  for  the  case  of  a  plane  wave  axially  incident  on  an  acousti¬ 
cally  hard  semi-infinite  body  of  revolution. 

Results  analogous  to  eqs.  (I.l  13)  through  (I.l  18)  have  been  obtained  for  Maxwell's 
equations  (Kline  [1951]),  and  the  analogues  of  eqs.  (1.114)  and  (U15)  are  also 
available  for  more  general  linear  equations  (Kline  [1954]).  The  first  two  terms  of 
the  asymptotic  series  for  the  field  reflected  by  a  perfectly  conducting  semi-infinite 
tody  of  revolution  vhen  the  primary  field  is  a  plane  electromagnetic  wave  at  axial 
incidence  have  been  derived  by  Schensted  [1955],  and  are  given  in  the  following. 
The  coordinate  system  is  shown  in  Fig.  1.2;  .v  is  the  distance  along  a  ray  from  some 
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reference  plane  <P  =  s  -  0  to  the  field  point  P,  x2  -  p  is  the  distance  of  the  incident 
ray  from  the  axis  of  symmetry  of  the  body,  and  x3  =  (j>  is  the  rotational  angle 
about  the  axis.  The  incident  electric  field 


i  *,J*s 


H‘  =  xt 


produces  the  scattered  field 


£’~eI*I[£o  +  £i*',+0(*:"2)], 


where  (Snu-NSTtD  [1955]): 
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the  equation  of  the  body’s  surface  is  s  =  f(p),  fw  is  the  n-th  derivative  of  /(p), 
the  coordinates  (a-,  y,  z)  and  (s,  p,  <j>)  of  the  observation  point  are  linked  by 
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lac  two  sets  of  unit  vectors  are  related  by 
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and  the  metric  coefficients  are: 

K  =  1, 

'>,  =  1+/T^(s-A  0-125) 

When  eqs.  (1.120)  through  (1.122)  are  applied  to  the  paraboloid,  the  exact  scattered 
field  is  obtained  in  closed  form  (see  Chapter  16). 

1.2.13.4.  PHYSICAL  OPTICS 

The  term  “physical  optics"  denotes  an  nppioximatc  method  for  the  determination 
of  the  field  scattered  by  an  object  through  an  assumption  about  the  specific  form  of 
the  field  distribution  on  the  surface.  Explicitly,  it  is  assumed  ‘.hat  the  field  there  is 
the  geometrical  optics  surface  field,  implying  that  at  each  point  on  the  geometrically 
illuminated  side  of  the  body  the  scattering  at  the  surface  takes  place  as  though  from 
an  infinite  tangent  plane  at  the  point,  whereas  over  the  shadowed  portion  of  the  bod\ 
the  surface  field  is  zero.  For  a  perfectly  conducting  body  the  postulated  current 
distribution  is  therefore 

j  _  (2/1  a  H'  on  the  illuminated  side,  St 

\  0  on  Lie  shadowed  side 


where  A  is  a  unit  vector  normal  drawn  outwards  as  regards  the  body,  and  when  sub¬ 
stituted  into  the  exact  integral  representation  of  the  scattered  field,  the  magnetic 
vector  in  (for  example)  the  far  field  is  (Kouyoumjian  [1965]). 


jfr2  eikr  r 

H' x  -  {/!(?  •  •  A)H'}  exp(  -  \kr  •  r,)dS. 

4 7i  krJSt 


(1.127) 


In  contrast  to  the  geometrical  optics  expression  for  the  scattered  field,  the  integral 
in  eq.  (1.127)  is  frequency  dependent,  and  it  is  therefore  possible  that  physical  optics 
provides  a  more  accurate  estimate  of  the  scattering. 

For  bodies  which  are  acoustically  soft  or  hard,  physical  optics  is  defined  in  a  like 
manner.  Thus,  lor  a  soft  body  such  that  V  -  0  at  the  surface,  the  postulate  of  physical 
optics  is 


.  on  the  illuminated  side  of  the  surface 
rn 

0  on  the  shadowed  side  of  the  surface 


(1.128) 


and  similarly,  for  a  hard  body  such  that  f  I  Cn  -  0  at  the  surface,  the  assumption  is 

_  |2F‘  on  the  illuminated  side  of  the  surface 
(  0  on  the  shadowed  side  ol  the  surlace. 


(1.129) 
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The  extension  to  the  case  in  which  the  surface  is  characterized  by  an  impedance 
boundary  condition,  with  the  impedance  representing  an  acoustic  rigidity  or  an 
electromagnetic  surface  impedance,  is  obvious  (sec,  for  example,  Uslenghi  [1964]), 
and  the  use  of  physical  optics  as  a  means  of  estimating  the  scattering  from  a  dielectric- 
or  plasma-coated  body  has  recently  received  some  attention  (Blore  and  Musal 
[1965]). 

In  all  of  i he  above  cases,  physical  optics  reduces  the  determination  of  the  scattered 
field  to  quadratures,  and  for  perfectly  conducting  bodies  at  least,  it  is  probably  the 
most  widely  used  of  all  methods  for  estimating  the  scattering.  It  is  particularly 
convenient  for  machine  computation,  and  because  of  this  the  recent  years  have  seen 
a  growing  tendency  to  credit  physical  optics  with  an  accuracy  which  is  in  no  sense 
justifiable.  It  is  therefore  unfortunate  that  necessary  and  sufficient  conditions  for  the 
validity  of  the  method  cannot  be  stated  and,  indeed,  several  of  the  most  fruitful 
applications  have  been  in  circumstances  where  prior  justification  would  be  difficult. 

Physical  optics  is  a  natural  extension  of  geometrical  optics  (see  Section  1.2.13.1) 
and  as  such  is  a  high  frequency  approximation.  Given  a  finite,  smooth,  perfectly 
conducting  convex  body,  the  geometrical  optics  estimate  of  the  cross  section  is 

<jg'0'-nRtR2  (1.130) 

where  R{  and  R2  are  the  principal  radii  of  curvature  at  the  points  of  geometrical 
reflection.  The  corresponding  physical  optics  integral  has  a  saddle  at  this  point  and  a 
steepest  descents  evaluation  retaining  only  the  leading  term  yields 

<v»-  =  °Vo.  (1*31) 

which  is  simultaneously  the  correct  leading  term  in  the  high  frequency  asymptotic 
expansion  as  derived  by  the  Luneburg-Kline  method  (see  Section  1.2. 1 3.3).  If  a 
more  accurate  evaluation  of  the  physical  optics  integral  is  attempted,  the  correction 
terms  may  or  may  not  be  mathematically  correct.  Thus,  Schensted  [1955]  has  shown 
that  for  a  smooth  body  of  revolution  symmetrically  illuminated  the  first  two  terms  in 
the  asymptotic  evaluation  of  the  integral  for  back  scattering  are  in  agreement  with  the 
Luneburg-Kline  expansion  for  a  perfectly  conducting  body,  but  only  the  first  term 
agrees  for  a  hard  body.  If  the  physical  optics  integral  is  evaluated  exactly,  either  analyt¬ 
ically  or  numerically,  care  must  be  taken  to  exclude  any  contribution  resulting  from 
the  end  points  of  the  range  of  integration  corresponding  to  the  shadow  boundary. 
Here,  the  non-physical  discontinuity  of  the  physical  optics  current  gives  rise  to  a 
contribution  which  is  erroneous  and  is  generally  of  the  same  order  as  any  correction 
to  the  geometrical  optics  cross  section. 

If  a  body  has  one  (or  both)  of  its  radii  of  curvature  infinite  at  the  specular  point 
(as,  for  example,  with  a  cylindrical  section  or  flat  plate),  the  geometrical  optics 
cross  section  is  infinite,  and  a  particular  advantage  of  the  physical  optics  method  is 
that  a  bounded  (and  wavelength  dependent)  estimate  of  the  scattering  cross  section 
can  now  be  obtained.  With  increasing  frequency,  this  estimate  of  the  specular  return 
becomes  more  accurate,  a  fact  which  can  be  attributed  to  the  diminishing  importance 
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of  the  contribution  of  the  current  elements  in  the  vicinity  of  the  edges  where  the 
postulated  current  is  seriously  in  error.  In  contrast  to  geometrical  optics,  physical 
optics  also  provides  a  non-zero  estimate  of  the  scattering  in  directions  other  than  the 
specular  one,  and  if  interest  is  confined  to  directions  which  are  not  too  far  from 
specular  (through,  perhaps,  the  first  side  lobe  of  the  pattern),  the  estimate  can  be 
valuable  certainly  as  regards  the  structure  of  the  pattern.  But  even  here,  the  predicted 
cross-polarized  component  is  of  the  same  order  as  that  provided  by  the  error  in  the 
specification  of  the  surface  field  in  the  vicinity  of  the  edge,  and  at  wider  angles  of 
scatter  the  entire  field  is  erroneous.  Indeed,  Kouyoumjian  [1965]  has  noted  that 
physical  optics  in  general  fails  to  satisfy  the  reciprocity  theorem  everywhere  except 
in  the  direction  of  a  specular  return. 

In  spite  of  these  shortcomings,  physical  optics  is  still  an  approximation  technique 
of  considerable  utility  that  can  be  expected  to  provide  an  accurate  estimate  of  the 
scattering  whenever  this  arises  from  a  portion  of  the  surface  where  the  actual  surface 
field  is  adequately  approximated  by  the  postulated  distribution.  In  some  car.es  at 
least  we  can  gauge  this  in  advance.  Thus,  for  example,  the  physical  optics  estimate  of 
the  axial  back  scatter  from  a  semi-infinite  cone  agrees  with  rigorous  calculations  for 
large  and  small  cone  angles  (Siegel  et  al.  [1955])  in  spite  of  the  presence  of  a  vertex, 
and  this  can  be  attributed  to  the  pict  that  the  surface  within  a  wavelength  or  so  of  the 
tip  contributes  little  to  the  scp  tering  (Oberall  [1964]);  and  similarly  if  the  cone  is 
smoothly  terminated,  the  estimated  return  from  the  ring  singularity  at  the  junction  of 
the  cone  and  the  base  is  in  excellent  agreement  (Senior  [1965])  with  experimental 
data. 

Several  possible  extensions  of  the  physical  optics  method  have  been  proposed.  It 
has  often  been  suggested  that  the  accuracy  could  be  improved  by  successive  iteration 
using  the  standard  physical  optics  estimate  of  the  scattered  field  as  a  first  approxi¬ 
mation.  There  seems  little  (if  any)  theoretical  basis  for  this  belief,  however  (see,  for 
example,  Franz  [1940],  Schelkunoff  [1951],  Bouwkamp  [1954]),  and  we  are  not 
aware  of  any  case  where  the  numerical  accuracy  of  the  estimated  scattering  has  been 
increased  thereby.  To  remove  the  non-physical  discontinuity  in  the  postulated  surface 
field  distribution  at  the  shadow  boundary,  which  discontinuity  is  one  of  the  major 
sources  of  error  in  the  physical  optics  method,  Adachi  [1965]  has  proposed  that  for 
a  long  thin  body  at  axial  incidence,  currents  be  defined  over  the  shadowed  portion 
of  the  body  in  exactly  the  manner  as  they  are  for  the  illuminated  portion.  The  results 
obtained  are  in  reasonable  agreement  with  experiment,  but  this  is  certainly  a  conse¬ 
quence  of  the  fact  that  no  deep  shadow  exists  under  the  circumstances  described. 
In  cases  whc.e  a  deep  shadow  does  exist,  the  only  rigorously-justifiable  continuation 
of  the  physical  optics  distribution  is  provided  by  Fock's  theory  (see  Section  1.2.13.5). 

1.2.13.5.  LOCK  S  THEORY 

The  principle  of  the  local  field  in  the  penumbra  region  established  by  J  ock  [1946a] 
is  basic  to  the  analysis  of  the  high-frequency  diffraction  by  a  convex,  perfectly  con¬ 
ducting  object  with  continuously  varying  curvature.  Reasoning  from  the  exact 
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integral  equation  for  the  induced  surface  current,  Fock  concluded  for  high-frequency 
scattering  that  the  current  distribution  in  the  transition  region  between  light  and 
shadow  depends  on'y  on  the  local  curvature  of  the  body  in  the  plane  of  incidence  and 
on  the  incident  (locally  plane)  electromagnetic  wave.  Fock  gave,  as  an  estimate  of  the 
width  of  the  penumbra  region,  the  relation 

d  =  (MJ/jt)*  (1.132) 

where  R0  is  the  radius  of  curvature  at  the  geometric  optics  boundary.  He  then  pro¬ 
ceeded  to  determine  a  “universal”  function  for  the  current  near  the  shadow  boundary 
of  a  general  convex  body  by  considering  the  particular  case  of  diffraction  by  a  parab¬ 
oloid  of  revolution.  Fock  argued  that  by  virtue  of  the  local  nature  of  the  diffraction 
process,  the  formula  obtained  for  this  particular  case  would  hold  for  any  other 
convex  body  having  at  the  point  considered  the  same  values  of  the  principal  radii  of 
curvature,  and  that  the  paraboloid  of  revolution  was  sufficiently  general  to  possess 
any  prescribed  radii  of  curvature.  The  current  distribution  was  derived  in  terms 
of  a  contour  integral  involving  Airy  functions  and  asymptotically  gave  the  physical 
optics  current  distribution  in  the  illuminated  region  and  a  creeping  wave  type  of  cur¬ 
rent  distribution  in  the  shadow  region.  The  Fock  theory  thus  provides  the  transition 
from  light  to  shadow  for  points  on  the  surface  of  a  smooth  convex  body  whose 
dimensions  are  large  compared  to  the  incident  wavelength.  The  “universal”  current 
distribution  in  the  vicinity  of  the  shadow  boundary  obtained  indirectly  by  Fock  for  a 
locally  parabolic  surface  was  later  obtained  directly  by  Cullen  [1958]  who  employed 
an  asymptotic  analysis  of  the  exact  integral  equation. 

In  a  second  paper,  Fock  [1946b]  extended  his  results  (by  a  different  method)  to 
give  the  field  distribution  not  only  on  the  surface  of  the  body,  but  also  in  the  neigh¬ 
borhood  of  the  surface.  Moreover,  the  body  is  no  longer  assumed  to  be  perfectly 
conducting,  but  is  regarded  as  a  good  conductor  in  the  sense  that  the  Leontovich 
impedance  boundary  condition  (eq.  (1.19))  is  imposed  on  the  surface.  By  means  of  a 
physical  argument  concerning  different  scales  for  horizontal  and  vertical  distances, 
Fock  gives  a  description  of  the  field  in  the  region  of  the  geometrical  shadow  boundary 
near  the  surface  in  terms  of  a  parabolic  differential  equation.  Again  the  transition 
from  light  to  shadow  is  provided.  A  collection  of  Fock's  papers  is  available  in  English 
(Fock  [1965]):  they  are  lucid  and  well  worth  reading. 

In  Fock's  original  formulation,  the  “universal”  current  distribution  contains  a 
distance  parameter  that  measures  distance  along  the  direction  of  propagation  of  the 
incident  field  rather  than  along  the  surface  of  the  body.  The  difference  between  these 
distances  is  small  for  observation  points  near  the  shadow  boundary,  but  it  may  be¬ 
come  appreciable  for  locations  deep  in  the  shadow  region.  As  suggested  by  Keller  the 
correct  distance  parameter  is  the  actual  path  length  measured  along  the  geodesic 
on  the  body,  and  Goodrich  [1959]  has  provided  an  exposition  of  Fock's  theory  which 
includes  the  generalization  required  to  bring  the  creeping  wave  interpretation  into 
agreement  with  Fock's  results.  Logan  and  Yum  [1962]  (sec  also  Logan  [1959])  have 
performed  extensive  computations  of  the  “Fock  functions”,  and  have  provided  a 
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significant  unification  of  the  theory.  See  Logan  and  Yee  [1962]  also  for  an  extensive 
bibliography. 

Weston  [1965]  investigated,  by  a  method  akin  to  that  of  Cullen  [1958],  the 
modification  required  when  the  surface  possesses  a  discontinuity  in  curvature  in  the 
penumbra  region.  In  particular,  Weston  considers  the  important  case  where  a  plane 
wave  is  incident  on  a  cylindrical  surface  with  a  flat  section  smoothly  joined  to  a  convex 
parabolic  section,  the  position  of  the  join  coinciding  exactly  with  the  shadow  bound¬ 
ary.  The  electric  field  is  assumed  polarized  perpendicular  to  the  surface.  By  means 
of  a  high-frequency  asymptotic  analysis  the  exact  integral  equation  is  reduced  to  a 
Voltcrra  type  which  is  solvable  by  standard  Laplace  transform  methods.  When  the 
incident  plane  wave  is  propagating  along  the  flat  portion  towards  the  parabolic 
section,  the  surface  field  in  the  transition  region  between  the  join  and  deep  shadow 
is  expressed  in  the  form  of  a  contour  integral  involving  Airy  functions.  Deep  in  the 
shadow  region,  the  surface  field  is  expressed  in  terms  of  the  creeping  waves  launched 
onto  the  convex  section.  D  je  to  the  particular  geometry  near  the  shadow  boundary, 
the  launch  weights  associated  with  the  creeping  waves  are  different  from  those  ob¬ 
tained  in  ordinary  Fock  theory.  On  the  other  hand,  when  the  incident  plane  wave  is 
travelling  in  the  opposite  direction  such  that  the  parabolic  section  is  in  the  illuminated 
region,  it  is  shown  that  far  along  the  flat  section,  the  total  field  is  comprised  of  the 
incident  field  plus  a  travelling  wave  whose  magnitude  deceases  as  the  square  root  of 
the  distance  from  the  join. 

The  significance  of  Weston's  [i965]  paper  is  that  tne  author  has  treated  a  new 
canonical  problem  wherein  the  local  geometry  of  the  penumbra  region  differs  ir  an 
essential  way  from  previous  investigations.  The  treatment  has  been  extended  by 
Hong  and  Weston  [1966]  to  include  the  case  where  the  join  of  the  flat  plane  and  the 
parabolic  cylinder  no  longer  coincides  exactly  with  the  shadow  boundary.  The  new' 
modified  Fock  function  describes  the  current  distribution  as  a  function  of  two  variables: 
one  is  the  distance  between  the  shadow  boundary  and  the  observation  point,  and  the 
other  the  distance  between  the  shadow  boundary  and  the  join.  Both  analytical  and 
numerical  methods  are  used  to  obtain  the  modified  Fock  function,  and  the  results 
are  applied  to  estimate  the  backscattering  cross  section  of  a  cone-sphere. 

For  a  smooth  convex  body  of  arbitrary  shape,  Hong  [1967]  has  discussed  an 
integral  equation  approach  which  can  yield  not  only  the  leading  term  but  also  succes¬ 
sive  terms  in  the  asymptotic  expansion  of  the  diffracted  fields.  Hung  considers  both 
electromagnetic  and  acoustic  (Neumann  boundary  condition)  diffraction  and  intro¬ 
duces  a  geodesic  cooidinatc  system  to  describe  the  geometry  of  the  diffracting  surface, 
although  he  assumes  that  the  surface  is  symmetric  whh  respect  to  tne  shadow  bound¬ 
ary  and  that  the  geodesics  are  torsion-free  (axial  incidence  on  a  body  of  revolution). 
By  means  of  a  high-frequency  asymptotic  analysis,  the  exact  scalar  and  vector  integral 
equations  governing  the  surface  fields  are  reduced  to  one-dimensional  Voltcrra 
equations  which  are  solved  by  the  use  of  Fourier  transformation.  Explicit  expressions 
for  the  leading  and  second-order  terms  are  derived  for  the  penumbra  and  shadow 
regions.  The  leading  terms  are  the  same  as  those  of  Foc  k  [1946a]  for  the  penumbra 
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region  and  those  of  Levy  and  Keller  [1959]  for  the  shadow  region.  In  the  solution 
for  the  shadow  region,  the  ray  convergence  factor  for  the  creeping  waves,  usually 
obtained  by  physical  reasoning  in  the  geometrical  theory  of  diffraction,  is  now  justi¬ 
fied  mathematically.  Except  for  the  ray  convergence  factor,  the  leading  term  in  the 
shadow  is  independent  of  the  curvature  in  the  direction  transverse  to  the  geodesic. 
The  second  order  terms  in  the  asymptotic  expansion  of  the  surface  fields  are  the 
new  results.  These  depend  on  both  radii  of  curvature  in  a  more  complicated  way, 
and  the  effect  of  transverse  curvature  on  the  electromagnetic  creeping  waves  differs 
from  that  on  the  acoustic  creeping  waves.  For  an  alternative  approach  based  on 
boundary  layer  theory  see  Zanderer  [1964a,  b]  and  Brown  [1966],  see  also  Ludwig 
[1967]  and  Zanderer  [1967]. 

1.2.13.6.  WATSON’S  T  RANSFORMATION 

In  the  early  history  of  radio  propagation,  a  problem  of  considerable  importance 
was  the  determination  of  the  field  of  a  transmitter  beyond  the  line  of  sight  and  into 
the  region  of  geometrical  shadow  of  the  earth.  The  model  generally  adopted  was  that 
of  a  vertical  electric  dipole  in  the  presence  of  a  metallic  sphere  of  radius  a  representing 
the  earth,  but  due  to  the  extremely  large  values  of  ajX  at  all  frequencies  of  interest, 
it  was  impractical  to  compute  the  field  from  its  known  expansion  in  terms  of  spherical 
harmonics  because  of  the  slow  convergence.  The  difficulty  was  overcome  by  Watson 
[1918]  who  used  a  method  related  to  that  of  Poincar£  [1910]  and  Nicholson  [1910] 
to  convert  the  series  to  a  residue  series  and  hence  to  a  contour  integral  in  the  complex 
plane.  He  then  showed  that  the  contour  could  be  deformed  so  as  to  enclose  a  new 
set  of  poles  and,  by  evaluating  the  residue  series  associated  with  these  new  poles, 
was  led  to  a  series  which  was  rapidly  convergent  for  large  a\X.  The  procedure  for 
converting  the  original  expansion  (convenient  for  small  a/X)  to  the  residue  series 
appropriate  for  large  a/X  is  now  known  as  Watson's  transformation. 

The  method  can  bi.  illustrated  by  considering  the  problem  of  a  plane  acoustic 
wave  incident  on  a  soft  sphere  of  radius  a.  In  terms  of  spherical  polar  coordinates 
(r,  0 ,  4 >)  with  0  measured  relative  to  the  backscattering  direction,  the  total  field  can 
be  written  as 

v  =  I  •"(«  +  i)  k2Hr)-  hWkr)]  P„(- cos  0)  (1.133) 

n  =  o  1  hn  ( ka )  ) 

where  the  spherical  Hankel  functions  and  Legendre  polynomial  are  as  defined  in 
Sections  1.3.1  and  13.5  respectively.  The  eigenfunction  expansion  of  eq.  (1.133) 
has  the  alternative  representation 

V  =  1  I  h<’1}kah,['\kr)\  P,(-cos«)c'li,''‘,”'(r+-)dv  (1. 134) 

2d  cl  h['\ka)  sin  vn 

where  C  is  a  path  which  encloses  in  a  clockwise  sense  the  zeros  of  sin  vtt  on  the  positive 
real  axis  of  the  complex  v  plane  (see  Fig.  1.3).  Since  the  integrand  is  an  odd  function  of 
(v  + }),  the  lower  portion  of  the  path  may  be  reflected  in  the  point  v  =  to  give  an 
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integral  over  a  straight  line  path  from  v  =  -oo  +  ie  to  co  +  ie,  e  >  0.  If|0-7t|  < 
^Tt-arc  cos  (a/r),  i.e.  within  the  geometrical  shadow,  the  integrand  is  exponentially 


Im* 


attenuated  as  |v|  ->  oo,  Im  v  >  0.  The  path  can  then  be  closed  in  the  upper  half  plane 
and  the  held  expressed  as  the  residue  series 


v  =  *  y 


{h'Z'(ka)/ [?  }J 

l  /  Lvv 


K  \ka )} 


)  h[\\kr)P,Ji  —cos  0)e~*iv""  (1.135) 

vj  "  sin  v„7t 


where  the  v„,  n  -  !,  2,  3, .  .  .  are  the  zeros  of  h[l)(ka)  in  the  upper  half  v  plane  (see 
Fig.  1.3). 

In  respect  of  the  dipole  problem,  Watson  [1918]  examined  the  convergence  of  the 
residue  series  in  the  shadow  and  verified  the  exponential  decay  observed  experimentally. 
His  “proof”  of  convergence  is  incorrect  in  certain  details  and  a  valid  proof  has  been 
given  by  Goodrich  and  Kazarinoff  [1963].  Ursell  [1968]  has  recently  investi¬ 
gated  the  behavior  of  the  series  in  the  shadow  region  of  circular  and  elliptic  cylinders 
and  has  shown  that  there  are  portions  of  the  shadow  where  later  terms  are  expo¬ 
nentially  large,  implying  a  rate  of  convergence  which  is  even  slower  than  for  the 
original  eigenfunction  expansion.  It  was  verified,  however,  that  the  convergent  residue 
series  is  also  an  asymptotic  one,  thereby  justifying  analyses  of  the  field  behavior  based 
on  the  initial  terms  of  the  expansion. 

When  the  observation  point  is  outside  the  shadow  region,  the  original  contour 
integral  must  be  modified  before  the  Watson  transformation  is  applied.  The  significant 
extension  of  Watson’s  technique  necessary  in  this  case,  whereby  the  solution  is  de¬ 
composed  into  a  contour  integral  (containing  the  reflected  wave)  along  a  path  of 
steepest  descent,  plus  a  residue  series  analogous  to  that  in  eq.  (1,135),  has  been 
credited  to  White  [1922]. 

A  method  for  obtaining  the  residue  series  directly,  rather  than  by  transformation 
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of  the  harmonic  series,  was  provided  by  Sommerfeld  [1949].  The  method  is  based  on 
subjecting  each  radial  function  to  the  boundary  condition  at  the  surface  cf  the  scat- 
terer  as  well  as  to  the  radiation  condition  at  infinity,  and  was  exploited  by  Marcuvitz 
[1951]  and  Felsen  [1957]  to  provide  alternative  field  representations  for  the  Green's 
functions  appropriate  to  various  radial  and  angular  domains.  Whereas  the  angular 
eigenfunction  expansion  is  convenient  at  lower  frequencies,  the  expansion  in  terms 
of  the  radial  eigenfunctions  is  effective  at  higher  frequencies.  A  detailed  application 
of  the  direct  method  to  a  study  of  propagation  in  radially  inhomogeneous  media  was 
provided  by  Friedman  [1951],  and  the  validity  of  the  method  in  general  has  been 
discussed  by  Pflumm  [1960],  Cohen  [1964,  1965]  and  Fischer  [1966].  The  com¬ 
pleteness  of  the  (orthogonal)  radial  functions,  and  sufficient  conditions  for  such 
expansions  to  exist,  are  still  open  questions. 

As  demonstrated  by  Goodrich  [1959],  the  results  obtained  from  the  Watson  trans¬ 
formation  when  the  zeros  and  residues  of  the  Hankel  functions  are  asymptotically 
approximated  for  large  ka  are  equivalent  to  those  provided  by  Fock  theory.  The 
application  of  the  Watson  technique  to  potential  scattering  in  quantum  mechanics 
has  been  considered  by  Regge  [1959]:  see  Newton  [1964,  1966]  for  an  extensive 
review  and  bibliography. 

The  complex  poles  of  the  residue  series  are  variously  named  after  Watson,  Sommer¬ 
feld  or  Regge.  In  acoustic  scattering  by  soft  or  hard  bodies,  or  electromagnetic 
scattering  by  perfectly  conducting  shapes,  these  poles  are  the  roots  v  =  v„,  n  — 
=  l.  2,  3, . .  .,  of  the  equations 

//v(z)  =  0,  -~H,(z)  =  0, 

dz 

v  =  o, 

dz 

where  //v(z)  is  the  cylindrical  Hankel  function  of  the  first  or  second  kind.  A  more 
general  version  of  these  equations  is 

f  //v(z) +  i, ,//„(-')  =  0 
dz 

where,  for  example,  q  may  represent  a  surface  impedance.  Detailed  studies  of  the 
locations  of  these  zeros  and  their  trajectories  in  the  complex  plane  have  been  made  by 
Magnus  and  Kotin  [I960],  Logan  and  Yee  [1962],  Keller  et  al.  [1963],  Streifer 
[1964]  and  Cochran  [1965]. 

1.2.14.  Other  methods 

1. 2.14.1.  CONFORMAL  MAPPING 

The  exact  solution  of  two-dimensional  scattering  problems  is  known  only  lor  a  few 
.simple  shapes  of  the  cylinder  cross  section,  such  as  those  treated  in  Part  One  of  this 
book.  For  more  general  shapes,  various  approximation  methods  have  been  developed 
which,  in  the  high  frequency  limit,  require  a  certain  degree  of  smoothness  of  the 
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boundary  (usually,  the  continuity  of  the  curvature).  The  special  cases  of  a  wedge-type 
singularity  and  of  a  discontinuity  in  the  curvature  were  considered  by  Keller  [1961  b] 
and  Weston  [1962],  respectively. 

Certain  types  of  singularities  of  the  boundary  can  be  handled  by  mapping  that 
region  of  the  plane  which  is  external  to  the  cylinder  cross  section  into  another  region 
with  a  geometrically  simpler  boundary.  Such  a  conformal  transformation  preserves 
the  right  angle  between  the  direction  of  propagation  of  the  wave  and  the  wavefront. 
Moreover,  the  order  of  the  singularity  of  the  mapping  function  on  the  boundary  is 
proportional  to  that  of  the  geometry  of  the  boundary  itself  (Warshawski  [1935]). 
The  scattered  field  satisfies  a  transformed  wave  equation  and  boundary  conditions, 
whereas  the  radiation  condition  remains  invariant;  this  transformed  boundary  value 
problem  can  be  formulated  in  terms  of  a  Fredholm  integral  equation  of  the  second 
kind  governing  the  transformed  .scattered  field  (Garabedian  [1955]).  Detailed 
applications  to  a  soft  cylinder  have  been  made  by  Hong  and  Goodrich  [1965], 
who  have  solved  Garabedian’s  equation  by  successive  approximations  under  the 
hypotheses  that  both  original  and  transformed  boundaries  have  continuous  tangents 
and  that  the  distance  between  the  two  curves  is  sufficiently  small  compared  to  the 
wavelength.  Hong  and  Goodrich  [  1 965  ]  ha  ve  con sidered  two  problems :  the  scattering 
of  a  plane  wave  by  an  almost  circular  cylinder  with  smooth  periodic  corrugations, 
in  which  case  they  found  the  result  previously  obtained  with  a  different  method  by 
Clemmow  and  Weston  [1961  ],  and  the  scattering  of  a  plane  wave  by  a  cylinder  whose 
cross  section  has  a  finite  number  of  edges,  i.e.  points  of  discontinuity  in  the  curvature 
or  in  a  derivative  of  the  curvature  of  the  boundary.  An  application  of  conformal 
mapping  to  the  scattering  by  an  elliptic  cylinder  has  been  given  by  Udagawa  and 
Miyazaki  [1965]. 

1.2.14.2.  VARIATIONAL  TECHNIQUES 

The  scattered  field  in  both  scalar  and  vector  cases  can  always  be  expressed  as  an 
integral  involving  the  value  of  the  field  at  the  surface  of  the  scatterer  (see  Section 
1.2.10).  The  problem  is  thus  reduced  to  the  solution  of  an  integral  equation  for  the 
field  at  the  boundary;  unfortunately,  this  does  not  diminish  the  difficulty  of  finding 
the  solution.  There  is,  however,  an  advantage  in  the  integral  equation  formulation, 
in  that  it  enables  one  to  construct  stationary  expressions  for  many  quantities  of  interest; 
thus,  for  example,  the  first-order  variation  of  the  far  field  coefficient  is  zero  with 
respect  to  similar  variations  of  the  field  at  the  surface  of  the  scatterer. 

The  principle  of  Schwinger  is  based  on  a  remark  due  to  Volterra  [1884]  that  an 
integral  equation  can  be  formulated  as  a  variational  principle.  Schwinger's  principle 
can  be  applied  to  both  scalar  and  vector  problems,  and  is  outlined  in  the  following 
(see  Jones  [1955a]).  Consider  the  inhomogeneous  equation 

Lg=f  (1.136) 

where  L  is  a  linear  symmetric  operator,  such  as  (V2  *f  A2)./ is  a  function  determined 
by  the  incident  field,  and  g  can  be  regarded  as  a  distribution  of  secondary  sources. 
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Equation  (1. 1 36)  is  supposed  to  have  a  unique  solution.  The  far  field  coefficient  5 
may  be  written  as 

s  =  (/o.  0)  =  J/oWffWdr  (1.137) 

where  f0  corresponds  to  a  suitable  incident  field,  and  the  integral  is  over  the  secondary 
sources,  e.g.  it  extends  to  the  aperture  area  in  the  scattering  from  an  aperture  in  an 
opaque  screen,  or  to  the  surface  of  the  scatterer  in  the  scattering  from  an  opaque  body. 
If  0O  is  such  that 

Lgo  ~fo 

then  one  has  the  reciprocity  theorem 

s  =  (/o.ff)  =  (/.0o) 

from  which  it  follows  that 

s  =  (/p’gXAgo) 

(9.  *-9o) 

St  can  be  proven  that  the  necessary  and  sufficient  condition  for  eqs.  (1. 1 36)  and  (1.138) 
to  be  satisfied  is  that  expression  (1.140)  be  stationary  for  small  independent  variations 
of  0  and  0O  about  their  correct  values:  this  is  Schwinger’s  principle. 

The  essence  of  this  method  is  that  if  a  good  approximation  for  the  field  is  inserted  in 
the  variational  expression,  an  improved  approximation  for  S  should  result.  Levine 
and  Schwinger  [1948b]  expanded  the  field  in  a  set  of  functions  and  solved  the  set  of 
linear  algebraic  equations  for  the  unknown  coefficients  which  is  obtained  from  the 
variational  principle;  Jones  [1955a]  has  shown  that  his  technique  is  equivalent  to 
solving  an  integral  equation  by  Galerkin’s  method.  Another  approach  consists  in 
inserting  in  the  variational  expression  an  approximation  for  the  field  which  is  mathe¬ 
matically  simple  and  physically  plausible.  Both  ways  of  approximation  satisfy  the 
reciprocity  theorem,  and  it  therefore  appears  that  the  main  function  of  Schwinger's 
principle  is  to  ensure  that  reciprocity  is  not  violated;  in  fact,  the  analysis  can  be  carried 
out  directly  in  terms  of  reciprocity,  without  introducing  the  variational  principle 
(Jones  [1955a]). 

Other  variational  principles  besides  Schwinger's  have  been  developed  and  applied 
to  the  non-sclf-adjoint  problems  of  scattering  theory  (see  e.g.  MacFarlane  [1947], 
Koiin  [1948],  Altshuler  [1958]):  often,  however,  the  stationary  points  obtained  arc 
not  minima  and  a  convergence  theory  of  successive  improvement  is  lacking.  In  high- 
frequency  scattering,  for  example,  the  works  of  Wetzel  [1957]  and  Korns  [1958] 
proved  that  it  is  very  difficult  for  a  variational  method  to  provide  ever,  the  first  correc¬ 
tion  term  to  geometrical  optics;  thus,  this  first  correction  term  for  the  total  scattering 
cross  section  of  a  soft  circular  cylinder  as  obtained  by  Papas  [1950]  with  the  Schwinger 
variational  method  is  in  error  by  about  30  percent.  At  the  present  time,  it  would  ap¬ 
pear  that  only  the  principle  of  Garabedian  [1955]  rests  on  firm  mathematical  grounds. 
For  a  muthema^;*!  survey  and  criticism  of  variational  methods  sec  Dolph  [1961  ]. 


(1.138) 

(1.139) 

(1.140) 
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A  few  boundary  value  problems  which  have  been  solved  by  variational  methods 
are  listed  in  the  following.  Two  variational  principles  for  the  determination  of  the 
far  field  diffracted  by  an  aperture  in  a  plane  hard  screen  when  the  primary  field  is 
a  plane  harmonic  sound  wave  have  been  given  by  Levine  [1950].  The  variational 
theorem  of  Kornhauser  and  Stakgold  [1952]  for  the  scalar  wave  equation  in  two 
dimensions  constitutes  a  rigorous  proof  that  for  a  perfectly  conducting  cylindrical 
wave  guide  of  arbitrary  cross  section,  the  dominant  mode  is  always  an  H- mode. 
A  variational  study  of  the  propagation  of  dominant  mode  plane  sound  waves  within 
an  open-ended,  semi-infinite  cylindrical  tube  of  arbitrary  cross  section  is  found  in 
Levine  [1954a],  A  variational  method  for  the  study  of  the  scattering  of  plane  sound 
waves  by  soft  obstacles  with  spherical  and  circular  cylindrical  symmetry  has  been 
developed  by  Montroll  and  Greenberg  [1952]. 

Variational  methods  for  solving  various  vector  boundary  value  problems  have  been 
given  by  Levine  [1954b],  whereas  the  case  of  the  vector  wave  equation  describing  the 
field  due  to  an  arbitrary  source  located  in  the  neighborhood  of  an  inhomogeneous 
absorbing  medium  has  been  studied  by  Wagner  [1963].  New  variational  principles 
have  been  developed  by  Goblick  and  Bevensee  [1960]  for  periodic  structures  in 
waveguides,  and  by  Tao  [1966]  for  the  fundamental  equations  of  electromagnetism. 
A  monograph  devoted  to  variational  methods  for  cavities  and  waveguides,  and  for 
scattering  and  radiation  problems  with  conducting  boundaries  has  been  published 
by  Cairo  and  Kahan  [1962];  sec  also  Morse  and  Ffshbach  [1953;  Section  9.4]  and 
Kodis  [1954], 

Formulas  were  derived  by  Flammer  [1957]  for  the  first  variation  of  the  total  scat¬ 
tering  cross  section,  and  for  the  first  and  second  variations  of  the  electric  and  magnetic 
dyadic  Green’s  functions  under  the  deformation  of  the  boundary  of  a  conducting 
body  from  a  form  for  which  the  quantities  are  known;  the  formulas  for  the  variation 
of  the  cross  section  are  given  below.  Suppose  that  both  the  total  fields 

E(  +  )  =  ee'kr+Ei  +  )\ 

(1.141) 

Hl  +  ,=  -  ,V  VaE'  +  i 

k 


due  to  a  plane  wave  propagating  in  the  direction  k  and  incident  on  a  perfectly  con¬ 
ducting  body  with  surface  A,  and 


£<->  =  ee-i‘,r  +  E,-)\ 

H1  '  =  -  lV  V  aH1'1 

k 


(1.142) 


due  to  a  plane  wave  propagating  in  the  opposite  direction  -  k  and  incident  on  the 
same  body,  arc  known.  Suppose  that  the  surface  A  is  deformed  by  shifting  each  point 
P  a  small  amount  Cm  -  (P‘  -  P)  •  A  along  the  outward  normal  A  to  a  new  position  P\ 
as  shown  in  Fig.  1.4. 
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Fig.  1.4.  Geometry  for  perturbation  of  surface  A . 


Such  deformation  of  the  scatterer  produces  a  small  variation  Sc rT  in  the  total  scattering 
cross  section  <rT  corresponding  to  the  direction  of  incidence  k;  to  first  order*  this 
variation  is: 

<5aT  =  Im  JfcJJ  [E(+)  •  E(_)  +  Z JH(  +  )  •  ;  (1.143) 


formula  (1. 143)  is  valid  provided  that  the  normal  h  to  A  ;*4  and  the  normal  to  the 
deformed  surface  at  P'  form  a  very  small  angle,  and  that  E  and  H  have  continuous 
first  derivatives  on  both  A  and  the  deformed  surface.  Formula  (1.143)  simplifies  for 
the  two-dimensional  problem  of  broadside  incidence  on  an  infinitely  long  cylinder 
with  generators  parallel  to  an  axis  z.  If  E  is  parallel  to  z, 

E{±)  =  £V'(±\  (1.144) 

then  V[±)  =  0  on  A  (soft  cylinder),  whereas  iff/  is  parallel  to  z, 

Hl±)  =  ±YtV}*\  (1.145) 

then  dV^/dn  =  0  on  A  (hard  cylinder);  both  V[±)  and  satisfy  the  scalar 
wave  equation  (V2+k2)V  =  0.  The  variation  SrrT  of  the  total  scattering  cross  section 
per  unit  length  is  (see  also  Garabedian  [1955]) 


(<5(Ti)s0f|  — 


-Im 
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v  Ji  Ck 


e  -Sndl] 
hi  ) 


(1.146) 


in  case  (1. 144),  and 


(^°T)hard 
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(1.147) 


1.2 


HJNDAMENTAL  CONCEPTS 


41 


in  case  (1.145);  the  line  integrals  in  eqs.  (1.146)  and  (1.147)  are  taken  along  the 
boundary  /  of  the  cross  section  of  the  scattering  cylinder  in  a  plane  perpendicular  to  z. 

Finally,  applications  of  variational  techniques  to  the  scattering  of  electromagnetic 
waves  by  thin  wires  of  finite  length  are  presented  in  Chapter  12. 

1.2.14.3.  FUNCTION-THEORETIC  METHODS 

Most  of  the  scattering  problems  treated  in  this  book  yield  to  direct  solution  by 
separation  of  variables  with  the  subsequent  application  of  appropriate  series  or 
integral  transform  techniques.  In  these  “simple”  boundary  value  problems  the  appli¬ 
cation  of  the  transform  theorem  immediately  determines  the  unknown  co^Ticients  or 
functions  by  algebraic  equations.  There  is,  however,  an  important  class  of  diffraction 
problems  susceptible  to  closed  form  solution  when  the  customary  transform  methods 
are  supplemented  by  function-theoretL  techniques.  Perhaps  the  most  widely  known 
technique  to  be  applied  to  this  special  class  of  diffraction  problems,  and  to  many 
other  problems  in  mathematical  physics,  is  that  due  to  Wiener  and  Hopf  [1931] 
for  the  Fourier  transform  in  the  complex  domain,  although  it  is  now  recognized 
that  the  more  general  method  of  singular  integral  equations  of  the  Cauchy  type 
(Muskhelishviui  [1953])  contains  the  Wiener-Hopf  method  as  a  special  case.  The 
essence  of  these  methods  is  to  reduce  the  consideration  of  certain  integral  equations 
to  the  consideration  of  the  Hilbert  boundary  problem  in  the  theory  of  analytic  func¬ 
tions.  The  whole  apparatus  of  complex  variable  theory  -  the  basic  tools  being  analytic 
continuation,  Liouville’s  theorem,  and  factorization  of  analytic  functions  -  thus 
becomes  available  to  yield  new  solutions  in  closed  form.  Since  the  literature  concerning 
these  very  powerful  techniques  and  their  application  to  physical  problems  is  so  exten¬ 
sive,  we  content  ourselves  with  a  brief  survey  of  the  more  important  contributions  to 
diffraction  theory. 

An  integral  equation  of  the  Wiener-Hopf  type  has  the  general  form 

aij/(x)  =  /(  *)+  |  \p(x')K(x  -  x')d.x\  x  >0  (I.14X) 

Jo 


where /(.v)  and  K(x)  are  known  functions,  and  i p(x)  is  unknown.  The  homogeneous 
case  f(x)  —  0,  was  first  examined  by  Wiener  and  Hope  [1931]  (see  also  Paley  and 
Wiener  [1934],  Titciimarsh  [1948]),  while  the  theory  was  extended  to  the  non- 
hoinogeneous  case /(. x)  ^  0  by  Fock  [1942,  1944].  Integral  equations  of  the  type  in 
eq.  (1.148)  generally  arise  when  boundary  conditions  are  prescribed  on  send  infinite 
structures  such  as  semi-infinite  planes  or  cylinders,  and  the  formulation  of  such 
diffraction  problems  as  Wiener-Hopf  integral  equations  is  generally  attributed  to 
Schwinger  (see  Carlson  and  Heins  [1947])  and  independently  to  Corson  [1946]. 
For  reviews  of  the  Wiener-Hopf  theory  and  bibliography  see  Bouwkamp  [1954]. 
Karp  [1950].  Heins  [1956],  Morse  and  Feshbaui  [1953]  and  Noble  58].  The 
Wiener-Hopf  equation  considered  as  a  special  case  of  Cauchy-typc  singular  integral 
equations  is  discussed  by  Sparlnb  rg  [1956],  Westpi  ahl  [1959]  and  Honl  et  al. 
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[1961].  We  may  note  that  in  practical  applications,  systems  of  simultaneous  Wiencr- 
Hopf  integral  equations  frequently  occur. 

The  significant  feature  about  eq.  (1. 148)  is  the  convolution  character  of  the  integral. 
If,  in  addition,  the  range  of  integration  and  of  validity  of  the  equation  were  ( -  oo,  oo), 
the  application  of  a  Fourier  transformation  would  reduce  the  problem  to  an  algebraic 
one.  Based  on  this  observation,  the  usual  procedure  is  to  extend  the  domain  of 
definition  of  eq.  (1.148)  to  embrace  all  values  of  *  by  writing 


<£(*)+#(*)  -’/(*)  +  \l/{x')K(x-x')  dLx',  —  oo <  a* <  oo  (1.149) 


with  the  conventions 


\j/(x)  =  0  for  x  <  0, 

(j)(x)  —  1  for  x  >  0. 


(1150) 


Fourier  transformation  now  results  in  a  single  equation  between  two  unknown  trans¬ 
form  functions,  both  of  which  are  deduced  by  function-theoretic  arguments  (factori¬ 
zation,  analytic  continuation,  Liouville's  theorem).  Rather  than  enter  into  these 
details,  however,  we  shall  indicate  (following  Wlstpfahl  [1959])  how  integral 
equations  of  the  Wiener-Hopf  type  may  be  reduced  to  singular  integral  equations  of 
the  Cauchy  type. 

Let  K(x)  and  be  Fourier  transforms  defined  by 


K(  a)  =  I  K(x)e"ia*dx, 

•/  —  oo 


(1.151) 


a)  =  i/((x)e”i<Xjrdx, 


(1.152) 


then  eq.  (1.148)  wiM  be  satisfied  if  the  dual  integral  equations  (Titcjimarsh  [1948]) 
j  H/(x)[K((x)-a]eilxdx  =  -2nf(x),  x  >  0  (1.153) 


i?(a)ei3,Jtda  =  0, 


x  <  0 


(1.154) 


are  satisfied.  Multiply  eqs.  (1.153)  and  (1. 154)  by  exp(-ix'x)  and  integrate  over 
0  <  x  <  oo  and  -  oo  <  x  <  0,  respectively.  By  means  of  the  well-known  relations 


c  iMdx  =  271(5  _(a)  =  ^«5(a)  -h  P  -, 
o  ix 

0  1 

e“la*dx  =  2tt<5+(x)  =  7r<>(x)-P 
-  *  ix 


(1.155) 


where  the  symbol  P  denotes  the  Cauchy  principal  value,  we  obtain  two  singular 
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integral  equations  of  the  Cauchy  type 

-L(a)$(a)+  1  P  WW)  da'  =  2/(a), 

(1.156) 

7ri  J-co  a' —  a 

$«)+  -  P  f*  )  da'  =  0 

7ri  ^  -oo  a'— a 

(1.157) 

where  L(a)  =  R(z)-a  and 


/(«)  =  f7toe“"dx. 

J  0 


(1.158) 


The  whole  apparatus  of  singular  integral  equations  (see  e.g.  Muskhelishvili  [1953], 
Gakhgv  [1966],  Pogorzelski  [1966])  is  now  at  our  disposal  to  achieve  a  solution. 

We  assume  that  L(a)  is  holomorphic  and  non-zero  in  a  strip  |Im  a|  <  c  and  that 
the  condition  arg  log  L(a)|f  ^  =  0  is  satisfied.  Basic  to  the  solution  is  the  decom¬ 
position  of  the  function  L(a)  into  factors  L+(a)  and  L“(a)  such  that 

L(a)  =  L+(«)//-”(«)  (M59) 


with 


L+(a)  =  exp 
L~(a)  =  exp 


l08Ll°oda 

a' -a 
a'-a 


(1.160) 


The  factors  L+(a)  and  L"(a)  are  analytic  and  non-zero  in  the  half-planes  Ima  >  -c 
and  Im  a  <  c,  respectively.  If  for  |a|  -►  oo  we  require 


L+(a)  =  0(ap),  |p|  <  1, 

L'(a)  0(0"),  M  <  1, 


then  the  solution  to  eqs.  (1.156)  and  (1.157)  is  (Westpfahl  [1959];  see  also  Fock 
[1942,  1944]) 


$(x)  = 


y->r 

2ni  J 


M  A*'.  +  CL~(a), 
L*(a')  a' -a 


(1.162) 


where  the  “hook”  on  the  integral  sign  means  that  the  path  of  integration  passes  above 
the  pole  a'  =  a.  By  Fourier  inversion. 


M-v)  =  f  da'  •£'  L'(a)ei,x  d3t  +  1  cf"  L'(a)ci,vda,  (1.163) 
4n‘iJ.  ,  L  (a')  d  a'-a  2k  J-*. 
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where  for  the  a  integration  the  contour  passes  below  the  pule  at  a  =  a'.  The  term 
involving  the  arbitrary  constant  C  represents  the  homogeneous  solution  correspond¬ 
ing  to  f(x)  =  0.  ror  0  g  p  <  1  or  0  g  q  <  1,  the  constant  C  must  be  set  equal  to 
zero  and  the  non-homogeneous  solution  is  then  unique. 

As  a  simple  example,  consider  the  diffraction  of  a  plane  electromagnetic  wave 

El  -  exp  {-i k(x  cos  <t>0  +  y  sin  0O)}  (LI 64) 

by  a  perfectly  conducting  half  plane  (see  Chapter  8)  y  =  0,  x  >  0.  The  integral 
equation  for  the  surface  current  is  (Copson  [1946]) 

I  0(x')f/on(fc|x--x'l)dx'  =  ~2i  exp  (-\kx  cos  0O).  x>0  (1.165) 

Jo 

and  is  of  Wiener-Hopf  type.  The  corresponding  dual  integral  equations  are  (Clem- 
mow  [1951]) 


-  v/(k2-0r) 


„  e,aTda  =  —  2n\  exp  (-ifcx  cos  0O),  x  >  0 


(1.166) 


0(a)eiavda  =  0, 


x  <  0 


and  finally  we  are  led  to  the  singular  integral  equations  in  eqs.  (1.156)  and  (1.157) 
with  (Westpi  ahl  [1959]) 

L( a)  =  (/t2~-a2)~*,  /(a)  ~  (a-f  k  cos  0o)“l  (U67) 

where  it  is  assumed  that  Im  (a-f  k  cos  0O)  <  0  in  order  to  secure  convergence  of  the 
integral  in  eq.  (1.158).  With  the  assumption  Im  k  >  0  (later  allowed  to  vanish)  the 
factorization  can  be  performed  by  inspection;  thus 

L+(cc)  =  (*  +  «)-*,  L”(a)  =  ( k-a :)*.  (1.168) 

The  branch  such  that  Im  (k2-  a2)*  >  0  has  been  chosen.  Since  in  eq.  (1.161)  wc  have 
p  -  -  q  =  the  constant  C  must  be  zero  and  the  (unique)  solution  is 


(fc-a)*fQ°  (Jr+a')*  da' 


(1.169) 


2;ri  J  -  *>  <x'  +  k  cos  0O  a' —  a 

where  the  path  of  integration  passes  below  the  pole  a'  =  -k  cos  0o  and  above  the 
pole  a'  =  a.  The  contour  may  be  closed  by  a  semi-circie  in  the  upper  half  a'-plane 
(encircling  the  pole  a'  ==  -k  cos  0o)  to  yield 

.  (,.,70) 

a  +  k  cos  0O 


Introducing  cylindrical  coordinates  (p,  0),  one  can  show  that  for  p  -*  oo,  0  ^  n±  0O 
the  diffracted  field  in  the  far  zone  is  given  by 


exp  (ikp-l'\n) 


$(k  cos  0), 
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where  from  eq.  (1.170) 

$(k  cos  0)  =  -  2  Si”  .  (1.172) 

COS  0  +  COS  00 

This  result  is  in  agreement  with  eq.  (8.20)  of'  Chapter  8,  and  illustrates  how  the  Fourier 
transform  0(a)  is  related  to  the  far  field  amplitude. 

It  is  significant  that  the  method  of  Wiener  and  Kopf  can  be  formulated  from  several 
different  points  of  view,  and  many  authors  have  solved  the  same  diffraction  problems 
by  means  of  alternative  approaches  to  the  theory.  In  the  earliest  applications  (e.g. 
Copson  [1946])  Green's  theorem  was  employed  to  formulate  the  boundary  value 
problem  as  an  integral  equation  for  the  unknown  surface  current,  and  if  the  equj’.ion 
was  of  Wiener-Hopf  type,  Fourier  transformation  together  with  function-theoretic 
considerations  in  the  plane  of  the  transform  variable  were  applied  to  gain  a  solution. 
The  approach  due  to  Jones  [1952a]f  and  embraced  by  Noble  [1958],  is  to  apply  a 
Fourier  transformation  directly  to  the  partial  differential  equation  before  applying 
the  boundary  conditions.  The  complex  variable  equation  in  the  transform  plane  is 
thereby  obtained  directly  without  the  necessity  for  form  dating  an  integral  equation, 
although  it  is  then  not  always  obvious  whether  the  transform  equations  can  be  re¬ 
duced  to  the  Wiener-Hopf  form.  In  still  another  approach,  the  cumbersome  derivation 
of  integral  equations  is  circumvented  by  employing  the  method  of  separation  of 
variables  to  formulate  dual  integral  equations  for  quantities  related  to  the  far  field 
amplitude.  This  separation  of  variables  procedure  was  utilized  to  full  advantage  by 
Vajnshtejn  [1954]  and  is  expounded  by  Karp  [1950]  and  by  Clemmow  [1951]. 
Finally,  the  method  by  which  certain  two  dimensional  diffraction  problems  are  reduced 
to  singular  integral  equations  of  the  Cauchy  type  is  treated  by  Westpfahl  [1959] 
and  Honl  et  al.  [1961].  All  of  the  techniques  described  here  h  ive  one  main  feature 
in  common.  At  some  stage  in  the  solution,  a  given  function  of  the  complex  transform 
variable  must  be  decomposed  as  in  eq.  (1.159).  For  most  applications  this  is  the  diffi¬ 
cult  task  and  can  be  done  by  inspection  only  in  certain  cases  (notably  the  half  plane). 

One  of  the  earliest  applications  of  the  Wiener-Hopf  method  to  diffraction  theory, 
other  than  to  diffraction  by  a  half  p'ane,  concerned  the  problem  of  plane  wave  scatter¬ 
ing  by  an  infinite  set  of  staggered,  equally  spaced,  semi-infinite  plates  (Carlson  and 
Heins  [1947],  Heins  and  Carlson  [1947],  Heins  [1950]).  Concurrently,  the  radiation 
and  transmission  properties  of  a  waveguide  consisting  of  a  pair  of  semi-infinite  parallel 
plates  were  studied  by  Heins  [1948]  (see  also  Chester  [1950]),  but  a  more  compre¬ 
hensive  (and  simpler)  treatment  is  provided  by  Vajnshtejn  [1954].  The  problem  of 
scattering  of  plane  waves  by  a  pair  of  semi-infinite  parallel  planes  is  treated  by 
Clemmow  [1951  ],  while  diffract  ion  by  a  finite  set  of  parallel  half  planes  is  investigated 
by  UiARAsm  [1964]. 

It  is  interesting  to  compare  the  field  diffracted  by  two  parallel  half  piano  with  that 
diifracted  by  a  single  half  plane.  We  consider  a  plane  electromagnetic  wave  given  by 
eq  (1.164)  incident  upon  two  half  planes  described  by  y  =  ±a ,  v  >  0  as  in  Fig  1.?. 
By  combining  the  results  of  Clemmow  [1951]  and  Vajsshtejn  [1954],  we  can  write 
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Fig.  1.5.  Geometry  for  parallel  plane  waveguide. 


the  far  diffracted  field  (p  ->  oo)  obtained  from  the  exact  solution  in  the  following 
manner:  for  0  <  (j>0  <  n  and  0  ^  n±<t>0. 


_d  exp(ikp  +  l‘\n)  sin  i0  sin  i0o  r_+,}  «  v  . 

K  ~  p ~  ;  9  [L\ (k  cos  0)Lj(fc  COS  <j>0)  + 

( Inkpy  cos0+cos0o 

+  sgn  (sin  0)Lj(A  cos  0)Lj(A  cos  0O)]  exP  { —  i/ca(|sin  0|  +  sin  0O)}, 

(1.173) 

where  L+  ,(y.)  are  Wiener-Hopf  factorization  functions  analytic  with  no  zeros  in 
the  upper  «-plane  and  defined  by 

lA(a)L\(-a)  =  l+exp[2ia(fc2-a2)f].  /,.174) 

U\(j.)L\(- a)  =  1  -exp  [2ia(/c2 -a2)*] 

with  the  branch  Ivn  (/c2-a2)i  >  0  for  ImA'  >  0.  The  signum  function  sgn  (x)  is 
defined  as  sgn  (jc)  =  ±1  for  x  £  0.  Clearly  eq.  (1.173)  yields  the  half  plane  result 
in  eqs.  (1.171)  and  (1.172)  when  the  separation  of  the  plates  la  shrinks  to  zero. 
We  are  interested,  however,  in  the  case  for  which  ka  »  1.  From  Vajnshtejn  [1954] 
we  have,  for  instance, 


(M74) 


L\(k  cos  0)  = 


(e1 ,  cos  0  >  0 

i(l  +  exp  {2iAa|sin  0|})ev,  cos  0  <  0 


where 


cos  tdt 


F  =  -  f  log(l+exp {2iAu cos r})  C0S1 
27ti  Jc  sinr- 


COS  0 


(1.175) 


(1.176) 


the  contour  C  starting  at  -  ioo,  passing  through  the  origin,  and  ending  at  -  Jtc  +  iao. 
For  Acr>  I,  Vajnshtejn  [1954]  has  shown  that  a  steepest  descent  approximation 
yields 


V  *  I  log  (1 +cxp  [2iAa  ~  if2}) 
27ciJ-x  “  f-. 


/2Ar/ei,K  cos  0 


[2.177) 


and  this  we  can  expand  in  the  form 


V  -  i  sgn  (cos  0)  X  ’  • 

»  -  j  m 


r  (  -1  r 


e  G(N  \mka  ieos  0  ) 


(1.178) 
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where 

G(w)  =  e"2,wl  I  ”  e-*Jd /<,  (1.179) 

N/rr 

|G(w)|  <1  for  w  >  G,  G(w)  =1  for  w  =  0.  (1/180) 

Similar  results  are  obtained  for  L^(k  cos  0),  except  the  (“O'"  in  eq.  (1. 178)  no 
longer  appears. 

It  may  be  noted  that  the  results  quoted  so  far  are  valid  for  all  0  except  in  the 
vicinity  of  the  geometrical  optics  shadow  boundary  0  =  n  +  (f>0  and  the  reflection 
boundary  0  «  n-(j)0.  In  these  directions  the  asymptotic  expansion  in  eq.  (1.173) 
would  have  to  be  modified,  and  in  the  region  0  <  7r-0o  the  geometrically  reflected 
field  would  have  to  be  added,  to  obtain  the  full  scattered  field.  Let  us  take,  for  example, 
cos  0  <  0,  cos  0O  <  0  (both  source  and  observer  confined  to  the  left  half  space). 
Since  for  w  -*  oo, 


G(w)  ~  eiin(wy/2n)  \ 

it  follows  from  eq.  (1.178)  that 


j  _  * _  ^  e2imk<i 

y/4nka  cos  0  m  =  o  m* 


(1.181 ) 


(1.182) 


with  similar  results  corresponding  to  (k  cos  0);  eq.  (1.173)  then  yields  for  ka  >  1 : 


2  sin  ±<p  sin  i0o 

COS0  +  COF  o 


cos  [ka(sin  0  H-  sin  0O)]  + 


el«R  /  |  1  \  30  pi(  2m+ 

+  -r—  ( - +  )  Y  — r  cos  [ka( sin  0-sin  0O)]- 

N'  4nka  \cos  0  cos  0O/  m  =  o  ( 2m  + 1  )* 

eii«  /  i  1  \  oc  i(2m)2*d  /  1  \) 

-  .  ,  (  +  ,  )  I  ----j-cos[Msin0+sin((.o)]  +  O(--]  . 

N  4nka  \cos  0  cos0o/m=o  (2w)r  \ka/ ) 

(1.183) 


This  result,  although  simple  to  derive,  does  not  seem  to  have  appeared  in  the  literature 
(see,  however,  Bowman  and  Weston  [1968]).  The  first  term  in  eq.  (1.183)  consists  of 
a  superposition  of  edge  waves  from  the  two  half  planes,  each  in  the  absence  of  the 
other  and  excited  by  the  incident  field  alone.  The  infinite  sums  correspond  to  successive 
interactions  between  the  half  planes.  These  mutual  interaction  terms  may  be  derived 
on  the  basis  of  ray  optics  as  described  in  Yee  et  al.  [1968];  however,  when  the  ray 
optics  calculation  is  carried  out.  the  quantities  (2m  + 1)*  and  (2m)*  get  replaced  by 
22m(2w+l)*  and  22'"“  l(2w)*,  respectively.  The  simple  ray  optics  result  thus  under¬ 
estimates  the  asymptotic  result  in  eq.  (1.183)  and  would  have  to  be  modified  to  obtain 
more  accurate  expressions.  For  other  results  concerning  ray  optical  techniques  and 
their  relation  to  canonical  problems  with  parallel  plane  geometries  see  Fi.lsen  and 
Yee  [1968a.  b]. 
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The  Wicner-Hopf  method  has  also  been  applied  to  yield  solutions  to  the  important 
problems  of  scattering  and  radiation  from  semi-infinite  circular  cylinders.  Levine 
and  Schwinger  [1948a]  (see  also  Jones  [1952a,  1964],  Morse  and  Feshbach  [1953], 
Noble  [1958])  investigated  the  radiation  and  reflection  of  sound  waves  in  an  open- 
ended  cylindrical  tube,  while  Vajnshtejn  [1954]  treated  the  problem  in  more  detail 
for  both  acoustic  and  electromagnetic  radiation.  The  reflection  and  transmission 
properties  of  electromagnetic  waves  (Hn~ mode)  in  an  open-ended  circular  pipe  has 
also  been  studied  intensively  by  Iijima  [1952],  although  his  report  does  not  seem  to  be 
readily  available.  The  problem  of  scattering  of  electromagnetic  plm<c  waves  by  a  semi¬ 
infinite  circular  tube  was  treated  by  Pearson  [1953]  for  axial  incident:?  and  by  Bow¬ 
man  [1963]  for  general  incidence;  these  results  may  be  found  in  the  exhaustive  review 
of  Einarsson  et  al.  [1966].  The  scattering  of  souud  waves  by  a  solid  semi-infinite 
circular  cylinder  with  a  plane  end  surface  ws  investigated  by  Jones  [1955b]  (also 
Matsui  [I960]),  and  the  treatment  was  extended  to  include  the  electromagnetic  case 
by  Einarsson  et  al.  [1966].  In  all  of  these  problems  concerning  semi-infinite  circular 
cylinders,  the  fundamental  step  is  to  find  the  split  functions  L *  (a)  and  A/„+(a)  (n  = 
=  0,  I,  2  . .  .)  analytic  in  the  upper  half  plane  and  defined  by 

£.;(«)L;(-a)  =  (,  m) 

where  a  denotes  the  radius  of  the  cylinder,  and  Im(A'2--a2)*  >  0  for  Im  A  >  0. 
For  ka  »  1  and  ka  >  n  the  functions  L'n(k  cos  0),  M+(k  cos  0)  can  be  expanded 
asymptotically  in  terms  of  a  “universal”  function  V(s ,  q)  closely  related  to  V  in  eq. 
(1.177)  (Vajnshtejn  [1954],  Bowman  [1963],  Einarsson  et  al.  [1966]).  This  opens 
the  possibility,  at  least  for  axial  incidence,  of  obtaining  diffracted  field  expansions 
analogous  to  that  in  eq.  (1.183)  for  the  open-ended  parallel  plane  waveguide.  The 
case  ka  -  'C  1  finds  application  in  the  problem  of  scattering  by  a  long  thin  wire  (Chapter 
12).  For  a  semi-infinite  hollow  cylinder  of  elliptical  cross  section,  problems  of  acoustic 
radiation  and  scattering  have  been  solved  by  Blass  [1951],  and  for  tubes  of  arbitrary 
cross  section  an  approximation  technique  based  on  the  Wiener-Hopf  method  is 
discussed  by  Levine  [1954a]. 

Another  class  of  problems  that  yield  to  exact  solution  by  function-theoretic 
methods  concerns  electromagnetic  or  acoustic  diffraction  in  wedge  shaped  regions 
where  the  boundary  conditions  are  of  the  mixed  or  impedance  type  (see  Section  1.2.4). 
In  connection  with  obstacles  with  a  single  constant  impedance,  solutions  for  diffrac¬ 
tion  by  a  half  plane  were  obtained  by  Senior  [1952,  1959a],  Williams  [1960]  and 
Marcinkowski  [1961],  and  for  the  wedge  by  Senior  [1959b]  and  Williams  [1959]. 
More  general  problems  were  solved  by  Maliuzhinhts  [1950;  1957a,  b;  1959;  1960], 
who  proposed  and  developed  a  method  of  solving  diffraction  problems  in  angular 
regions.  This  method  is  based  on  representing  the  field  in  a  wedge-shaped  region  by 
a  Sominerfeld  integral  (see  Chapters  6  and  8)  for  which  an  inversion  formula  exists 
(Maliu/.iiini  is  [1958a]).  and  thereby  reduces  the  diffraction  problem  to  a  functional 
equation  for  integrands.  Solutions  to  the  functional  equations  were  obtained  in  many 
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interesting  cases  by  the  use  of  integral  transforms  of  the  Fourier  type  or  Laplace  type. 
In  particular,  the  problem  of  plane-wave  diffraction  by  a  wedge  with  different  surface 
impedances  on  its  two  faces  is  solved  in  closed  form  (Maliuzhinets  [1959,  I960]). 
Maliuzhinets  [1958b]  further  notes  that  his  inversion  formula  for  the  Sommerfeld 
integral  reduces  in  certain  cases  to  the  inversion  formula  of  Kontorovich  and 
Lebedev  [1939],  which  has  also  been  applied  to  problems  associated  with  wedges  and 
cones  (see  e.g.  Jones  [1964],  Karp  [1950],  Kontorovich  and  Lebedev  [1939], 
Lebedev  and  Skal'skaya  [1962]).  The  solution  of  Maliuzhinets  [1959,  1960]  for 
a  wedge  with  two  face  impedances  contains  the  solution  of  the  shoreline  problem 
(see  e.g.  GrOnberg  [1942,  1943,  1944],  Fock  [1944],  Bazer  and  Karp  [1952], 
Clemmow  [1953])  as  a  special  case.  An  alternative  method  suitable  for  wedge-shaped 
regions  was  developed  by  Peters  [1952],  who  treated  a  hydrodynamic  problem  arising 
in  connection  with  water  waves  on  a  sloping  beach.  This  method  which  still  involves 
the  factorization  of  a  function  into  two  parts  with  overlapping  regions  of  regularity 
was  later  adapted  by  Senior  [!959b]  to  the  problem  of  diffraction  by  an  imperfectly 
conducting  wedge. 

Many  other  diffraction  problems  have  yielded  to  either  exact  or  approximate  solu¬ 
tion  by  means  of  function-theoretic  techniques.  Westpfahl  [1959]  (see  also  Case 
[1964])  presents  an  asymptotic  solution  to  the  singular  integral  equations  arising  in 
diffraction  by  a  perfectly  conducting  strip  (sec  Chapter  4),  hut  his  results  were  vastly 
improved  by  Khaskind  and  VAJNSim  JN  [1964]  and  by  Fialkovskiy  [1966].  Faulk¬ 
ner  [1965]  employed  an  asymptotic  factorization  theorem  of  Kranzer  and  Radlow 
[1963]  to  treat  the  problem  of  diffraction  by  a  wide  imperfectly  conducting  strip, 
and  his  results  were  found  by  Bowman  [1967]  to  be  in  agreement  with  the  (simpler) 
ray-optics  calculation.  For  diffraction  by  a  semi-infinite  plate  of  finite  (although  small) 
thickness,  see  Jones  [1953],  and  for  diffraction  by  a  parallel  plane  waveguide  of 
finite  length,  see  Jones  [1952b].  Westpfahl  and  Witte  [1967]  have  treated  the  acoustic 
diffraction  by  a  large  circular  aperture  or  disc,  and  have  also  included  an  extensive 
bibliography.  An  interesting  generalization  of  the  Wiener-Hopf  method  appears  in 
the  papers  by  Radlow  [1961 ;  1964a,  b;  1965],  who  found  solutions  to  the  diffraction 
problems  associated  with  the  quarter-plane  and  the  right-angled  dielectric  wedge. 
In  obtaining  these  solutions,  a  new  function-theoretic  technique  employing  two 
complex  variables  was  introduced;  however,  the  solutions  arc  sufficiently  complicated 
that  no  useful  physical  results,  such  as  a  diffraction  coefficient,  are  available,  and  the 
solutions  have  not  met  with  general  acceptance. 

1.2.14.4.  NUMERICAL  METHODS 

The  integral  equations  for  the  field  at  the  surface  of  the  scatterer  which  were  present¬ 
ed  in  Section  1.2.10  have  been  solved  exactly  for  a  few  simple  scattering  shapes  only, 
and  in  all  these  cases  the  solution  could  have  been  obtained  by  some  other  method, 
such  as  separation  of  variables.  For  bodies  of  complex  shape,  the  scattering  problem 
can  be  solved  numerically  by  dividing  the  scattering  surface  in  portions  over  each  of 
which  the  amplitude  and  the  phase  of  the  surface  field  can  be  considered  as  approxi- 
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mately  constant,  or  as  varying  in  an  approximately  known  way.  The  integral  equation 
is  then  replaced  by  a  set  of  linear  algcoraic  equations,  to  be  solved  numerically  by  a 
computer.  Computer  programs  based  on  this  method  have  been  applied  to  the  study 
of  radiation  and  scattering  from  wire  structures  (Baghdasarian  and  Angelakos 
[1965].  Mei  [1965],  Richmond  [1965],  Harrjngton  [1967]),  from  two-dimensional 
bodies  (Mei  and  Van  Bladel  [1963],  Andreasen  [1964,  1967a])  and  from  three- 
dimensional  bodies  (Andreasen  [1965b],  Waterman  [1965]). 

The  numerical  integral  equarion  method  is  well  suited  to  problems  in  the  low- 
frequency  and  resonance  regions.  If  the  dimensions  of  the  scatterer  are  very  large 
compared  to  the  wavelength,  also  the  number  of  linear  algebraic  equations  becomes 
very  large  and  difficult  to  handle  by  presently  available  computers. 

Although  the  integral  equation  approach  is  the  most  logical  one  for  numerical 
solutions  because  boundary  and  radiation  conditions  are  automatically  taken  into 
account,  other  methods  have  also  been  applied;  thus,  for  example,  MuLLiNetal.  [1965] 
have  studied  the  two-dimensional  scattering  from  infuite  cylinders  of  almost  circular 
cross  section  by  assuming  a  scries  expansion  in  terms  of  circular  cylindrical  wave- 
functions  for  the  scattered  field,  and  by  imposing  the  boundary  conditions  at  a  finite 
number  of  points  on  the  scattering  surface. 


1.3.  Special  functions 

1.3.1.  Bessel  functions 

Bessel  functions  are  solutions  of  Bessel's  differential  equation 

;2<1£  +z<*M  +  (Z2-V>  -  0,  (U85) 

d  z  dz 


where  the  parameter  v  is  an  unrestricted  complex  number.  This  differential  equation 
has  a  regular  singular  point  at  z  =  0  and  an  irregular  singular  point  at  z  -  oo;  all 
other  points  are  ordinary  points  of  the  differential  equation.  In  defining  the  solutions 
of  Bessel’s  equation  we  shall  adhere  to  the  notations  used  in  Watson  [1958].  Detailed 
properties  of  the  Bessel  functions  may  be  found  in  Abramoxvitz  and  Stegun  [1964], 
ERDELYietal.  [1953],  Gradshteyn  and  Ryzhik  [1965],  Magnus  and  Oberhettinger 
[1949],  Magnus  et  al.  [1966]  and  Watson  [1958].  For  numerical  tables  consult 
Abramowitz  and  Stegun  [1964]  and  Watson  [1958]. 

When  v  is  not  ai.  integer,  eq.  (1.185)  has  two  independent  solutions  Jfz)  and 
J  _v(r)  where 


=  £  (-i)w;:™ 

« r- o  m\r(v  +  m  +  1) 


(1.186) 


The  function  Jx(z)  is  known  as  the  Bessei  function  of  the  first  kind  and  v-th  order. 
It  i>  single-valued  throughout  the  r-plane  cut  along  the  negative  real  axis  from  0 
to  -  /.  and  for  fixed  r  (  /  0)  it  is  an  entire  function  of  v,  while  for  fixed  v  the  function 
r  V,{r)  is  an  entire  function  of  r.  When  v  is  equal  to  a  non-negative  integer  n ,  the 
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Bessel  function  Jn(z)  has  no  branch  point  and  is  an  entire  function  of  z\  however, 
because  of  the  linear  relationship 


=  (-lR(z),  (f.  187) 

a  second  independent  solution  to  eq.  (1.185)  is  now  required.  This  second  solution, 
known  as  the  Bessel  function  of  the  second  kind  or  the  Neumann  function,  is  denoted 
by  Yv( z)  and  defined  for  all  v  by 


Yv(z)  = 


Jv(z)  COS  VTT-7_v(z) 


v  #  n 


sin  V7T 

K(')  =  lim  yv(i). 


(1.138) 


In  particular,  the  Neumann  function  of  non-negative  integer  order  may  be  given  as 

y„(z)  =  2  ■/„(.-)  log  (iz)-  1  "l  (»-»-«)!(1z)ta-.  _ 
n  n m  =  o  ml 


where  for  non-negative  integer  m. 
^(m)=-C+£i,  ^(0)  =  -C. 

s=l  S 


1  *  +  2m+n 
7t«T'o(-l)wm!(n  +  m)lV1  9 


(I  189) 


C  -  0.57  72  . . .  (Euler's  constant).  (1.190) 


The  finite  sum  in  eq.  (1.189)  is  to  be  omitted  if  n  =  0.  The  Neumann  function  is 
single-valued  in  the  cut  z-plane  and  for  fixed  z(/  0)  is  an  entire  function  of  v.  Equation 
(1.187)  is  also  valid  for  K„(z).  The  functions  7  (z)  and  Tv(z)  are  real  if  v  is  real  and  z  is 
positive. 

Two  functions  of  frequent  occurrence  are  the  Bessel  functions  of  the  third  kind 
H[l)(z)  and  H[2)(z ),  also  called  the  first  and  second  Hankel  functions,  respectively. 
These  are  defined  as  the  linear  combinations 


H[l)(z)  =  Jv(z)  +  \Yv(z\ 
h[2\z)  =  jv(z)-iyv(z). 

For  v  ^  n  where  n  is  an  integer,  it  follows  from  eqs.  (1.188)  and  (1. 191)  that 

W',u(z)  =  (isin  v!t)”l[^.,(z)-yv(z)e“i’”], 

<’(--)  =  (i  sin  vn)‘  1[J,(z)ei,"-J. ,(-)]. 

w  hereas  for  v  =  /i  (w  =  0,  1,2,.. .)  application  of  eq.  (1.189)  to  eqs.  (1.191)  yields 

//'"•'•’(Z)  =  \l±  -*  'og(iz)l  J.(z)+  ‘  («-»*->)!  (i=)2»  -  + 

7i  J  it  m  =  o  nr. 


(1191) 


(1192) 


_  i  j  «/»(«  + w)+ii(m) 
n  m--o  ( -  l)Mm!(tt  +  m)! 


(1.193) 


Equation  (1.187)  is  also  valid  for  //J,1  M2l(z). 
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Equation  (1.185)  is  unchanged  if  v  is  replaced  by  -v,  and  the  following  linear 
relations  exist: 

J_v(z)  =  JXZ) cos  V7C_  yv(z)  sin  vtt, 
y_v(z)  =  Jv(z )  sin  vtc4*  yv(z)  cos  vtt, 

/*<!>•  (2>(z)  =  t±iVKH[lhi2\z),  (1.194) 

2  y_v(z)  =  eiv*f/* 1  *(z) +  c~iy*Hi2)(z), 

2i  y_v(z)  =  eiv,7/(vl  *(z) — e“  ivKH(2\z). 


The  Bessel  functions  are  single-valued  for  all  points  z  of  the  principal  branch 
jargz|  <  7i.  The  transition  to  different  functional  branches  across  the  cut  (-oo,  0) 
can  be  made  by  means  of  the  relations 

JXztimR)  =  e“lwvVv(z), 

Yv{zeimK)  =  e“iwv*yv(z)+2i  sin  (mvn)  cot  (vtc)Jv(z), 

-  sin  (vit)H[l)(zeimn)  =  sin  [(m-  l)v7t]/f<1)(z)+e~,v*  sin  (mv7r)H*2)(z), 
sin  ( vn)Hi2)(zeimK )  =  sin  [(m  +  l)v7r]f/(v2)(z)+elv*  sin  ( mvn)H[l)(z)t 


where  m  is  an  integer. 

Various  Wronskian  determinants  can  be  derived.  Define  W^w^z),  n2(z)}  ~ 
ui(z)u,1(z)-u2{z)u\{z)  where  the  prime  denotes  (d/d z),  then 

W{Jv(z),  J_v(z)}  =  —  2(7rz)_1  sin  v;r, 

W{J,(z),  yv(z)}  =  2{nz)-\ 

W{H['\z),H(2\z)}  =  -4i(nZ)-', 

=  ±2i(jrz)- 


(1-196) 


It  follows  from  the  first  Wronskian  in  eq.  (1.196)  that  Jv(z)  and  /_v(z)  are  not  linearly 
independent  solutions  when  v  is  an  integer;  the  remaining  Wronskians  never  vanish 
and  therefore  the  corresponding  pairs  of  functions  are  always  linearly  independent. 
Still  further  Wronskians  can  be  deduced  by  means  of  eqs.  (1.194)  and  (1.196);  for 
example 

iy{y,(z),y_v(z)}  = -2(nz)-'sinv«, 

indicating  that  yv(z)  and  K are  linearly  independent  except  when  v  is  an  integer. 
The  following  recursion  and  differentiation  formulas  hold: 


Jv.l(z)+dv+1(z)= -Jv(z), 
z 

Jv.,(z)-dv+1(z)  =  2^(2), 

dz 

while  for  m  =*  0,  1,2..., 

(AJV^z)]  =  z'-Vy.m(z), 

(^JVvj.-)]  =  (-l)"z-'-"dvtm(z). 


(1.198) 


(1.199) 
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The  same  relations  are  also  valid  for  Bessel  functions  of  the  second  and  third  kind. 
Differentiation  with  respect  to  the  order  leads  to 

\v  +  2m 


= jv(z)iog(iz)-  £  tjm+vw**, 

dv  6V‘  m!r(v+m+l) 


(1.200) 


syM 

dv 


=  cot  (vtt)  -  cosec  (vrc)  £ 
where  i p  is  the  digamma  function 


dJ-v(z) 

dv 


—  7T  y_  v(z)J  ,  ([.201) 


\ Kv )  =  —  *°g  r(v+i). 

dv 


(1.202) 


For  non-negative  integer  arguments  in  i jt  see  eq.  (1.190). 

When  v  is  fixed  and  |z|  ->  oo  HankePs  asymptotic  expansions  of  the  various  Bessel 
functions  are 


H[' '(:)  ~  1 /—  exp  [i(z - ivn - in)]  £  ,  ( -  n  <  arg  z  <  2 n), 

1  nz  (2iz)m 

(r.203) 


~  |/-2-expf-i(z-ivn-|rt)]  £ 

!  nz  m-o  (2iz)m 


(-2^  <  arg  z  <  7r), 


r  712  L  ro  =  0  (2z)Zw 


(2z)3 

-sin(z-ivlt-|,)£tir(v.2m  +  l)l 
--  (2z)2  1 


>’,(=)  ~  l/  -2  ["sin(z-ivn-|;t)  £ 

*  nz'L  m  =  o 


J- 


(-!)>,  2m)  + 


(1.204) 


(|arg  z|  <  n),  (1.205) 


(2  zT 


+cos(r-U'Jt-i!T)  £  ^  l£^  +  l)  .  (|argz|<!t).  (1.206) 


.-o  (2z) 

where  (v,  m)  is  the  Hankel  symbol  defined  by 

r(i+v+w) 
m!r(i+ v  - w?) 

[4v2  —  l2]  . .  .  [4v2  ~(2w  -  l)2] 


(V,  Ml)  = 


(V.())-1,  (v.  Ml)  = 


2  2mm\ 


(1.207) 

for  mi  =  1,  2 . (I.20S) 


For  discussion  of  the  remainders  in  eqs.  (1.203)  through  (1.206)  after  the  W-th 
terms  see  W.mson  [1958]  and  Mmjir  [1032].  For  real  positive  values  of  z  and  v, 
the  remainders  are  less  in  absolute  \alue  than  the  absolute  value  of  the  first  discarded 
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term.  If  v  =  tf  +  i(fl  =  0,  1,2,...)  the  asymptotic  series  in  eqs.  (1.203)  through 
(1.206)  terminate  and  the  Hankel  symbol  becomes 


(n  +  i,  m) 


(n  +  m) ! 


In  this  case  the  Bessel  functions  reduce  to  elementary  functions. 
For  z  fixed  and  |v|  ->  oo: 


•/,(*)  ~  ) I (!)V[I  +0(v-')j,  |arg  v|  <  », 

J.,(z)  ~  sin  (vji) }/  ~  [I  +  0(v~')].  |arg  v|  <  n. 


(F.209) 


(1.210) 

(1.211) 


From  these  one  can  obtain  asymptotic  expansions  for  Tv(z),  //(vn,(2)(z)  by  means  of 
eqs.  (1.188)  and  (1.192);  for  example,  if  v  — ►  -f  oo  then 

m  ~  "  (I)  +  (1-212) 


The  Debye  [1909,  1910]  asymptotic  expansions  of  the  Bessel  functions  have  been 
discussed  in  detail  by  Watson  [1958].  These  are  expansions  valid  when  both  v  and  z 
are  large  and  complex,  although  z  is  supposed  to  be  restricted  such  that  |arg  z\  <  \n. 
The  ratio  v/z  is  restricted  to  lie  in  certain  regions  of  the  complex  (v/r)-plane  and  the 
results  are  useful  only  if  |  v  —  z|  >  |v*|.  Auxiliary  angles  y,  a,  ft  are  introduced  by  the 
relations 

V  =  cosh  y  =  cosh  (a-'-i/?),  (1.213) 

z 


where  a  may  have  any  real  value  and  p  is  restricted  by  0  <  p  <  ]rc.  Because  of 
Stokes’  phenomenon,  the  complex  (v/z)-plane  must  be  divided  into  separate  regions 
as  illustrated  in  Fig.  1.6.  The  continuous  curves  that  start  at  v/z  =  1  are  prescribed 
parametrically  by  the  equations 


Re 


=  cosh  a'  cos  p\ 


1m 


-  sinh  a'  sin  p\ 


(1.214) 


where  2',  p'  are  restrained  by  the  relation 

1  —i  tanh  at'  — /I'  cct  />"  =  0,  (1.2 1 5) 

whereas  the  continuous  curves  that  begin  at  v/z  ~  -  1  are  determined  by  eqs.  (1.214) 
except  that  now  2',  p'  are  restrained  b> 


1  -  2'  tanh  x'  +  (7 r-/?')  cot  /f  =  0. 


(1.216) 
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Fig.  1.6.  Regions  in  the  complex  (r/r)-plane  (Watson  [1958]). 

It  is  convenient  to  introduce  the  functions  S^z)  and  S(v2)(z),  where  these  are  given 
asymptotically  by  the  formulas 


S(»»(.)  ^  exp  (v(tanh  y-y)-Jijr}  y  r(m+J)  A„ 

( —  Jiv/r  tanh  y)*  »«  =  o  TQ)  (Jvtanhy)w 

expl-rttanhy-yj  +  li^}  ^  r(m  +  $)  Am 
( -  }iv7t  tanh  >•)*  m^o  f(\)  (-Jvtanhy)" 


(1.217) 


(1.218) 


arg  (-  JivTi  tanh  y)  =  arg  z  +  arg  (- i  sinh  y),  |arg  (-i  sinh  y)|  <  Jtt.  (1.219) 


The  values  of  Af),  A{  and  A,  are 

Ao  =  K  A\  ~  k  24  coth  y,  *>20) 

A:  =  ,28-  s"- to  coth2  y  +  i\H h  coth4  y . 

The  asymptotic  forms  of  the  Bessel  functions  in  the  various  regions  of  the  (v/z)-plane 
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Table  1. 1  (Watson  {1958]) 


Regions 

S[uU) 

1,  3,  4 

H["U) 

2.  6a 

2  Jviz) 

5,  7b 

2c~ivKJ_v(z) 

6b 

ei/Vv*tf(v,)(re-i/Vn) 

7a 

c-iMvK/yO)(2e-iMn) 

Table  1.2  (Watson  [1958]) 


Regions 

1,2.5 

H[PU) 

3,  7a 

2 Jv(z) 

4,  6b 

2  c'v«J_.v(z) 

6a 

eiMvR/yU){rei.vfn) 

7b 

e-i,VvR//(v2)(,ci\#) 

are  expressed  in  terms  of  S(vn(z)  and  S(v2)(z)  by  means  of  Tables  1.1  and  1.2.  In  these 
tables,  M  and  N  are  positive  integers  such  that  M  is  the  smallest  integer  for  which 

1  -a  tanh  a  +  [(M  +  1)71-/?]  cot  p  >  0,  0  <  fi  <  \n  (1.221) 

and  N  is  the  smallest  integer  for  which 

1  -a  tanh  u-(N7i  +  fi)  cot  ft  >  0,  {n  <  fl  <  n.  (1.222) 

In  the  critical  case  /i  -  Jtt,  the  expansions  appropriate  to  region  l  are  valid.  For 
regions  6  and  7  the  circuit  relations  in  eqs.  (1.195)  can  be  used  to  express  the  Hankel 
functions  in  the  forms  given  in  Tables  1.3  and  1.4.  For  sufficiently  large  v,  the  terms 


Table  1.3 


Regions 

s<n('> 

6b 

(i  sin  vx)-'[c2iNv*J~v(:)-c-ivKJv(:)] 

7a 

(i  sin  wr)-,jy_v(j)-  c”  »(2M+  1  >VR/V(z)] 

Table  1.4 

Regions 

S[2'C) 

6a 

(i  sin  ivr)  »IcK2M+  i  )*njv(z)  J_v(;)] 

7b 

(i  sin  »’.t)  l[c  _v(z)\ 

involving  M  and  .V  in  Tables  1.3  and  1.4  become  subdominant  with  the  result  that 
Tables  1.1  and  1.2  may  be  replaced  by  the  simpler  Tables  1.5  and  1.6.  From  the  tables 
asymptotic  expansions  of  any  fundamental  system  of  solutions  of  Bessel's  equation 


Table  1.5  Table  1.6 


Regions 

Regions 

.v;2,(;) 

I.  5.  4 

//‘vn<  D 

1,  2,  5 

U[2U:) 

6a,  6b 

•Vv<r) 

3,  7a,  7b 

2Jyi:) 

5,  7.i,  7b 

2c- ,Ml;i 

4.  6a,  6b 

2c"nJ  _  xi: 
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can  be  constructed  when  v  and  z  are  both  arbitrarily  large  complex  numbers,  the  real 
part  of  z  being  positive.  For  an  alternate  summary  of  the  Debye  expansions  see 
Campopiano  [1957],  and  in  the  case  of  real  positive  z  but  complex  v  see  Honl  et  al. 
[1961]  (Nussenzveig  [1965]  notes  that  Honl  et  al.  [1961]  contains  several  mistakes). 

When  v  and  z  are  both  large  but  |v— z|  <,  |v*|  the  Debye  asymptotic  expansions 
are  no  longer  valid,  and  it  is  necessary  to  employ  expansions  suitable  for  the  transi¬ 
tional  regions.  In  the  following,  it  is  supposed  that  z  =  x,  x  >  0  and  the  parameters 
m,  t  are  defined  as 


m  =  (ix)*,  /  =  (v-x)/m, 


(1.223) 


then  for  m  -+  oo: 


JM  ~  [4a(i)+(V(i)]+  ±_  t(^'!+26(JW0+ 

mj  n  l  60m  2520m4 


+(6r  +  18)t/(r)]  +  0(m~6)j , 


(1.224) 


J'M  ~  -r~  [»’(»)+  -~i  [4»'(l)+(6-»Xl)]  +  — jr-, [(t(S - 76r2)e'(l)  + 

m\n\  60  rn  10080m 


-f  (3/4-  I68r)r(/)]  4-  0(m“6)j 


(1.225) 


»M-  ---••2[4<*»,(f)+iV1(r)]+  ,—‘--i[(To<5+26f2)w,(t)  + 


2520m 


+(6(3+18)tv',(f)]H-0(m  6)  , 


(1.226) 


iCh)  -  2‘  -  »',(«)+  J-  [4,lv'1(,)+(6-l3)w1(l)]  + 

in  s‘n  I  60m 

+  [(-?'5-76'2K;(')+(3/4-168r).v1(/)]  +  °(m-6)j ,  (1.227) 

where  the  Fooc  [1945]  notation  for  the  Airy  functions  has  been  used, 


u(r)  =  N  nBi(/),  r(r)  =  N^7rAi(f), 
u’,(r)  =  N  7c[Bi(f)+iAi(r)1, 
m*2(0  =  \  7r[B?(/)-iAi(r)]. 


(1.228) 


See  Section  1.3.2  for  definitions  of  the  Airy  functions.  Expansions  for  V'v(.v).  Y '(a) 
are  obtained  from  ./V(.v),  J'v(x)  upon  replacing  r(/)  by  ~u(i)  in  eqs.  (1.224)  and  (1.225), 
while  expansions  for  //*v2,(.v),  H[l1  {x)  are  obtained  from  //(vn(v),  H[l)  (x)  upon 
replacing  u  ,(r)  b\  -  w  :(t )  in  eqs.  (1.226)  and  (1.227).  For  other  asymptotic  expansions 
see  the  references  already  cited,  to  which  may  be  added  L anger  [1931,  1932],  Cherry 
[1950].  (>i  MR  [1952,  1954]  and  Sciiobi  [1954], 
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Modified  Bessel  and  Hankel  functions,  l\(z)  and  tfv(z),  respectively,  are  often  used. 
They  may  be  defined  by 


l,(z)  =  e~ii,V,(zeli"), 

(-tt  <  arg  z  <;  i?i). 

(1.229) 

I,(z)  =  eli,"Jv(ze",i’’"), 

(±rc  <  arg  z  ^  7r), 

Kv(z)  =  inieii‘"'Wtl)(zei"), 

(~7r  <  argz  ^  i/r). 

(1.230) 

K,(z)  =  -i«i 

iiK)>  (-i*  <  argz  ^  tt). 

For  all  values  of  z,  7v(z)  and  Kv(z)  are  linearly  independent  functions.  Each  is  single¬ 
valued  throughout  the  z-plane  cut  along  the  negative  real  axis,  and  for  fixed  z(?  0) 
each  is  an  entire  function  of  v.  When  v  is  equal  to  a  non-negative  integer  w,  the 
modified  Bessel  function  In(z)  is  an  entire  function  of  z.  Both  modified  functions  are 
real  when  v  is  real  and  z  is  positive,  and  if  in  addition  v  >  - 1,  then  both  functions 
are  positive.  Other  properties  of  the  modified  Bessel  functions  can  be  deduced  from 
those  of  ordinary  Bessel  functions  by  the  application  of  eqs.  (1.229)  and  (1.230).  The 
function  Kv(z)  is  sometimes  called  the  Macdonald  function  of  v-th  order 
The  spherical  Bessel  functions ;v(z),  j/v(z),  h[l)(z)  and  h[2)(z)  are  defined  in  terms  of 
ordinary  Bessel  functions  by  the  relations 

JM-] 

>\(z)  =  )/  ”;  n. *(--).  (1.231) 

These  functions  satisfy  the  differential  equation 


2  d2«  ,  dn 

Z2  -T  +2z  - 

d;2  dr 

+  [z2-v(v+ ! )  jM  =  0 

(1.232) 

O') 

(1.233) 

The  properties  of  the  spherical  Bessel  functions  follow  from  those  of  the  ordinary 
Bessel  functions.  For  v  =  n  («  =  0,  1,  2, . . .)  the  spherical  Hankel  functions  may  be 
represented  by  the  finite  series  expansions 


*l"(=)  =  i— v- 1 


(w  +  m)! 


1  (  _  2iz)  m 

m  -o  m!(/i  -  w)! 

m  0  1)1 !()!  —  »!)! 


1.234) 


and  expansions  for i„(r>  follow  upon  application  of 


(1.235) 
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The  representations  in  eqs.  (1.234)  are  clearly  useful  when  |z|  co.  Alternative 
expressions  are 


■ "  e±u 


/  v  „  /  d  \n  COS  2 


(1.236) 


sometimes  known  as  Rayleigh’s  formulas.  Ascending  series  representations  may  also 
be  obtained;  in  particular, 

(-in«  +  m)!z2" 
m=o  m!(2n  +  2m  +  l)! 

_-l  «  T(2n-2jn+\)z2m  (L237) 

"  2"z"+l  m= o  m\r(n-m  + 1) 

Equation  (1.232)  is  unchanged  if  v  is  replaced  by  —  v  —  1 ,  and  the  following  linear 
relations  exist: 

7 — ,(z)  =  —jy(z)  sin  V7t->’v(z)  cos  vn, 

,(z)  =  jv(z)  cos  vn  —  y\(z)  sin  vn,  (1.238) 

A'J’-Jf  '(z)  =  ±ie±iv"/41M2)(z). 

It  is  clear  that  tnese  relations  simplify  if  v  is  an  integer. 

For  the  Wronskian  determinant,  define  W{ux(z\  w2(z)}  to  mean  Mi(z)wi(z)- 
~u2(z)u\(z),  then 

M'!i»(z),  y»(z)}  =  z'2, 

"(z),  ^’(z)}  =  —  2iz” 2, 

W{jv(z),  /i'„IM2)(z)}  =  ±iz'2, 
iV{)'v(z),  A‘v1,  <2'(z)}  =  -z-2. 

All  the  pairs  of  functions  in  eqs.  (1.239)  are  linearly  independent. 

The  recursion  formulas  in  eqs.  (1.198)  become 


(1.239) 


.  .  v  ,  .  2v  4*  1  . ,  v 

is-  l(Z)+ivr  ](-)  =  •  Jv(Z)< 

vA..1(-)-(v+l)./vtl(c)  =  (2v+1)-7'(:) 

dz 


(1.240) 


while  for  m  =  0,  1, 2, . .  .  the  differentiation  formulas  in  eqs.  (1.199)  become 


('  j.)  V”. /.(--I]  =  'jy-Jz), 


(1.241) 
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The  same  relations  are  also  valid  for  spherical  Bessel  functions  of  the  second  and 
third  kind. 

The  functions  defined  by 


u*)  =  s‘,U2,(z)  =  zh["-«xz). 


(1.242) 


and  known  as  Riccati-Bessel  functions,  are  also  in  common  usage.  The  properties 
of  these  functions  follow  directly  from  those  of  the  spherical  Bessel  functions  or  of 
the  ordinary  Bessel  functions.  It  is  worthwhile  here  to  write  out  the  asymptotic  ex¬ 
pansions  in  the  transitional  regions  corresponding  to  eqs.  (1.224)  through  (1.227). 
In  particular,  for  x  >  0,  m  =  (i*)*,  t  =  (v-xj/m  and  m  -+  oo: 


+,-i(x)  ~  7^-2 1X0 +  <V(')]+  -~J(ro'5  +  26t2M0  + 

v  60m  2520m 

+  (6r3+  18)u'(i)]  +  0(m~6)J , 

i - »»"*  (»'(0+  - ■•5[4*i>’(0-(9+r2M0]  + 

\  60  m 

+  1  i  [(5<5-34/2)t>'(l)  +  3f4i>(/)]  +  0(m~6))  , 

10080m4  I 


(1.243) 


(1.244) 


- im1  w,(l)  ,  [4fwl(/)  +  lV1(l)]+  _  -  1[(27o<5  +  26r2)w,(j)  + 

\  6Um‘  2520 m 


+  (6r3+18K(/)]  +  0(m  (’)j  , 


(1.245) 


C!-i(.v)  im~ 1  I h* ', ( / ) -h  2  [4fu;(r)-(9  +  f2)w,(/)]  + 

l  60/m 


+  im8n  4[(]»,-34lV,(i)+3l4w1(l)]  +  0(M-‘)  . 
10080/m  I 


(1.246) 


whore  r(/),  n-,(/ )  are  defined  in  eqs.  (1.228)  along  with  u(/),  n*2(f).  Expansions  for 
Ct2Jj(.\*),  Cl2-! (.v)  follow  those  of  Cl -* j(xr),  Ci-i(jc)  upon  replacing  u*,(f)  by  ~ii’2(/) 
in  eqs.  (1.245)  and  (1.246).  It  should  be  noted  that  interchanges  of  notations  for  the 
spherical  Bessel  and  Riccati-Bessel  functions,  as  well  as  other  notations  for  these 
functions,  appear  in  the  literature. 

1.3.2.  Airy  functions 

The  Air\  functions  Ai( r )  and  Bi(:),  defined  as  in  Mu  hr  [1946],  are  linearly 
independent  solutions  of  the  differential  equation 


~zu  -  O, 


(1.247) 


and  ma>  be  expressed  as  linear  a-mhinniions  of  Bessel  function*  of  order  t  \-  m 
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particular, 


Ai(z)  =  =  JizKtfs*), 

n 

(1.248) 

Bi(z)  =  JbV-tfzi)+lSzi)l 

(F.249) 

where  /v(z)  and  Kv(z)  are  the  modified  Bessel  functions  defined  in 
In  terms  of  ordinary  Bessel  functions: 

Section  1.3.1. 

Ai(-z)  =  iVzCJ.^z^+^z*)] 

=  iv/Me“*Wt,,(|z1)+e-“”H,i2’(|z1)]. 

(1.250) 

Bi(-z)  = 

(1.251) 

The  Airy  functions  Ai(z),  Bi(z)  are  entire  transcendental  functions  ot  z  and  are  real 
for  real  values  of  z.  Their  derivatives  are  expressible  in  terms  of  Bessel  functions  of 
order  ± 

Ai’(-)  =  5z[l-4«^ )-/*«=*)]  =  ~  ^,(i-'!)> 

(1.252) 

Bi'(z)  =  !-j[f.1(iz1)+/,(}s*)]> 
x/3 

(1.253) 

Ai'(  — z)  =  -J  zlJ-Sz*)-Jtfz*)\ 

(1.254) 

Bi'(— ■)- 

«  (1.255) 

* 


Other  properties  of  the  Airy  functions  are  readily  obtainable  from  those  of  the  Bessel 
functions. 

Integral  representations  for  the  Airy  functions  are 

Ai(z)  =  I  cxp(ir'-rOd/,  (1.2561 

2rcu  , 


,  i  f  '~"K  \ 

Bi(r)  -  cxp(lr'-zf)dl+  exp ((('- :l)d.'  .  (1.25 

2n  '  * •  *  •  1 


,  c"  i** 


57) 


which  for  z 


v  (  v  real)  ma\  he  written  as 


J 


62  INTRODUCTION  1.3 

Bi(.x)  =  -  f  [exp(-l/3  +  x/)  +  sin(^3-fx/)]d/.  (F.259) 

nJo 


The  integral  in  eq.  (1.258)  is  closely  related  to  the  integral  first  introduced  by  Airy 
[1838]  and  thus  bears  his  name. 

An  important  relation  between  Airy  functions  is 


A \(zeiini)  =  ic±i"i[Ai(z)+i  Bi(z)], 

(t.260) 

from  which  it  follows  that 

Ai(z)+e*"‘Ai(ze4'i)+e_1'iAi(ze‘il,i)  =  0. 

(1.261) 

Bi(z)+e}"iBi(zei"i)+e-,”iBi(ze'},i)  =  0, 

(1.262) 

Bi(z)  =  ei"iAi(ze1'i) + e "  i”iAi(ze" ,"1). 

(1.263) 

Various  Wronskian  determinants  can  be  derived.  Let  W{u{(z),  w2(z)}  denote 
ul(z)u2(z)-u2(z)u\(z)  where  the  prime  means  (d/d z),  then 

*F{Ai(z),  Bi(z)}  =  1/tt, 

W,{Ai(z),Ai(ze±,"i)}  =  *  eTI"\  (1.264) 

2n 

W^Aifze*’'),  Ai(ze_},i)}  =  -  . 

2n 

All  the  pairs  of  functions  in  eqs.  (1.264)  are  linearly  independent. 

The  functions  Ai(z),  Ai'(z)  have  zeros,  denoted  —  ocn,  -  /?„  respectively,  on  the 
negative  real  axis  only,  while  the  functions  Bi(z),  Bi'(z)  have  zeros  on  the  negative 
real  axis  and  in  the  sector  $71  <  |argz|  <  \n.  Logan  [1959]  has  tabulated  the  first 
fifty  zeros  of  both  Ai  and  Ai\  For  real  x  the  functions  Ai(*)  and  Bi(.x),  their  first 
derivatives  Ai'(.v)  and  Bi'(.x),  and  also  +  A/(jc)  and  ±N(x ),  where 

[Af(.x)]2  =  Ai2(.x)  +  Bi2(.x),  [N(.x)]2  =  Ai'2(.x)  +  Bi'2(.x), 

are  plotted  in  Fig.  1.7  as  a  function  of  .x.  Numerical  tables  of  Airy  functions  may  be 
found  in  Miller  [1946]  and  in  Abramowitz  and  Stegun  [1964]. 

Normalized  Airy  functions  as  defined  by  Fock  [1945,  1965]  are  frequently  used. 
These  are: 

m(z)  =  x/*Bi(z),  r(z)  =  N7rA  i(z), 

W|(z)  =  N  7r[Bi(z)  +  iAi(z)].  (1.265) 

h‘2(z)  =  N/7r[Bi(z)-iAi(z)], 
and  obey  the  Wronskian  relationships 

lF{u(z),  !*(')[  =  -  L 
B>,(z),vv,(z)!  =  2i, 

»>(z),h*1>2(z)!  =  Ti, 
lt  ;r(z),  =  1. 


(1.266) 
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For  x  real  numerical  tables  of  u(x ),  r(;t)  and  the  derivatives  w'(jc),  v  (x)  are  supplied 
by  Fock  [1965]. 

1.3.3.  Fock  functions 

Th'.:  functions  owe  their  first  extensive  application  to  diffraction  theory  to 
Fock  [1946],  after  whom  they  are  named.  Here  we  limit  our  consideration  to 
the  definitions  and  expansions  of  those  Fock  functions  and  related  functions  which 
are  used  in  this  book.  An  exhaustive  treatment  including  numerical  tables  and  dia¬ 
grams  is  to  be  found  in  the  two  reports  by  Logan  [1959],  whose  terminology  is  adopt¬ 
ed:  see  also  the  survey  article  by  Logan  and  Yee  [1962]. 

The  Fock  functions  are: 


m=r\i)=  '  [  c"'  d,  =  e  l,,[  e"  .d/. 

NJtvr>v,(0  2tt  v/  Ai(fc*  ) 

1  f  eiiH  f  e'*f 

u(i)  =  </“'(;)  =  -  df  =  -  ,  d /. 

vJ/  wK0  2*  Jr  Ai'(re,‘*) 


(1.267) 


(1.268) 


where  T  is  a  contour  which  starts  at  infinity  in  the  angular  sector  J7r  <  arg  /  <  n , 
passes  between  the  origin  and  the  pole  of  the  integrand  nearest  the  origin,  and  ends 
at  infinity  in  the  angular  sector  -\n  <  arg  f  <  Jtt.  These  functions  can  be  generalized 
as  follows  (n  is  an  integer): 


i«  r  cu‘» 

/'■'(;)  =  /’  df. 

(1.269) 

N  rr*  /  u-,(i) 

i"  f  e'*' 

fra)  =  1  r  \  di. 

(1.270) 

.,  71  *  | 
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For  large  negative  values  of 


(*•271) 


(1.272) 


For  positive  values  of  the  Fock  functions /(n,(<?)  and  may  be  expanded  in 

series  of  residues: 

+  (ot|)  exp  (g^e*  )  ^  273) 

i  Ai'(  — a,) 


(/■"'({)  =  c-»-»y  exP (ft^e8"') 
I  Ai(-ft) 


([.274) 


where  x,  and  jit  arc  the  /-th  roots  of  the  equations  Ai(-.v)  =  0  and  Ai'(-*)  =  0, 
respectively  (see  Section  1.3.2).  Functions  closely  related  to  /(£)  and  g(£)  are: 

m  C(?)  =  ff(i)e4i<1,  (1.275) 

which  have  the  asymptotic  behavior: 

*•«>-(?*•  (1.276) 


lo,  fcr 


C  -♦  +  oo ; 


c(o~!2,  for 

10,  for  £  +oo. 

Amplitude  and  pluse  of/({)  and  g(£)  are  shown  in  Fig.  1.8. 


(1.277) 


I  in  I.S.  Amplitude  ta I  and  phase  (b)  of  the  Fock  functions /Vi )  and  t/(i)  (L<k;\\  (I959j). 


1.3 


SPECIAL  FUNCTIONS 


65 


The  reflection  coefficient  functions  p({)  and  q(()  are  defined  by: 

m  =  P(°\Z)  =  ~  f  ~  e'?,d<  =  ~  J  e,{,d /,  (1.278) 

v;7rJrwj(r)  2N/7rJrAi(fei  ) 

*0  -  9(%f)  =  ~r  f  “  =  -  C  f  e‘{(dr,  (1.279) 

2v/7wrAi(/e*  ) 


where  r(/)  is  given  in  the  Section  1.3.2;  they  can  be  generalized  as  follows  (//  is  an 
integer): 

P(”(4)  =  f  l"  — ei{,df,  (1.280) 

y'InJr  wt(t) 

qm(t)  =  f  f"  ei{,d(.  (1.281) 

V'K Jr  w\(t) 

For  large  negative  values  of 

m  ~  is'~<  exp  [ -  i(ri£ 1 + i<t)]{  1  -  2iC 3  +  20C  6  +  • . (1-282) 

q(0  ~  -W^exP[-i(T^3  +  W]{l+2iC3-28r6+  -  -  (1-283) 

The  amplitudes  of  p(0  and  q(£)  are  shown  in  Fig.  1.9. 


Fig.  1.9.  Amplitude  of  the  reflection  coefficient  functions  f)U)  and  ,/(;)  (Lucjan  (I959J). 


Reflection  coefficient  functions  which  are  closely  related  to  />(.;)  and  q(c)  and  are 
frequently  used  are: 

/>(;)=/>(  <)  +  '  •  (1.284) 

2,\  n 

(/(;-)  =  -  : 


( 1 .2S5) 
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their  real  and  imaginary  parts  are  shown  in  Fig.  1. 10. 


(a)  (b) 

Fig.  I.  10.  Real  ( -  )  and  imaginary  ( - - )  parts  of  the  reflection  coefficient  functions  /Me)  and  <7t^ ), 

(a)  and  (b),  respectively  (Logan  [  1959]). 


The  following  functions  often  appear  in  the  Soviet  literature  (here  the  caiet  does 
not  mean  unit  vector): 


/(c)  =  PkV", 

/«)  -/«>+  - '  . 

2Cv'k 


m  =  «{**'■. 

m  «  m+  e“-  . 

2isn 


The  “universal”  Fock  function  F,(<r,  r,  i;)  is  defined  as: 


(1.286) 


r,(<r,  t,  n)  ~  I  e,tf'  eii*Ai((/-~r)e“iiK)-f 
J  r 


+  Ai'(Ie-’)+,e--Ai((e^)  ' 

Ai'(  fe  "  *  "' )  +  f/e1  '*Ai(te*  "' ) 


df.  (1.287) 
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This  is  valuable  in  the  treatment  of  bodies  whose  surfaces  are  characterised  by  an 
impedance  (proportional  to  tj),  and  also  finds  application  to  the  perfectly  conducting 
parabolic  cylinder,  where  tj  =  0. 


1.3.4.  Fresnel  integrals 


The  Fresnel  integral  F(w),  with  w  denoting  a  complex  variable,  is  defined  as 


F(w)  =  f  e'^d/r, 

J  W 


(1.288) 


where  the  path  of  integration  is  subject  to  the  restriction  0  <  arg  <  {n  as  n  -*  oo. 
The  function  F(w)  is  an  entire  transcendental  function  of  w  and  is  related  to  the 
complementary  error  function  Erfc(n)  originally  introduced  by  Kramp  [1799]  (see 
Erd£lyi  et  al.  [1953]);  in  particular, 

F(w)  =  e1"  Erfc  (e  '*‘V)  (1.289) 

where 

/*ao 

Erfc  (>:>)=  e',!dr.  (1.290) 

J  17 

A  factor  2jjn  on  the  right-hand  side  of  eq.  (1.290)  often  appears  in  the  definition  of 
Erfc(a).  The  following  series  representations  converge  everywhere  in  the  finite  w- 
plane: 

F(*v)  =  4V'***"-  w  f  ,  (1.291) 

n  =  o  n!(2n-f*  1) 

H")  -  is  ne*'" l  --  7'  ’  .  (1.292) 

«= o  l  •  3  . . .  (2n  +  l) 

From  these  it  is  clear  that  F(w)  satisfies  the  symmetry  relation 

F(w)  +  F(-w)  =  (1.293) 

For  »»•  X*  and  -  \n  <  arg  w  <  n,  an  asymptotic  expansion  of  F(w)  is 


F(w)  - 


P3...(2n-1)‘ 
"  ~(2iw2y 


(1.294) 


Asymptotic  expansions  for  other  ranges  of  arg  w  can  be  obtained  from  the  combined 
use  of  eqs.  (1.293)  and  (1.294). 

The  function  F(w)  may  be  written  as 


(1.295) 


where  C(m)  and  5(u)  are  the  Fresnel  [1821-22]  integrals 
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For  real  u,  the  curve  represented  parametrically  by 

x  =  C(u),  y  =  S(u) 

is  the  well-known  spiral  of  Cornu  [1874]  (see  e.g.  Sommerfeld  [1954],  Rossi  [1957]). 
For  a  list  of  numerical  tables  consult  Abramowitz  and  Stegun  [1964]  and  Hensman 
and  Jenkins  [1957]. 

i.3,5.  Legendre  functions 

The  Legendre  functions  are  solutions  of  the  differential  equation 


(l-z2)—  —  2z  —  + 
dz2  dz 


(v+1)"ir?Ju  =  0 


(1.297) 


where  the  parameters  v,  n  are  unrestricted  complex  numbers.  The  differential  equation 
(1.297)  has  regular  singular  points  at  z  -=  ±  l,  oo  and  these  points  appear  as  ordinary 
branch  points  in  the  solutions.  The  variable  z  is  therefore  generally  distinguished  into 
two  categories:  first,  the  variable  z  may  be  an  arbitrary  point  in  the  complex  z-plane 
with  the  exception  of  points  on  the  cut  along  the  real  axis  from  +1  to  -  oo;  second, 
the  variable  z  is  a  real  number  x  lying  in  the  interval  - 1  ^  x  g  1.  For  complex  z 
the  Legendre  functions  will  be  defined  as  in  Hobson  [1931],  whereas  for  real  z  be¬ 
tween  -1  and  + 1,  we  adopt  a  definition  that  differs  from  Hobson  [1931]  but  coin¬ 
cides  with  another  commonly  used  definition  (e.g.  Stratton  [1941]).  Many  different 
definitions  and  notations  for  the  Legendre  functions  have  appeared  in  the  literature 
and  therefore,  when  a  reference  is  consulted,  great  care  should  be  exercised  to  deter¬ 
mine  what  definition  is  employed  by  the  author.  Detailed  properties  of  the  Legendre 
functions  may  be  found  in  Erd£lyi  et  al.  [1953],  Gradshteyn  and  Ryzhik  [1965], 
Hobson  [1931],  MacRobert  [1948],  Magnus  and  Oberhettinger  [1949],  Magnus 
et  til.  [1966]  and  Robin  [1957-1959].  The  last  reference  also  contains  an  extensive  list 
of  numerical  tables  to  which  may  be  added  Abramowitz  and  Stegun  [1964]. 

In  the  complex  z-plane  the  Legendre  functions  PJ(z)  and  £?{(z)  of  the  first  and 
second  kind,  respectively,  are  defined  by 


Hr)  - 


o 


F(  — v,  v  + 1 ;  I  —u: 


1 1  —  r|  <  2  (1.298) 


\\  here 


|arg(r±  1)|  <  n.  |arg  z\  <  it 


| z |  >  1  (1.299) 


;  1.300) 


and  /  is  the  Inpergeometric  function  defined  by 


/-'(</.  />:  c :  v )  =  J 


r  r(a  +  n)r(b+n)l(i'KH 


“o  {h)l'(c n)n\ 
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The  functions  defined  in  eqs.  (1.298)  and  (f.299)  are  single-valued  and  regular  in  the 
z-plane  cut  along  the  real  axis  from  +1  to  —  oo.  They  may  be  uniquely  continued 
without  restriction  to  other  complex  values  of  z  outside  the  cut  by  means  of  the 
transformation  formulas  for  the  hypergeometric  function.  Altogether,  there  are  72 
different  ways  to  represent  a  solution  of  Legendre's  differential  equation  (1.297)  in 
terms  of  the  hypergeometric  function  with  18  different  arguments. 

Equation  (1.297)  remains  unchanged  if  /t  is  replaced  by  -/<,  v  by  -  v-  1,  or  r  by 
-z,  and  the  following  linear  relations  exist: 


P:“(z)  =  sin  0 w)«(s)l  . 

r(v+|i+i)  l  7t  j 

Vl-302) 

r(v+ft+ i) 

(1.303) 

r.v.,(z)  =  P?( z). 

(1.304) 

Q-y-i(z)  =  {sin  [(v+/i)ff]Q!;(z)-rtcos  (vnJe'^P^z) }/sin  [(v-/i)*]. 

(1.305) 

*(-:)  =  eT,t*Pj!(z)—  sin  [(v+^Q^z). 

7t 

(1.306) 

Q?(-z)  =  -e±iv”OJ(z), 

(1.307) 

where  in  the  last  two  formulas  the  upper  or  lower  sign  is  taken  according  as  Im  z  ^  0. 
The  Wronskian  relation  is 


dz  dz 


e‘rr(v+ju+l) 

(i-z2)r(v-/<+i) 


(1.308) 


and  by  means  of  eqs.  (1.302)  through  (1.307),  still  further  Wronskians  may  be  derived, 
such  as 


P'(:)  A 

p;"(z)-p;"(z)jd  p;(z)  = 2  M. 

(1.309) 

dz 

dz  7C  z2-l 

«(=).* 

d  e‘"” 

P;'(z)-P;'(z)  d(z)  = 

(1.310) 

dz 

dz  z  2 —  1 

p?(=)  d 

p“i--)  d  p“i-)  -  2  sin  [(»+p)«]m+jM+J.) 

(1311) 

dr 

‘  '  dz  v  ‘  n  (z2—  l)r(v— //+ 1) 

From  these  it  max  be  concluded  that  /^(r).  (7'vf(r)  are  linearly  independent  except 
when  v-/i  or  v  t  //  are  negative  integers:  /^(z),  P~ ft(z)  are  linearly  independent  except 
when(a  is  an  integer;  {^‘(r ),  P~u(z )  are  linearly  independent  except  when  v-f/i  is  a 
negative  integer  (in  which  case  (JJ(z)  fs  not  defined):  and  /^(z).  Py(  —  z)  are  linearly 
independent  except  when  //  v  or  /i  f  v-c  1  are  positive  integers. 
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The  following  recurrence  relations  are  valid  for  both  P*(z)  and  Q*(z).  F  a  varying 
order: 


(d  +  .»z  \p*M_v(v+ >)-/<(/<- 1) 

\dz  z2-l/  (z2-!)*  ' 

(d-  “  *<=>  -  (’2-<) -WM 


and  for  varying  degree: 


(r2-l)  P?(z)  =  vzP"(z)-(v  +  /i)P"-,(z) 

dz 

=  -(v+l)zP?(z)+(v-tt+l)P?+,(z). 

Many  other  contiguous  relations  can  be  derived  from  these. 

For  n  =  m,  m  =  0,  1,  2, . . eqs.  (1.302)  and  (1.303)  simplify  to 

p;m{z)  =  2v"m-+lJ  p?(=). 

f(v-r  m  +  1) 


r(v— m+ 1) 
r(v  +  m  +  1) 


Also  for  /(  =  /»,  m  =  0,  ! ,  2, . . . ,  we  have 


F:(--)  =  (z2-  I )!m  Pv(r) 
dz 


Q*(Z)  =  (-2 - l)im 


(1.312) 


(1.313) 


0.314) 


(1.315) 


(1.316) 


For  v  =  /i,  /i  =  0,  1,  2, . .  .  and  /t  0,  1,  2, .  . the  function  ^^(r)  is  a  polynomial 
of  degree  n  multiplied  by  an  elementary  function.  On  the  other  hand,  for  /i  -  m , 
m  =  0,  I,  2, . . .,  the  function  P"(z)  is  a  polynomial  of  degree  n-m  multiplied  by  an 
elementary  function,  and  if  m  >  n  then  PJXz)  =  0.  The  functions  /^(z)  and  Q*(z) 
satisfy  the  relations 

/?(-=)  =  (->ra-->.  (,.3i7) 

q:(-z)  =  (-ir'crf--). 


and  may  be  represented  by 


(r2  — l)*m  +  m 

2  V  dz" 


(-l)"2""'(r  — l)!(r2— l)1"  d"  +  ' 
(2/i-t)!  "  dz"* 


(«2-d" 


(1.318) 
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For  purely  imaginary  argument  z  -  ±i{,  {  >  0  a  useful  expression  is 

0u(+  «  =  e^V^M-M+l  x^+ir-y 
e±4i<,+  ,”T(v+ l)(£+%/<!;2  +  f)v-** + 1 


xF 
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(1.320) 


This  representation  also  converges  at  {  =  0  provided  Re  n  ^  0;  in  particular 


<K(±») 

er(±io> 


-  ~ ~rn  exp  {ii(2/j  +  V  +  IM. 

r(i(v-/j+2)) 


r(i(v  +  /J  +  2))2\/jt 


rii(v-n  +  i)) 


-exp  {ii(2/j  +  v)n}, 


(1.321) 

(1.322) 


where  the  prime  denotes  the  derivative  with  respect  to  the  argument. 

For  Legendre  functions  in  which  z  =  x  =  cos  0,  where  - 1  <  x  <  1  and  0  <  0  <  n, 
it  is  convenient  to  introduce  slightly  modified  solutions  of  eq.  (1.297)  since  the  limits 
of  P“(z),  iK(:)  differ  in  general  according  as  z  -»  x+  iO  or  z  -»  x— iO.  These  modified 
solutions  are  denoted  by  P1(x)  and  {??(*)  and  defined  by 


P:\x)  =  )e " '“'[e^P^x  +  iO) + e ’ ''"’P^x -  iO)],  (1.323) 

QH(x)  =  Je  ~ 2  l',"[e_  4  ‘"’Q^x + iO)  -I-  eli'"QJ!(.v — iO)],  (1.324) 


where /(.Y  +  iO)  means  limt_0/(x±ie).  The  function  P>(x)  may  also  be  written  as 


Pf(.v)  =  ‘  e -  2 '"'[e-  4  i‘",a:(.x  +  iO)  - e4  -  iO)].  (1.325) 

71 


The  definitions  (1.323)  through  (1.325)  for  the  Legendre  functions  Py(x),  gJ(jc) 
on  the  cut  differ  from  those  in  Hobson  [1931  ];  the  definitions  here  contain  an  extra 
factor  exp  ( -  i/m). 

Convenient  alternative  representations  for  Q^(cos  0±iO)  are  given  by 

GflcnsfltiO)  -  |  *  r(^'l+  ]) ^  exp  \  +  i(v  +  \)0  +  ir.]} 

1  2  sin  0  f(v  +  j) 

xF(l+p.l-p:v+i  (1-326) 

\  2  sin  0/ 

Oricos  0  +  iO)  =  \  +F+  1)  0  exp  <  T i[( 1  )0  —  i//7r]} 

Hv  +  J) 

xf(v  +  /i+l,/i+J:v  +  J:cS2i#),  (1.327) 


and  the  application  of  these  equations  to  eqs.  (1.324)  and  (1.325)  leads  to  trigono¬ 
metric  expansions  of  Puv( cos  (J)  and  Q*(cos  6*);  for  example,  for  0  <  (1  <  n: 
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J»( cos  9)  =  +  sin"  0  e-*'1’'  £ 

7nr(v+i)  i=o  i!(v+i), 

xsin  [(2s  +  v+ji  +  l)0j, 

g;(cos  0)  =  V?gT(v+H+  0  sin'fl  e-1'11'  £ 

T(v+i)  i=o  s!(v+i)j 

x  cos  [(2s  +  v  +  /i  + 1)0] 


where  the  symbol  (a)s  means 


For  |x|  <  1,  eq.  (1.298)  yields 


(«)s  =  r(«+s)/r(«). 


(1.328) 


(1-329) 


([.330) 


p;(x±i0)  =  -(^)  F(— v,  v+ 1 ;  1  — /*;  1(1— x)).  (1.331) 

For  0  <  0  <  n,  therefore,  eqs.  (1.323)  and  (1.331)  lead  to  the  trigonometric  series 


p^i cos  0)  =  e'""  tan"  (\0)  £  . 

i=o  s!f(v— s+l)r(//+s  +  l) 


(1.332) 


j  P7(cos  0)  =  e'"*  tan"  (i0)£  Lil/1'  -+S-t^Sln  ^  0(  v + s)  -  v  -  s)] , 
dv  s=o  s!f(v-s  +  l)r(u  +  s+ 1) 


where 


In  particular,  for  //  =  0: 


<l>(v)  =  —  iogr(v+i). 
dv 


n  co.0).i<-?W!it*+»)-«,i(w 

1  =  0  (s!)2r(v  — 5+ I) 


(1.333) 


(1.334) 


(1.335) 


For  0  =  n,  /\( cos  0)  displays  a  logarithmic  singularity,  and  an  expansion  suitable 
lor  0  %  a  is 


/>,(cos  0)  =  Sin  ^  V  ( -  l)'F(v  +  .s  +  1)  cos2’  ()0) 
7T  ,To  (s!)2f(v-s  + 1) 


X  [log  cot2  (J0)  +  ^(v)  +  ^(- v  -  l)-2^(s)]. 


(1.336) 


or  alternatively 


/Mcos0)  -  sinv7r  V  <-UT(v  +  s+l)cos2,(10) 

-  (s!)2r(\-M-l) 

x  [log  cos2  (  10)  +  vH v  +  a)  +  «/d  -  •  +  s  -  I ) -  2 *Hs)]. 


(1.337) 
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For  the  Legendre  functions  on  the  cut,  the  linear  relations  in  eqs.  (1.302)  through 


(1.307)  become 

Pi"{x)  =  e21'”  ["cos  (/jjt)p;(x)-  -  sin  (fiit)Q?(x) 1  ,  (1.338) 

r(v+{i+ 1)  l  7c  j 

Qv"(x)  =  e2'"'  “  [cos  (pn)Q%x)+$n  sin  (pw)PJ(x)],  (1.339) 

r(v+n  + 1) 

r.v.,(x)  =  PJ(x),  (1.340) 

Q 1(*)  =  {sin  [(v  +  mMQvM  -  n  cos  (vti)  cos  (/«)  PC(x)' /sin  [(v  -/i)x],  (1.341) 

PJ(-x)  =  cos  [(v+/0n]P!(x)-  -  sin  [(v+#i)jt]Q;(x),  (1.342) 

n 


2J(  -  x)  =  -  cos  [(y + p)n]Q!(x)  -  in  sin  [(v + n)n]P*(x). 

The  Wronskians  given  in  eqs.  (1.308)  through  (1.311)  become 

P%x)  -  (K(*)-(K(x)  1  p«x)  =  , 

dx  dx  (l-x2)P(v-/i  +  l) 

p?(x)  J-  p;%x)-p;*(x)~  p:(x)  =  -2 

dx  dx  71  X  -1 

Qt(x)  1  p;-(x)-p;“(x)-  «(x)  =  M . 
dx  dx  x  -1 

p;(x) -d  p;(-x)-p:(-x)  d  p;(x)  = 2  +p+o 

dx  dx  7t  (x:-l)r(v-/4+l) 


(1.343) 

(1.344) 

(1.345) 

(1.346) 
(1347) 


From  these  it  may  be  concluded  that  PJ(x),  (?*(x)  are  linearly  independent  except 
when  v-/i  or  v  +  n  are  negative  integers;  PJ(x),  P7"(x)  are  linearly  independent 
except  when  n  is  an  integer;  (2J(x),  P^x)  are  linearly  independent  except  when 
H+  v  is  a  negative  integer  or  when  /<  is  half  an  odd  integer;  and  PJ(x),  PJ(-x)  are 
linearly  independent  except  when  /*-  v  or  /i  +  v  +  1  are  positive  integers. 

The  recurrence  relations  given  in  eqs.  (1.312)  through  (1.314)  become,  for  varying 
order: 


4- /i  cot  0j  PJ(eosO)  =  [v(v-f  1  )-|i(/i-l)]PJ"l(c°s0), 
cot  0^  PJ(cos  0)  =  -PJJ*  ‘(cos  0), 


(1.348) 


and  for  varying  degree: 

sin  0  d  P?(cos(>)  =  v  cos  0P“(cos  0)-(v  +  /«)PJ_  ,(cos  0) 
dll 


=  — (v+  1)  cos  ()PJ(cos  0)  +  (v*-)!+  I)P“+  ,(cos  0).  (1.349) 
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The  recurrence  formulas  (1.348)  through  (1.349)  are  also  valid  for  0J(cos  0).  Many 
other  contiguous  relations  can  be  obtained  from  these. 

For  n  =  0,  1,  2, . . .  and  arbitrary  v,  the  function  P”+vv(cos  0)  is  given  by 

P;+vv(cos  0)  =  C  S’n  ^  F(-m,  2v  +  n  +  l ;  v  +  1 ;  sin2  ^0)  (1.350) 

2T(v+ 1)  ' 


ard  obeys  the  relation 


p;;v(  -  cos  0)  =  (  - 1  )"p;;v(cos  oy 


(1.351) 


An  alternative  representation  is 


"'('-sr'.  0.352) 

2  r(n  +  v+ 1)  dx" 

It  is  clear  that  (1  -x2)~*vP'+vv(x)  is  a  polynomial  in  x  of  degree  r  and  remains  finite 
at  x  =  ±1.  For  Re  v  >  -l  (not  necessary  when  v  is  an  integer),  the  following 
orthogonality  relation  is  satisfied: 


f  p;;v(x)p;;v(x)dx  =  sm  - 
J- 1  (In 


2n!e2,v* 


J-i  v  ”  '  '  (2n  +  2v+l)r(rH-2v+ 1) 

where  <>„„  -  1  and  =  0  for  n  ^  ri. 

For  /i  =  w,  m  =  0,  1,  2,  .  .  .,  eqs.  (1.338)  and  (1.339)  simplify  to 

p;,"(.x)  =  (-irQv“-+')p:(x), 

r{v+m+ 1) 

Q;"(x)  =  (-ir''Jv_m+%;(.x). 

lfv  +  m  +  1)  ' 

Also  for  ii  =  m,  m  -  0,  1,  2, ....  we  have 


(1.353) 


(1.354) 


P7(.x)  =  (i-.x2)!"  Pv(.x). 

d.x 

e:(.x)  =  (l-.xJ)‘"  —QJix). 


(1.355) 


It  should  be  emphasized  here  that  Hobson's  [1931  ]  definition  of  the  Legendre  function 
on  the  cut  results  in  an  extra  factor  (—  l)m  on  the  rijht-hand  sides  in  eqs,  (1.355). 
Both  forms  are  in  common  usage. 

For  v ■  =  tu  n  =  0.  I,  2, . . .  and  n  £  0,  I,  2, ....  the  function  PJ(x)  is  a  polynomial 
of  degree  n  multiplied  by  an  elementary  function.  On  the  other  hand,  for  /i  =  nu 

m  =  0,  1,  2 . the  function  P"(x)  is  a  polynomial  of  degree  n-m  multiplied  by  an 

elementary  function,  and  if  m  >  n  then  P^(x)  =•  0.  The  functions  P”(x)  and  Q”(x) 
satisfy  the  relations 


rm(- x)  =  i-\rmp:ix). 
<?r(- v)  =  (-  ir 'oriv). 


(1.356) 
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and  may  be  represented  by 


riX)Jl-xy.:  d—  (*>-!)" 

m()  2"«!  d*"+"' 


(1.357) 


GTM  = 


_  2"_,(n-  1)!(1  -.x2)im  d"+" 


(2n  — 1)! 


The  functions  ?"(*)  are  finite  at  x  =  ±1  whereas  the  functions  Q'Hix)  are  riot.  The 
following  orthogonality  relations  are  satisfied: 


f  KMKM.x  =  <5„„.  ■  2(,,  +  m)! 

•  - 1  (2m  !)(n-m)! 

f'  PTWM 
J-.  l-.x2 


dx  --  <5__- 


(n  +  m)! 


(f-359) 

(1.360) 

(1.361) 


f(dP"  dC+  »'2.  /^pB";)sin(?dO  =  <5„„.2"(”+1)("  +  m)!. 

Jo  \  d0  dfl  sin2  0  /  (2n  +  l)(n-m)! 

For  |v|  -♦  ao,  |arg  v|  g  n-c,  6  g  0  g  tc-<5,  where  0  <  (r,  (5)  <  n\ 

-  Cgtv°sin  [(‘,+l)0-i>t]  +  o|  ^j  .  (1.362) 

QJcosO)  -  (  *  V  |(l-  i  )  cos [(v  +  i)0  +  |7t]  — 

\2vsini?'  1\  4v/ 

-  C°~  sin  [(v+i)0+iit]  +  O  .  (1.363) 

On  the  other  hand,  for  |v|  — ►  oo,  0  — ►  0,  such  that  the  product  (2v+  1 )  sin  JO  remains 
finite: 


p.(cosfl)  ^  70(m)  +  sin2  {0  otiJi(u)—J2(u)  '  JAn) 

2  u 


+  O(sin4)0).  (1.364) 


O.(cos0)-  -Ik  jr0(ii)+sin:  10  Ju V,(i<)- Y,(u)+  '  V,(«)l  +O(sin410)j. 

1  L  2u  J  I 

(1.365*1 

where  u  =  (2v  +  1 )  sin  J 0.  Expressions  valid  for  0  -*  n  may  be  obtained  from  c^s. 
(1.364)  and  (I.  365)  by  the  application  of 

A 

/\(cos  0)  =  cos  (vr)  P%{  -cos  0)  -  ~  sin  (v/r)()v(  -cos  fl), 

K 

CM  cos  (t)  =  -cos  (  vtt  )  C?v(  -  cos  ())-  Jir  sin  (vr)Pv(  -  cos  0). 


(1.366) 
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A  uniform  asymptotic  expression  for  |v|  -*  oo  has  been  given  by  Szeg6  [1934]: 

P, (cos  0)  ~  (---)*  £  ([.367) 

\sm  01  s= o 

Q, (™  0)  ~  -  is  (---)  £  ^,(0)(v + i)'5n[(v + i)»],  (1.368) 

\sin  01  s=*o 

where  the  As(0)  are  elementary  functions,  regular  in  0  g  0  <  n.  In  particular,  the 
first  three  coefficients  arc 


Aq  —  1,  A  | 


1 

/  „ 

1  / 

1  15 

6  .  9  ,\ 

1  cot  0  —  -| , 

a2  =  —  f 

+  -  cot  6+  — - - 1) 

8 

\  el 

128  \ 

>  <T2 

0  sin2  0  ) 

The  expansions  (1.367)  and  (1.368)  reduce  to  those  in  eqs.  (1.362)  and  (1.363)  when 
l(v+i)0|  00  and  are  also  valid  for  0  ->  0.  For  other  asymptotic  expansions  see 

Robin  [1957-1959]  and  Thorne  [1957]. 
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Chapter  1 


GENERAL  CONSIDERATIONS 


The  following  seven  chapters  are  devoted  to  infinite  bodies  which  are  two-dimen¬ 
sional  in  the  sense  that  their  surfaces  are  described  by  an  equation  of  the  form 

P  «/(*),  0g</>  2n  (1.1) 

independently  of  2,  where  (p,  0,  z)  are  cylindrical  polar  coordinates.  As  such,  the 
bodies  are  cylinders  formed  by  the  motion  of  a  generator  parallel  to  the  z  axis,  and 
comprise  the  largest  class  of  shapes  included  in  this  volume. 

Although  the  bodies  are  two-dimensional,  the  ability  to  characterize  the  associated 
scattering  problem  as  two-dimensional  depends  on  the  nature  of  the  source:  in 
particular,  on  whether  the  excitation  field  is  independent  of  the  z  coordinate.  Four 
types  of  sources  will  be  treated:  plane  waves  whose  directions  of  propagation  are 
perpendicular  to  the  z  axis,  and  which  are  polarized  with  either  the  electric  vector 
parallel  to  this  axis  (£  polarization,  or  TM  waves)  or  the  magnetic  vector  parallel 
( H  polarization,  or  TE  waves);  electric  arid  magnetic  line  sources  parallel  to  the  z  axis 
with  strengths  independent  of  z;  electric  and  magnetic  dipole  sources  arbitrarily  orient¬ 
ed,  and  point  sources. 

Consider  an  ^-polarized  plane  wave  propagating  in  a  plane  perpendicular  to  the 
z  axis  and  incident  on  a  perfectly  conducting  body  whose  surface  is  defined  by  eq. 
(1.1).  The  incident  field  is  therefore 

E‘  =  zEl,  H1  =  -  -  (xeE-z  -ydt-*\  (1.2) 


with  El  independent  of  z,  and  since  the  boundary  conditions  on  the  scattered  field 
are  likewise  independrnt  of  z,  the  scattered  field  must  also  be  ^-polarized  and  of  the 


r  =  zE"x ,  Hs  =  - 


i  V  /  .  PEI  .PEI 
x  *  -y 

l-  \  Pi.  Zv 


The  solution  of  the  scattering  problem  now  reduces  la  the  determination  of  a  scalar 
function  El  satisfying  the  wave  equation,  the  radiation  condition  at  infinity,  the 
boundary  condition 

at  />= /(</>),  (1.4) 

and.  in  the  case  id' a  hodv  whose  radius  of  cur\ature  can  be  zero,  an  edee  condition 
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at  this  point  (see  Section  1.2.4).  These  are  identical  to  the  conditions  imposed  on  the 
velocity  potential  of  an  acoustic  field  scattered  by  a  soft  body,  and  accordingly  the 
axial  component  of  the  electric  vector  for  an  £-polarized  electromagnetic  wave  inci¬ 
dent  on  a  perfectly  conducting  cylinder  in  a  plane  perpendicular  to  the  axis  also 
represents  the  velocity  potential  for  the  analogous  acoustic  wave  incident  on  a  soft 
cylinder.  Similarly,  the  axial  component  of  the  magnetic  vector  for  an  //-polarized 
electromagnetic  wave  incident  on  a  perfectly  conducting  cylinder  represents  the  veloc¬ 
ity  potential  for  the  analogous  acoustic  wave  incident  on  a  hard  cylinder,  and  it  is 
trivial  to  show  that  this  correspondence  between  vector  and  scalar  problems  extends 
to  the  fields  arising  from  electric  and  magnetic  line  sources  parallel  to  the  z  axis. 

Although  the  only  type  of  plane  wave  excitation  that  we  shall  treat  explicitly  is 
incidence  in  the  plaoe  normal  to  the  r  axis,  the  solutions  for  oblique  incidence  in¬ 
volving  arbitrary  three-dimensional  plane  waves  are  deducible  from  the  results  for 
normal  incidence.  To  see  this,  we  note  that  any  two-dimensional  solution  of  the  wave 
equation  gives  rise  to  a  three-dimensional  solution  on  replacing  k  by  k  sin  0O  and 
multiplying  ,%y  exp  ( -  ik  z  cos  0O).  If  V  is  such  a  three-dimensional  solution,  an  electro¬ 
magnetic  field  can  be  derived  from  it  by  taking  V  as  the  z  component  of  an  electric  or 
magnetic  Hertz  vector  whose  *  and  y  components  are  zero.  In  this  way  we  obtain  two 
fundamental  types  of  field: 

(i)  ^-polarized  in  which  Hz  =  0, 


(1.5) 


£<n  =  -  ■  cos  0O  x+  A  +  sin2  0o  Vz, 


iY/cV.  cV  . 

,  .  y 

k  \cv  cx 


(ii)  //-polarized  in  which  £,  -  0, 


_(2,  \zm  .  ev  a  ui2]  i  _  / c v  . ,  i  V  \  .  2  .  / 

E[  =-■  -  x~  •  >’  h  H{  -  -  cos0o  (--■ ■  *+  ^  y -sin*- 0O  t  z.  (I.( 

k  \vy  vx  J  k  \dx  cv  i 


The  solution  of  the  wave  equation  which  corresponds  in  the  above  manner  to 
exo{  -  i k(x  cos  $0  +y  sin  <£0)}  is  exp{  -  i k(x  cos  <t>0  sin  0O  +y  sin  <t>0  sin  0O  +  z  cos  0O)} 
in  terms  of  which 


£(i)  =  -sin  0o(cos  <t>0  cos  0ox  +  sin  0O  cos  0oy  -sin  0oz) 

xexp  {-ik(x  cos  0O  sin  0o  +  y  sin  (p0  sin  0o  +  z  cos  0O)}, 

H{i)  -  -  Y  sin  0o(sin  <£0$-cos  (f)0y ) 

xexp  {-i k(x  cos  0O  sin  0o  +  >’  sin  (j>0  sin  0o  +  z  cos  0o)}.  (1.7) 

Ei2)  =  -Z  sin  0o(sin  <£0*-cos  </>0y) 

xexp  {-i k(x  cos  <£0  sin  0O -I- y  sin  <f>0  sin  0o  +  z  cos  0O)}, 

H{2)  =  sin0o(cos  4>0  cos  0ox  +  sin  (p0  cos  0oy-sin  0oz) 

x  exp  {-i k(x  cos  (j)0  sin  0o  +  y  sin  <£0  sin  0o-f  z  cos  0O)}.  ( 1.8) 

When  0O  =  Jtt  these  reduce  respectively  to  £-  and  //-polarized  fields  in  two  dimen- 
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sions,  suggesting  that  for  a  two-dimensional  body  the  solutions  of  the  scattering 
problems  for  the  incident  fields  of  eqs.  (1.7)  and  (1.8)  can  be  deduced  from  those  in 
the  case  0o  -  \n.  This  proves  to  be  so  when  the  body  is  perfectly  conducting.  Thus, 
in  the  two-dimensional  solution  for  £t,  replace  k  by  /esin0o  and  multiply  by 
exp(-ifc  zcos  0O).  When  substituted  for  V  in  eq.  (1.5),  this  forms  the  solution  of  the 
scattering  problem  for  the  incident  field  of  eq.  (1.7).  And  similarly  for  H  polarization. 

There  are  several  features  of  the  above  technique  for  deriving  oblique  incidence 
solutions  from  those  for  normal  incidence  that  should  be  noted.  In  the  first  place, 
the  method  breaks  down  for  0O  =  0  when  the  direction  of  propagation  is  along  the 
z  axis  and  when  the  physical  realizability  of  an  incident  plane  wave  is  in  question 
anyhow.  This  case  apart,  it  may  be  used  to  deduce  the  solution  for  an  incident  plane 
wave  of  arbitrary  direction  and  polarization  by  appropriate  combination  of  the 
basic  £*-  and  //-polarized  fields,  and  hence,  by  superposition,  to  build  up  the  solution 
for  a  point  or  dipole  source  (see,  for  example,  Senior  [1953]).  The  applicability  of 
the  method  is,  however,  limited  to  those  cases  in  which  no  coupling  between  the£-  and 
//-polarized  waves  (i.e.  between  the  TM  and  TE  modes)  arises  as  a  result  of  the 
presence  of  the  scattering  body;  i.e.  to  two-dimensional  scatterers  which  are  (i)  per¬ 
fectly  conducting,  or  (ii)  inhomogeneous  with  no  discontinuities  in  refractive  index  in 
0  <  p  <  oo  (Uslenghi  [1967]).  In  general,  such  coupling  does  occur  and  the  two- 
and  three-dimensional  solutions  are  no  longer  directly  related. 
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Chapter  2 


THE  CIRCULAR  CYLINDER 

T.  B.  A.  SENIOR  and  P.  L.  E.  USLENGHI 


Among  the  two-dimensional  structures  considered  in  this  Part,  the  circular  cylinder 
is  undoubtedly  the  simplest  and,  perhaps  for  this  reason,  has  received  the  most  inten¬ 
sive  study.  It  has,  in  particular,  proved  valuable  as  a  model  for  the  development  of  high 
frequency  techniques  applicable  to  more  general  shapes. 

2.1.  Circular  cylindrical  geometry 

The  circular  cylindrical  coordinates  (p,  </>»  z)  shown  in  Fig.  2.1  are  related  to  the 
rectangular  Cartesian  coordinates  (*,  v,  z)  by  the  transformation 

x  =  p  cos  0, 

v  =  />  sin  </>,  (2.H 


•'ig.  2.1.  C  ircular  cylindrical  geometry. 
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where  0  ^  //  <  x,  0  (j>  <  2tt,  and  -  jo  <  z  <  +  co.  The  z-uxis  is  the  axis  of 

symmetry,  and  the  surfaces  p  =  constant,  4>  =  constant  and  z  =  constant  are  respec¬ 
tively  coaxial  circular  cylinders  of  radius  p,  semi-planes  originating  in  the  z-axis,  and 
planes  perpendicular  to  the  z-axis.  instead  of  the  azimuthal  angle  4 it  is  sometimes 
convenient  to  intro  ’  ice  the  angle  0,  —  n  <  4/  £  tt,  related  to  0  by: 


j* 

\<t>-2n, 


for  0 

for  n  <  4>  ^  2/r. 


(2.2) 


The  scattering  body  is  the  cylinder  with  surface  p  -  a.  and  the  primary  source  is  a 
plane  wave  propagating  along  the  negative  .v-axis  (and  therefore  perpendicularly  to 
the  axis  z  of  the  cylinder),  or  a  line  source  parallel  to  the  z-axis  and  located  at  (p0  ^  a. 
4> o  =  0),  or  a  point  or  dipole  source  located  at  ( p0  ^  a ,  4>o  =  0,  z0  =  0). 

Definitions,  notation  and  bibliographical  references  to  numerical  tables  for  Bessel 
and  Hankel  functions,  and  for  the  various  functions  which  occur  in  the  asymptotic- 
developments,  are  given  in  the  Introduction.  In  particular,  the  quantity  m  which 
appears  in  the  high-frequency  approximation  formulae  is  given  by: 

m  =  (\ka)\  (2.3) 

The  infinite  series  representing  the  exact  eigenfunction  expansions  o!  the  fields 
are  numerically  useful  only  if  ka  is  not  too  large  compared  to  unity.  If  ka  is  very 
large  (e.g.  ka  =  100),  at  least  the  first  ka  terms  of  the  infinite  series  are  needed  in 
order  to  obtain  a  result  with  a  relative  error  of  the  order  of  one  percent. 


2.2.  Plane  wrve  incidence 


2.2.1 .  E-polarization 

2.2.1. 1.  I  XA(  I  SOLUTIONS 


Tor  a  plane  wave  incident  in  the  direction  of  the  negative  .v-axis.  such  that 

£‘  =  ze~'‘\  H'  =  pYe'il\  (2.4) 

then 

5  =  -  I  *»(  -  ')"  ^  H'„' '( kp )  cos  „<!>.  (2.5) 

H\"(ka) 


Knots  1 1032)  and  King  and  Wu  [1959]  have  computed  E]  in  amplitude  and  phase  for 
ka  3. 1 , 6.3  and  10,  at  various  positions  of  the  field  point.  Additional  data  have  been 
published  by  Aot.v  [ 1 958 ]  and  are  shown  in  Fig.  2.2. 

On  the  surface  />  --  a: 


«;■* «;  - 


2) 

r,ka 


I  A 

n  O 


(-if 

I  r:\ka) 


(2.6) 


fins  expression  has  been  computed  as  a  function  of  0  for  sele  ted  values  of  ka.  and  its 
amplitude  and  phase  are  shown  in  Fig.  2.3. 


Amplitude  Amplitude 
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Fig.  2.2.  Scattered  field  E\ *  produced  by  a  plane  wave  with  B ‘  parallel  to  the  cylinder  axis.  Amplitude 
\E\\  at  (a)  <fi  •-=  .t,  <b)  <f>  -  J.-r,  (c)  6  -  0;  (d)  phase  at  <f>  —  ,-r  (Adey  [1958]). 


In  the  far  field  (p 


oo): 


P  = 


I  <=„(-!)" 


n  =  0 


J„(ka) 


cos  n<j>. 


(2.7) 


Amplitude  and  phase  of  P  as  functions  of  (f>  for  three  different  values  of  ka  are  shown 
in  Fig.  2.4.  For  the  particular  case  of  back  scattering  (0  =  0),  arg  P  is  plotted  as  a 
function  of  ka  in  Fig.  2.5.  The  normalized  back  scattering  cross  section  is  shown  as 
a  function  of  ka  in  Fig.  2.6.  In  the  case  of  forward  scattering  (<f>  =  tt),  arg  P  is  plotted 
as  a  function  of  ka  in  Fig.  2.7,  and  the  normalized  forward  scattering  cross  section  is 
given  in  Fig.  2.8.  The  total  scattering  cross  section  per  unit  length  is 


<tt  = 


Jn(ka)  2 


(2.8) 


The  quantity  <rT/(4a)  is  plotted  in  Fig.  2.9. 


2.2.1. 2.  LOW  F.HQUENCY  APPROXIMATIONS 

For  a  plane  wave  incident  in  the  direction  of  the  negative  .v-axis,  such  that 

£‘  =  ie  ~  H'  =  jfV’e-1**, 


(2.9) 


PLANE  WAVE  INCI 


4>  .  degrees 


i  1 - 1  1  i - 1 - ~n 

o  60  120  '80 

degretn 


Fiy.  2.4.  Amplitude  for  (a)  ka  I,  (b)  ku  -  5,  fc)  ku  -  10  and  (d)  phase  of  bMatic  far  field  coeffi¬ 
cient  P,  for  plane  wave  incidence  with  £»  parallel  to  the  c> Under  a\is. 

low  frequency  expansions  may  be  obtained  either  directly  {SiRuri  (189/  J:  Nobi.i 
[1962]:  Van  Bi.adi  t.  [1963])  or  by  power  series  developments  ot* tlic  radial  cylindrical 
I  unctions  appearing  in  the  exact  solutions.  In  particular,  in  the  far  lield  (,•  ♦  /: ): 

/•  ~  -!ir  . 

7 -log  [/.oCit; 


i:  in) 


ka 


coefficient  P  for  E *  parallel  to  the  cylinder  axis 
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Fig.  2.9.  Normali  cd  total  scattering  cross  section  orT/(4a)fc  E'x  parallel  to  the  cylinder  axis  (King  and 

Wu  (1959]). 


where  */  =  0.5772157  .  .  .  is  Euler's  constant.  To  this  order,  the  scattering  cross  section 
is  independent  of  </>;  as  ka  -*  0: 


a  orT  -v 


k( log  ka)2 


(2.11) 


Low  frequency  expansions  of  P  through  0[(fcfl)4]  are  given  by  Strutt  [1907]. 


2.2.1.x.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  incident  in  the  direction  of  the  negative  .v-axis,  such  that 

E‘  =  H'  =  yYc~ik\  (2.12) 

high  frequency  expansions  may  be  obtained  either  directly,  c.g.  by  the  Luneburg- 
Kline  method  (Keller  et  al.  [1956)),  or  by  asymptotic  evaluations  of  contour  integral 
representations  of  the  exact  solution. 

The  complete  asymptotic  expansion  of  the  reflected  portion  of  the  scattered  field  at 
a  point  I  >cated  in  the  illuminated  region  is  (Keller  ct  al.  [1956]): 
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(Er)rcfi.  ^  !  \  ;  cos  1>,  exp  [i k{s-ia  cos  i A,)] 

2  r  2  5 

XI  I  iaH.(.6ifc«cos^r"(fJ(cos^,r2',  (2.13) 
11  =  0  i»  —  0  /  =  o  vzs7 

where: 

«w»  =  A  ' 1  {(2ft  +  41 2«  —  3)(6/i  —  4i  —  2rt  —  1  Ja*  _  , . + 

+(2/i-4/-2n  +  5)(2ft— 4/— 2m+3)«*_i.,_ 

+  [24(li-ip-2/-n)-6]a),-J>Ii„.l  + 

+  12(1  -/i)(2/i-4/-2ii  +  3)<Jt_2,,-  + 

+9(2fc-5Xl-2*X«»-3.»..-i-fl»-j>l.-i.1,-i);.  ‘‘or  *  *  0,  (2.14) 

3n 

a0/n  “  “  a000  =  “  2,  (2.15) 

=  I 

5  =  P,  P  +  Ja  cos  ,  (2.16) 

and  Pt  P  is  the  distance  between  the  reflection  point  P,(</.  i// 4 )  of  the  optical  ray  and 


the  observation  point  P (/>.»>)  (see  Pig.  2.10).  Explicitly,  the  first  few  terms  of  the 
series  (2.13)  are: 

<C-)r,fl.  -  -  \‘‘  ‘••os  <1/,  cxp[ifc(.v-I<icos^,)]  jl+  1  [  3  - 

"  2s  1  1 6 All  Lcos  V, 


■'(  !  -3p(flW  6  -  9  COS  I  )  r 

2s  ‘  cos"  0}  2s  'cos  »>,  9 


-  ( li  )  (15  cos2  i>,  -  15)  j 
■  2s'  J 


(2.171 


In  particular.  in  the  far  field  (/*  *  /  ): 

a 


(/:'>, ir,  **•  I  I  cos  b>  exp  cos 

9 


(2  IS) 
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where  (Keli.er  et  al.  [1956]): 


,  1  /  3477  7218  3817  \ 

Ml  -  1  +  — -  (  —r - -A—  +  — - — I  +  . . ..  (2.19) 

(16/ca)2  \cos2  W  cos4  cos6  i^/ 

The  leading  term  in  eq.  (2.18)  is  the  geometrical  optics  far  held: 

(£i)g0.  =  -  ]/—  cos  -\\\j  exp  {\k(p-2a  cos  4^)}.  (2.20) 

f  2P 

The  creeping  wave  contribution  is  not  included  in  eqs.  (2.13)  to  (2.20),  but  is  account¬ 
ed  for  in  all  formulae  in  the  rest  of  this  section. 

On  the  illuminated  portion  of  the  surface  (p  =  a ,  \\p\  <  U)  (Franz  and  Galle 
[1955]): 

H++H%  ~  2 Y  cos  i/r  exp  ( -  if.a  cos  i//)  1  +  - — +  -)-~3s‘"  ~  +. . .  1  + 

2 ka  cos3  ij/  2 (ka  cos3  \j/)2  J 


)  +  ....  (2.19) 


v  n  exp  [iv„(i7t -(/>)]+ exp  [iv„(in+^)] 


+  ye^'m' 1  £d„ 


1-exp  (2i7tv„) 


(2.21) 


where 


v„~  fco  +  e^Vm-e'^’^in'1 


140  \  10/ 

+ e*' Vfio  o'(29at,  -  sTo*i),n  ~ 5  +  •  •  (2-22) 


xh>  [' +e"  To  S  "r4+ ™(37-^)w_6  + •  •  •  ■ 

(2.23) 


The  first  group  of  terms  in  eq.  (2.21 )  represents  the  optics  contribution  to  the  surface 
held,  and  the  first  term  itself  is  the  geometrical  optics  held;  th:s  development  is 
numerically  useful  only  if  ka  cos3  (j>  >  1.  The  summation  over  n  represents  the  creep¬ 
ing  wave  contribution  to  the  surface  field. 

On  the  shadowed  portion  of  the  surface  (p  =  a ,  <  U)  (Franz  and  Gai.le 

[1955]): 

h;+h;  ~  Ye^’m ~'YDn cxPliv"^rJf)] (2.24) 

1  -exp  (2i7rvn) 

where  vn  and  I)n  arc  given  by  eqs.  (2.22)  and  (2.23).  Near  the  shadow  boundary,  the 
creeping  wave  series  (2.24)  is  no  longer  useful  for  computational  purposes. 

An  alternati’.e  ’.presentation  of  the  surface  held,  which  is  appropriate  in  the 
transition  ration  about  the  shadow  boundarv,  i.c. 


(2.25) 
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where  the  creeping  wave  series  of  eq.  (2.24)  fails,  is  the  following  (Goriainov  [1958]): 


//;+/*;  -  i Ym'x  t  |y(0)Mi)ciM,+/(0,(wft)elta51],  (2.26) 


where 


rtl  =  (t>-±x  +  2n /,  tji  =  in-<t>  +  2nl, 


(2.27) 


and  the  function /(0,(0  is  described  in  the  Introduction  (Section  1.3.3). 

A  representation  of  the  surface  field,  which  provides  results  less  accurate  than  those 
obtained  from  eqs.  (2.21)  and  (2,26),  but  which  is  useful  in  the  entire  range  0  ^  <t>< in, 
is  the  following  (Goriainov  [1958]): 

//^4ff^  \Ym~l[fl0)(mrj0)  exp  {ikafj0}  +  F(m  cos  (/r-0))  exp  (i ka  cos  (rc -<£)}], 

(2.28) 

where  the  function  F(^)  is  described  in  the  Introduction  (Section  1.3,3). 

At  large  distances  from  the  surface  (p  »  a)  (Franz  and  Galle  [1955]): 

E:  ~  -  ]/  °  cos  }i/i  exp  {ik(p-2a  ■'os  #)}  [  1  +i^A°  Sl"  ^  -  3'  + 

r  2p  L  8fcp  16/cacosi^ 

i  15  _  33  5  1 

2A*d  cos3  i ij/  5\2(ka  cos  ^)2  32(/ca  cos2 |»//)2  4(/:n  cos3  i^)2 


+  m(2nkp)~  exp  [i (kp  +  ^n)}  £  C, 


exp  [iv„(:t  +  ^)]+ exp 
1  —exp  (i27rv#l) 


/ .  .  4v2  -  1  \ 

x  1  +i  4  . . .)  , 

\  Xkp  ' 


(2.29) 


where 


c„  -  [Ai'(  — x„)]~2  |+c“’S*|-2+c 


ll"  *"  w~2+e_,i"  3a"  »r4  + 


+  i  2ioo(29-v„,-5<»)«i'6+  . . .  ,  (2.30) 


and  v„  is  given  by  eq.  (2.22).  The  first  group  of  terms  in  eq.  (2.29)  represents  the 
optics  contribution  to  the  far  field,  and  the  first  term  itself  is  the  geometrical  optics  field 
of  eq.  (2.20);  this  development  is  numerically  useful  only  if  ka  cos3  >  1.  The 
summation  over  n  represents  the  creeping  wave  contribution  to  the  far  scattered  field, 
and  is  practically  applicable  only  for  \<l>  —  n\  >  m ' 1  (but  sec  eq.  (2.33)). 

In  the  far  field  (p  ->  oo)  and  in  the  back  scattering  direction  (< p  =  0): 

P  -  !N  nka  exp( -2\ka  -F  ^i^)  ( 1  4-  4-  4 

\  16  ki<  512  (ka)2  ) 

+  {me!i”X  C"  ■  (2.31 ) 

n  sin  (7IV„) 
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In  particular,  the  geometrical  optics  back  scattering  cross  section  per  unit  length  is: 

ffg.o.  =  na.  (2.32) 

In  the  far  field  (p  -*■  oo)  and  in  the  angular  region  \(j>-Ti\  <  m~\  the  dominant 
contribution  to  the  scattered  field  is  (Goriainov  [1958]): 

P  ~  -  S'n  +  (2.33) 

<j>-n 

where  the  reflection  coefficient  function  p({)  is  described  in  the  Introduction  (Section 
1.3.3).  For  the  particular  case  of  forward  scattering  (0  =  7r),  a  more  refined  approx¬ 
imation  is  (Wu  [1956]): 

P  ~  -ka-M0m-  jlsMlm-l  +  -rh('+-L\MJm-i-11,Sso(29M0+¥irM})m->  + 

+  5-fThoo(736iM1+WM4)m-7+  ...  (2.34) 

where 

M0  =  1.25507437e^,  M,  =  0. 53225036c* lrt, 

M2  =  0.0935216,  M3  =  0.772793eiiR, 

M4  =  1.0992e*'*.  (2.35) 

Thus,  the  total  scattering  cross  section  oT  per  unit  length  is  (Wu  [1956]): 

<jj  ~  4</[l  +  0.49807659(ka)” 2/3 —  0.01 1 17656(/cfl)~4/3  —  0.01468652(ka)“2  + 

+  0.00488945(/ca)-s/3  +  0.001 79345(kfl)“ 10/3  +  . .  .].  (2.36) 

The  first  three  terms  in  (2,36)  give  an  excellent  approximation  to  the  exact  value  of  aT 
for  all  ka  rj  I .  Various  authors  have  attempted  to  derive  approximate  expressions  for 
o j  by  variational  methods;  the  results  obtained  have  not  been  satisfactory. 


2.2. 2.  H-polarization 
2.2.2. 1.  EXACT  SOLUTIONS 


For  a  plane  wave  incident  in  the  direction  of  the  negative  jc-axis,  such  that 

£'  —  -yZc~'k\  H'  ~  £e"ik\  (2  37) 

then 

m  «  -  i  <:„(-!)'  H"Xkp)cos  m>.  (2.38) 


King  and  Wu  [1959]  have  computed  HI  in  amplitude  and  phase  for  ka  -  3.1  at 
various  positions  of  the  field  point. 

On  the  surface  p  =  a: 


//;  +  //; 


2 

n  k  a 


i*. 

n  O 


(-•>"' 1 
//!,"'( (ca) 


cos  n</>. 


(2.39) 
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In  the  far  held  (p 


co): 

P=  “I 


n  =  0 


Jn(ka)  , 

- -  cos  tup. 
H{„"(ka) 


(2.40) 


The  amplitude  and  phase  of  P  as  functions  of  $  for  three  different  values  of  ka  are 
shown  in  Fig.  2.12.  For  the  particular  case  of  back  scattering  (</>  —  0),  arg  P  is 
plotted  as  a  function  of  ka  in  Fig.  2.13.  The  normalized  back  scattering  cross  section 
is  shown  as  a  function  of  ka  in  Fig.  2.14.  In  the  case  of  forward  scattering  (</>  =  /r), 
arg  P  is  plotted  as  a  function  of  ka  in  Fig.  2. 1 5,  and  the  normalized  forward  scattering 
cross  section  is  given  in  Fig.  2.16.  The  total  scattering  cross  section  per  unit  length  is: 


*T  =  7  I 

K  n-0 


Ma) 


’2 


(2.41) 


The  quantity  <rr/(4tf)  is  plotted  in  Fig.  2.17. 


f 


\  ig.  2.17,  Normalized  total  scattering  cross  section  aT  (  Ur)  for  W‘  parallel  to  the  cylinder  axis  I  Kim. 

and  Wr  (195‘V)). 


low  frequency  approximations 


For  a  plane  wave  incident  in  the  direction  of  the  negative  v-axis.  such  that 


£' 


-y/e 


ikx 


«  £e 


•  ii,t 


(2.42) 
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low  frequency  expansions  may  In;  obtained  either  directly  (Strutt  *1897];  Noble 
[1962]:  Van  Bladll  [1963])  or  by  power  series  developments  of  the  radial  cylindrical 
func!ii)iis  appearing  in  the  exact  solutions,  in  particular,  in  the  far  field  (p  -*•  x): 


—  ii7r(A.c?)2(  1  +2  cos  0), 

(2.43) 

and  to  this  order,  the  back  scattering  cross  section  a  and  the  total  scattering  cross 
section  <rr  per  unit  length  are: 

9n2  4 

0  (ka) , 

4  k 

(2.44) 

<jj  ~  3,1 2  (ka  f. 

41 k 

(2.45) 

Low  frequency  expansions  of  P  through  0[(kf'f)  are  given  by  Strutt  [1907]. 

7..2.2J.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  incident  in  the  direction  of  the  negative  v-axis.  such  that 

E  =->  Ze  ik\  H'  =  zc~ikx,  (2.46) 

high  frequency  expansions  may  be  obtained  either  directly,  i.e.  by  the  Luneburg-KIinc 
method  (Killer  et  al.  [1956]),  or  by  asymptotic  evaluations  of  contour  integral 
representations  of  the  exact  solution. 

The  complete  asymptotic  expansion  of  the  reflected  portion  of  the  scattered  field 
at  a  point  located  in  the  illuminated  region  is  (Keller  et  al.  [1956]): 

'  \  [  “  cos  v,  exp  [ifc(.v-^a  cos  i A,)D 

*  I  X  i^(16ifca^^)-(-)(cos^,r2',  (2.47) 

n  - 0  *  =  0  1=0  \ZV/ 

where  ahln  is  given  by  eq.  (2.14)  for  h  ^  0, 

.In 

"w,  =  -  X  !6(2f  +  ii-  1  )a*- 1 .  - 1  + 16(4-2/- n -2^)0,.,,.  (2.48) 

A-  5 

<>uou  =  +2,  (2.49) 


the  distance  v  is  given  b\  eq.  (2.16)  and  the  angle  ^  is  show  n  in  Fig.  2.10.  Explicitly, 
the  first  few  terms  of  the  series  (2.47)  are: 


~  |  “  cosi>,  e\p[i*(s-jacos^,)]  [l-  ‘  [ 

’  2'  I  1 6/ai  Lcos 

-  ‘‘  I  '  -  !  )  -*-  ( ^*  )  (9  cos.  —  6  )  +  (  “  )  (15-15  cos2  v.)] 

1  cos ~0\  '2v  \  cost/,  '  2v '  J 


+ 


Y  I  COS»/, 


(2.50) 
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In  particular,  in  the  far  field  (p  -»  oo): 


n.  ~  B  l /;-  cos  W  exp  [ik{p- 2a  cos  W)},  (2.51) 

r  2fl 


3049  \ 

+  •  )  + 


2  P 

where  (Keller  et  al.  [1956]): 

1DI  ,  1  /  3477  6642 

I  |  I  4-  -  [  -  —  ....  t 

(16 ka)2  'cos2  \tp  cos4  \ip  cos6  kip 

Tne  leading  term  in  eq.  (2.51 )  is  the  geometrical  optics  far  field: 

=  l  °  cos  W  exp  {iMp-2u  cos  J^)}. 
r  2 p 


(2.52) 


(2.53) 


The  creeping  wave  contribution  is  not  included  in  eqs.  (2.47)  to  (2.53),  but  is  account¬ 
ed  for  in  all  formulae  in  the  rest  of  this  section. 

On  the  illuminated  portion  of  the  surface  ( p  -  a ,  \ip\  <  Jn)  (Franz  and  Galle 
[1955]): 

i  I  4-3  sin2  ip 


Wl4/r.  -  2  exp  ( -  i ka  cos  ip ) 


I  —  —  ,  4-  .  .  . 

2ka  cos  ip  (ka  cos  i py 


4- 


4- 


v  /)  cxp[iv,(in-^)]+exp[iv,(^+^)] 

L.  U* 


•exp  (2isv, 


(2.54) 


where 


v.  '  '  +  J pl)m- '  +  J +4+ l/i>r J - 

+  &‘X)»rs+  •  •  • 


(2.55) 


10/?; 


+ ,  i  oil  A’ 6  -  i  •  t 3  -  i !  J  + ,  'i  Pi  )»rb +...].  (2. 


56) 


The  first  group  of  terms  in  eq.  (2.54)  represents  the  optics  contribution  to  the  surface 
field,  and  the  first  term  itself  is  the  geometrical  optics  field;  this  development  is 
numerically  useful  only  if  ka  cos3  4 •  ^  1  The  summation  over  n  represents  the  creep¬ 
ing  wave  contribution  to  the  surface  field. 

On  tne  shadowed  portion  of  the  surface  (p  =  a .  \4>-n\  <  \n)  (Franz  and  Galle 
[1955]): 

ll'+ir  -VC  eM>['Utf-!*)]  +  exp[iv,,(jr-<5)]  j2  57( 

T  f  —  exp  ( 2i7rv(t) 


where  vm  and  £>„  are  given  by  eqs.  (2.55)  and  (2.56).  Ne.tr  the  shadow  bound  try,  the 
creeping  wave  series  (2.57)  is  no  longer  useful  for  computational  purposes. 
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An  alternative  representation  of  the  surface  field,  which  is  appropriate  in  the 
transition  region  about  the  shadow  boundary,  i.e. 

IllW-i *1  £  m"1,  (2.58) 

where  the  creeping  wave  series  of  eq.  (2.57)  fails,  is  the  following  [Goriainov  [1958]): 


( 2.59 ) 


where  rjt  and  fjt  are  given  by  eqs.  (2.27)  and  the  function  0(O)({)  is  described  in  the 
Introduction  (Section  1.3.3). 

A  representation  of  the  surface  field,  which  provides  results  le*s  accurate  than  those 
obtained  from  eqs.  (2.54)  and  (2.59),  but  which  is  useful  in  the  entire  range  0  g  $  < 
is  the  following  (Goriainov  [1958]): 

Hlz  +  H%s  ~  g(0i(mfj0)  exp(\kafj0)  +  G(m  cos  (ft-0))  exp  [ika  cos  (?r -<£)},  (2.60) 

where  the  function  G(£)  is  described  in  the  Introduction  (Section  1.3.3). 

At  large  distances  from  the  surface  (p  »  a)  (Franz  and  Galle  [1955]): 


/ 

H\  **  1/  °  cos  exp  {ik(p-2a  cos  1} 
I  2  o 


x  -  !i  .  -  .  J - + 

L  8 kp  \  6 ka  cos  \\j/  2ka  cos3  \\j/ 

15  +  3I  -  7  1 

512 (ka  cos  i^)2  32 (ka  cos2  \ij/)2  4 (ka  cos3  jij/)2  J 

+  m(lnkp)~  *  exp  {i(fcp  +  £  C. CXP  [iM*  +  *3. ±1*? 

n  l-exp(2ijrvJ 

/.  •  4vf  —  I  » 


x  ( 1+  i  41 " 


(2.61) 


where 


c.-  /»;,[Ai(-/?jr2[i+c'i\,0(jA-/?;>"2^ 

+c-*^0U/S-ft>«-4+ , ,I5/i;3-  •jVo- +  •  •  •]. 

(2.62) 

and  v,  is  given  by  eq.  (2.55 ).  The  first  group  of  terms  in  eq.  (2.61 )  represents  the  optics 
contribution  to  the  far  field,  and  the  first  term  itself  is  the  geometrical  opiics  field 
of  eq.  (2.53):  this  development  is  numerically  useful  only  if  ka  cos3  ss  1.  The 
summation  over  n  represents  the  creeping  wave  contribution  to  the  far  scattered  field, 
and  is  practically  applicable  only  for  =;  m~l  (but  see  eq.  (2.65)). 

In  the  far  field  (p  -+  x )  and  in  the  back  scattering  direction  (</>  =  0): 

P  ^  nkacxp  \-2\ka  +  l\n)  (\  -  *'*  -  -r  . . .)  + 

'  16  ka  512  (ka)2  / 


4  cl'"L 


-  sinfro. ) 
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In  particular,  the  geometrical  optics  back  scattering  cross  section  per  unit  length  is: 

ffg.o.  =  na.  (2.64) 

In  the  far  field  (p  -►  oo)  and  in  the  angular  region  |#-7t|  <  m~\  the  dominant 
contribution  to  the  scattered  field  is  (Goriainov  [1958]): 

p  sin  [fca($--;r)] 

(f)  —  7t 

-  i n*m[q(m(it>  -  n))  exp  {i ka(4~  71)}  +  q(m(i t  -  <f>))  exp  {ika(n  -  0)}],  (2.65) 

where  the  reflection  coefficient  function  q(Z)  is  described  in  the  Introduction. 

For  the  particular  case  of  forward  scattering  (<£  =  rr),  a  more  refined  approxima¬ 
tion  is  (Wu  [1956]): 

P - ka~M0m-jlo(ffl -2  +  1$? \)m~'  +  ToO“  + 


~TFo(l  1  3  4  0^3""'lV6,0^0+  +  -6)m  5  + 


where: 


(2.66) 


A70  =  - 1.0888741 19c’:', 

SI,  =  -  0.9348649 le1'*. 

S?2  =  -0.1070199, 

=  -0.757663e“', 

A74  =  -1.1574e“', 

M.y  =  -3.704093896'“', 

M.j  =  0.41682138e-*'*, 

M-t  =  3.17579652, 

M.,  =  2. 55965945  +  3. 12247506e”,i”, 
M.»  =  -  1.36515171  — 2.94764528e~ 

Ms  =  2.06575721e"“', 

(2.67) 


Thus,  the  total  scattering  cross  section  aT  per  unit  length  is  (Wu  [1956]): 

<ij  -  441 -0.4321 1998(ka)" 2  3-0.21371236(ka)'4  3  +  0.05573255(ka)"2~ 
-0.00055534(ka)"M  3  +  0.02324932(ku)“ 10/3  +...]. 


(2.68) 


The  first  three  terms  in  eq.  (2.68)  give  a  very  good  approximation  to  the  exact  value  of 
Gj  for  all  ka  4.  Various  authors  have  attempted  to  derive  approximate  expressions 
for  <rT  by  variational  methods;  the  results  obtained  have  not  been  satisfactory. 

2.3.  Line  sources 

2.3.1.  E-polaruation 

2.3.1. 1.  EXACT  SOLUTIONS 

For  an  electric  line  source  parallel  to  the  axis  z  of  the  cylinder  and  cated  at 
(po*  <t> 0  =  0),  such  that 


£‘  =  zH'JURl 


(2.69' 
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the  total  electric  field  is 

Ei  +  £’  =  H'"(fcp<)'j  w!,1)(fcp>)  cos  n</>.  (2.70) 

On  the  surface  p  -  a\ 


n  =  0 


Hi 1 


(2.71) 


whereas  in  the  far  field  (p  ->  oo): 

£i  +  E!  =  ]/—  exp  (ikp-^.n) 
r  nkp 

X  [" exp  ( -  ifcpo  cos  <A)  -  £  e„(  -  i)"  H'n' \kp0)  cos  n#l  .  (2.72) 

L  «  =  o  H\  \ka)  J 

If  the  line  source  is  on  the  surface  (p0  =  a),  the  field  is  identically  zero  everywhere. 

Zitron  and  Davis  [1963]  have  computed  a  quantity  proportional  to  the  amplitude 
of  the  summation  over  n  in  eq.  (2.72),  as  a  function  of  0  and  for  ka  =  1.0  with 
kpQ  =  2,  5,  10,  20;  ka  =  3.4  with  kp0  =  6.8,  13.6,  17,  68;  and  ka  =  10.0  with 
kp0  =  100,  200,  500.  Some  of  their  results  are  displayed  in  Fig.  2.18. 


Fig.  2.18.  Far  scattered  field  amplitude  (product  of  \  A/>„  and  modulus  of  summation  over  n  in 
eq.  (2.72))  for  electric  line  source  and  (a)  ka  1.0.  (b)  ka  3.4  (Zitron-  and  Davis  [1963]). 
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2. 3. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  an  electric  line  source  parallel  to  the  2-axis  and  located  at  (p0,  <f>0  =  0), 
such  that 

£'  =  zHl0'XkR),  (2.73) 

low  frequency  expansions  are  trivially  obtained  from  the  exact  solution.  In  particular, 
in  the  far  field  (p  -►  co): 

P  ~  H(o  \kp0),  (2.74) 

7+ log  {kal( 2i)} 


where  y  =  0.5772157  ...  is  Euler’s  constant;  if,  also,  A'p0  <  1: 

P  ~  -  V+j£g_{fcpo/(20> 

y  +  log  (ka/(2i)}  '  '  ; 

2. 3. 1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  an  electric  line  source  parallel  to  the  z-axis  and  located  at  (p0,  <£0  =  0), 
such  that 

E‘  -  tH'o'XkR),  (2.76) 

high  frequency  approximations  may  be  obtained  by  Watson-type  transformations  of 
the  exact  series  solution  (Franz  [1954]).  The  total  electric  field  at  a  point  (p,  (j>)  is: 

e>z+e]  "  \ic 

+lmJ"  I  ,  (2.77) 

n  l-cxp(2i7rv„) 

where  Cn  and  v„  are  given  by  eqs.  (2.17)  and  (2.11),  respectively,  and  the  contour  C 
of  integration  runs  from  minus  infinity  to  plus  infinity  just  above  the  real  v-axis. 
Equation  (2.77)  is  valid  for  all  \ip\  <  ny  but  in  the  shadow  region,  a  more  rapidly 
convergent  expression  is: 


£i  +  E;~  i  me*1'  l  CXl\kpM\\kp)  exP(M>+.gP . 
n  n  1  -exp  (2i7cvp) 

On  the  illuminated  portion  of  the  surface  p  =  a: 


(2.78) 


Hi-//;  ~  2Y  f  H<v'1l^'Po^ei'*dv+ 

nkajc  H[]\ka) 


+  m-  ye“*  I  DnH[\Xkp0) CXp  IW'-W+W  +  M 

n  1  —exp  (2i7rv„) 

where  Dn  is  given  by  eq.  (2.23),  and  on  the  shaduwed  portion, 

lVt+H^m-'Y^lD„HZXkPo)  ^p(iv^)+exp [iv,(2,-<(»)] 

«  1  -exp  (2i7rv„) 


(2.79) 


(2.80) 
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A  less  refined  approximation,  in  which  only  the  physical  optics  surface  field  is  re¬ 
tained,  is: 

(«♦+«;)  p...  =  (2.81) 

with 

Ri  =  (pl  +  a2  —  2ap0  cos  0)*,  (2.82) 

on  the  illuminated  portion  of  the  surface  p  =  a,  and  (//^  + //J)p.0.  =  0  on  the  shad¬ 
owed  portion. 

In  the  far  field  (p  ~+  oo)  and  in  the  illuminated  region: 


K+K 


exp(i/cp-£i7i) 


-  { |  [H?XkP0)~  ~ ^l"(fcpo)j  exp  (iv(«^  — i?r)}dv  + 

(2.83) 


•J(2nkp) 


+  «e*>- 1  C„ HWkp0) eJjPLivi^---^3  +eXP  , 

n  "  l"~exp(2mvn)  I 


whereas  in  the  shadowed  region: 


ci  ,  r.  e\p(ikp+^in)  m  v  r  u(l)„_  ^exp  [iv„(0-in)]+exp  [ivB(i7t-^)] 

+  ~  '/TT  m  ‘"nnvn  —  :  "Ti:  ;  • 

yj(2nkp)  n  1  -  exp  (2mv„) 

(2.84) 

If  the  line  source  is  located  at  a  large  distance  from  the  surface  (p0  >  a ),  the 
following  approximation  may  be  introduced  in  tho  preceding  formulae  of  this  section: 

H[')A2\kp0)  ~  l/~  exp[±i(fcp0-iv7t-i7t)]  (l±i^— -  +  O[(fcp0)~2]|  .(2.85) 
’  nkp0  l  8#cpo  / 


If  the  line  source  is  on  the  surface  (p0  =  a ),  the  field  is  identically  zero  everywhere. 


2.3.2.  H-polarization 
2.3.2. 1.  EXACT  SOLUTIONS 

For  a  magnetic  line  source  parallel  to  the  axis  r  of  the  cylinder  and  located  at 
(Poi  <t> o  =  0),  such  that 

Hl  =  zH(0l)(kR ),  (2.86) 

the  total  magnetic  field  is 

n-  +  HI  =  i  Cn  \jn(kp<)~  H'n"(kP<)]  Hl"(kp >)  cos  n*.  (2.87) 

n  --  o  L  HyHka)  J 


On  the  surface  p  =  a: 


fli  „s  2i  *  Hlnl)(kp0) 

H\  +  H\  =  —  Ye,  po/cos  n</>, 
nka  n=o  H[nl)(ka) 


(2.88) 
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whereas  in  the  far  field  (p  -►  oo): 
H'z  +  H\  =  l/~;  cxp(ifcp-ii^) 


1  rL 


nkp 


■■  [exp  ( -  ikpo  cos  <f>)-  f  e„(  -  i)"  — Hi'  ’(fcp0)  cos  .  (2.89) 
L  n  *  o  Hy’ika)  J 


If  the  line  source  is  on  the  surface  (p0  =  a): 


2i  00 


nka  n~o  H{„  (ka) 


(2.90) 


and  in  the  far  field  (p  -♦  oo): 

Hl+Hl  =  ~  l/-^-  exp  (i/cp  -  Jiji)  £  -  ^ 

7tkc  r  nkp  *= o 


-o  Hi‘>‘(ka) 


cos  tup.  (2.91) 


Zitron  and  Davis  [1963]  have  computed  a  quantity  proportional  to  the  amplitude 
of  the  summation  over  n  in  eq.  (2.89),  as  a  function  of  <p  and  for  ka  -  1.0  with 
kp0  =  2,  5, 10, 20;  ka  =  3.4  with  kp0  =  6.8,  13.6,  17, 68;  and  ka  =  10.0  with  kp0  = 
100,  200,  500.  Some  of  their  results  are  displayed  in  Fig.  2.19.  A  diagram  of  the  far 
field  amplitude  as  a  function  of  (p  for  ka  =  3.4  and  kp0  =  6.8,  10,  50  has  been  given 
by  Faran  [1953].  Shenderov  [1961]  has  plotted  amplitudes  of  both  scattered  and 
total  far  fields  as  functions  of  (p  for  ka  -  2,  6,  10  and  p0  =  1.2cr,  and  has  compared 


) 

♦ 


Fig.  2.19.  Fur  scattered  field  amplitude  (product  of  \  A/>0  and  modulus  of  summation  over  n  in  eq. 
(2.89))  for  magnetic  line  source  and  (a)  ka  1.0,  (b)  ka  3.4  (Ziiron  and  Dams  [I963J). 
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numerical  and  experimental  diagrams  of  the  amplitude  of  the  total  far  field  for  ka  =6, 
10  and  p0  =  5.2a. 


2.3.2.:.  LOW  FREQUENCY  APPROXIMATIONS 

For  a  magnetic  line  source  parallel  to  the  z-axis  and  located  at  (p0,  <£0  =  0),  such 
that 

W  =  iH'o'XkR),  (2.92) 

low  frequency  expansions  are  trivially  obtained  from  the  exact  solution.  In  particular, 
in  the  far  field  (p  ->  oo): 

P~  -im(ka)1[H\lXkp0)+2iH\')(kp0)cos<l>']\  (2.93) 

if,  also,  kp0  <  1 : 

P~  iM2  [y+log(^)l  •  (2.94) 


which  is  independent  of  <f>. 


2. 3. 2. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  magnetic  line  source  parallel  to  the  z-axis  and  located  at  (p0,  $0  =  0), 
such  that 

H‘  =  zH(0''(kR),  (2.95) 


high  frequency  approximations  may  be  obtained  by  Watson-type  transformations  of 
the  exact  series  solution  (Franz  [1954]).  The  total  magnetic  field  at  a  point  (p,  </>)  is: 


h;+h;  ~  '  f  [wi^kpO-  Sri  H["(kP>y'*dv+ 

2JC  L  Hi  ’(ka) 


+ 


(ka) 

i me*"  I  CnH^(kp0)H[':(kP) «PjW^)]  +  exp  &&+*)}  ,  (2.96) 
»  1  -  exp  (2irrv„) 


where  €„  and  v„  are  given  by  eqs.  (2.62)  and  (2.55),  respectively,  and  the  contour  C 
of  integration  runs  f-om  minus  infinity  to  plus  infinity  just  above  the  real  v-axis. 
Equation  (2.96)  is  valid  for  all  \\jf\  <  tt,  but  in  the  shadow  region,  a  more  rapidly 
convergent  expression  is: 


Hi+/r. 


txp  (iv\  0) + exp  [iv„(2n  -  <£)] 

1  -  exp  (2i;rvrt) 


(2.97) 


In  particular,  if  the  source  is  located  on  the  surface  (p0  =  a): 


//[+//: 


y  M(vn 

4— >  "  *n 


(M 


exp(iv»+exp  [i v„(2rr —<>)] 
l-exp(2iirv„) 


(2.98) 


where  D„  is  given  by  eq.  (2.56)  (see  also  the  literature  on  axial  slots,  e.g.  Sensiper 
[1957],  Wait  [1959],  Hasserjian  and  Ishimaku  [1962]). 
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On  the  illuminated  portion  of  the  surface  p  =  a: 


h[+H\  ~  -2l-  f  -p^e',*dv+ 
nkaJc  H[lf(ka) 


X  Dn H'l)(kp«)  -XP  +exP  r.M2^  +  ,  (2.98) 

n  v”  *  1 -exp(2mvn) 


and  on  the  shadowed  portion: 

Hj  +  H!  ~  1 5nHi:>(fep0) . 
n  n  l-exp(2i7rvn) 

In  particular,  if  also  the  source  is  on  the  surface  (p  =  p0  =  a): 

H'  +  H'  2  e'iinY  E  exP(i?«^)4'cxP  [ii;"(27r~ 4>)1 
1  T  "  l-exp(2i*v„) 


(2.99) 


(2.100) 


where: 


+rUpr-w;3-':-i-+ my3n—&hPt)m-6+  ■  •  i  (2.100 

A  less  refined  approximation,  in  which  only  the  physical  optics  surface  field  is  retained, 


(wi+tflW  -  2tf<on(/cRl) 


(2.102) 


with  /?!  give  by  eq.  (2.82),  on  the  illuminated  portion  of  the  surface  p  =  <2,  and 
(H'z  +  H*x) p.0.  =  0  on  the  shadowed  portion. 

In  the  far  field  (p  -►  00)  and  in  the  illuminated  region: 

'  S£Jr£r!  (1  i1*™-  US  "•  H  ** 

W" I  Cnn[\\kp0)np ,  (2.103) 
n  "  1  —  exp  (2i7TVn) 

whereas  in  the  shadowed  region: 

//:+//!  ~  -*p(ikp+~'?in)  ,„r  r  H{l)(kt>  iexp  P*M-Ml+exP  fofo-~j>)] 

■J(2nkp)  n  °  1  -  exp  (2ijiv„) 


(2.104) 


In  particular,  if  the  source  is  on  the  surface  (p0  =  a): 

in+n:  ~  j/-2  exP(i^-ik)|  2i  f  exP^frif)]dv  + 

Ukp  InkflJ,.  ll‘,,(kfl) 


y  g  exp  [iv.(i»t-^)]+cxp  [iv.(j«  +  ^)]|  n.ios) 
«  "  1  —  exp  (2irev„)  I 
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in  the  illuminated  region,  and 


H[  +  H)  ~  f£  exp  (i  fcp-ji,)  £  D.  (2.106) 

f  nkp  *  1  -exp(2i7ivM) 


in  the  shadowed  region. 

If  the  line  source  is  located  at  a  large  distance  from  the  surface  (p0  >  a ),  the 
approximation  of  eq.  (2.85)  may  be  introduced  in  the  preceding  formulae  of  this 
section. 


2.4.  Dipole  sources 

2.4.1.  Electric  dipoles 

2.4. 1.1.  EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  electric  dipole  located  at  r0  s  (p0  ^  a,  (f>0i  z0)  with 
moment  (47ts//r)c,  the  total  electric  field  is: 

E\r)+E*(r)  -  47r/c0e(r|ro)  •  (2.107) 

where  ^,(#*|r0)  is  <he  electric  dyadic  Green's  function  for  the  circular  cylinder  (Tai 
[1954]): 


Wo)  =  -  f  dif  r)[M"X-t,r0)+aMV(-t,r0Tl  + 

871 J  -QC  n  =  0  k  —t 

«„>(-»,  r0)]  + 

+  rJCJVjft  - 1,  r0)  + 1. N<3>(  -  /,  r„)]  + 

+  <»’('.  r)[N(0':(-l,r0)+bnKV(-Ur0)]},  for  p  >  p0,  (2.108) 


+  [Mo!,>(f,  +  r)]M(03)(-/,  r0)+ 

+  [*'«!,’('.  r)+b„N[n(U  r)]KV(-t,  r0)  + 

+  Wn’(,>  +  r)]N(gJ(-t,  r0)},  for  p  <  p„  (2.109) 


=_  J‘,«(k2-t2))  .  =_  J„(asHk2-t 2)) 

Hi^M*1-*1))’  "  H'n"(as(k2-r))' 

r)  =  c":  r  +  "  A%\(k2-t2))™  n*p--  CZ"'U\(kl-r))2i''<l>i  ■ 

«»  L  p  cos  c?«  sm  J 


(1M  1 1 ) 
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JVS?(f.r)  =  '  e1'1  L'L'z^M^-f2))^;  n<j>4  + 

o  k  !_  f?p  sin  p  y  cos 

+(^-t2)Z«W(fc2-r2))Cs^^£]  ,  (2.112) 
i  =  1-3  and  Zi°(A)  =  •/„(*),  Z;3,(.v)  =  W<"(a). 

For  a  longitudinal  electric  dipole  at  (p0»  “  0,  z0  =  0)  with  moment  (4rce/A:)z, 

corresponding  to  an  incident  electric  Hertz  vector  ( eikRjkR)z ,  such  that  (Einarsson 
et  al.  [1966]): 


£.  7i+2l_  M 

"  fcR  l  +  fcR  k2R2) 


3i  3  \z{p-p0  cos  <t>) 


f>  -  pe  / 1,  3i  3  \  sp0  sin  4> 

E*-~k  kiV+kiTw)'  R2  ' 

£;  =  ^ei‘-r<(,+i-2^cos^  +  i  (i+i  )(«-*; 

AR  U?2  \  p2  p  !  kR  \  kR/\  R2 


(2.113) 


H'=klY~-l\+- 


i  \  p0  sin  4> 


kR  \  kR/  R 


Hi  =  —k2Y  1  + 


H 1  -  0, 


i  \p-p0cos<l) 


kR  \  kR/  R 


the  total  electromagnetic  field  components  can  be  derived  from  the  total  electric 
Hertz  vector  (Oberhettinger  [1943];  Wait  [1959]) 


n c  -  ntz  -  i -^cos(»*)J  ^n"(p^f(k2-t2)) 

X  L(/'<  N/(** -/*))-  H'"(P<  V^-2-r))l  ^‘dl  (2.1 14) 

L  W(k  “*  »  J 


by  the  relations: 


1  <“2HC 
p  <>rr 


Hp=  - 


iA  V  (1/7t 
p  c<l> 


Hj  =  ikY  ‘1/7c 


//.  =  0. 


On  the  surface  p  -  a: 


no  no  J  -  ,  H*  (<\  (k  -I  )) 


(2.115) 


(2.116) 
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In  *he  far  field  (p  -*  oo): 


e**r  r 

El  -f  E)  =  -  -  k2  sin  0  exp  ( -  i kpQ  sin  0  cos  $)- 
kr  L 


/  ir  ^.(kasinfl) 
.£*>  '  H^ka  sinO) 


H{nl)(kp0  sin  0)  cos  ,  (2.117) 


£i  +  £l  =  0, 


(2.118) 


where  the  spherical  polar  coordinates  (r,  0,  $)  are  shown  in  Fig.  2.1.  A  quantity 
proportional  to  the  amplitude  of  the  summation  in  eq.  (2.1 17)  has  been  plotted  as  a 
function  of  (j>  and  for  0  =  \n  by  Lucre  [1951]  for  ka  =  0.5  and  kp0  =  1.5,  by 
Carter  (1943)  for  p0  =  0.24a  with  ajX  -  0.0016,  0.16,  0.24,  0.318,  0.8,  and  p0  = 
0.8782  withtf/2  =  0.383,  and  by  Oberhettinger  [1943]  fora  =  2andp0/2  =  hi*  t»2. 

If  the  longitudinal  dipole  is  on  the  surface  ( p0  =  a ),  the  field  is  identically  zero 
everywhere. 

For  a  circumferential  dipole  at  (p0 ,  (j>c  =  0,  z0  =  0)  with  moment  (4 7ie/k)y,  the 
far  field  (p  ->  oo)  in  the  plane  z  =  0  is: 


£J  +  £}  =  —  k2 —  cos  0  exp(-i^'p0  cos  0) — 
kp  L 


-  -^~-Hilt'y(kp0)cosn^\  ,  (2.119) 

«=o  Hi  "(lea)  J 


Ei  +  El  =  0. 


(2.120) 


If  the  circumferential  dipole  is  on  the  surface  (p0  =  a ),  the  field  is  identically  zero 
eve’-y  where.  Carter  [1943]  has  plotted  a  quantity  proportional  to  the  amplitude  of  the 
far  field  of  eq.  (2.1 19)  as  a  function  of  <p,  for  a  =  0.162  and  p0  =  0.242. 

For  a  radial  dipole  at  (p0 ,  (j>0  =  0,  z0  =  0)  with  moment  (47re/fc)i,  the  far  field 
(p  ->  oo)  in  the  plane  z  =  0  is: 


ei  +  e:  =  0, 


£;+£;  =  -k2 


(2.121) 


sin  <t>  exp  ( -  i kp0  cos  (j> )— 


-2  X  (-•)"’ 1  "■  H«"(Mo)sin^l  .  (2.122) 

»=  i  Hy(ka)kp0  J 


and,  in  particular,  if  the  dipole  is  on  the  surface  (p0  =  a): 

h  4  e^  '  n(-i)"  . 

h*  +  L*  =■  2  ,  I  U(i?,,  .sin# 
na  kp  i=t  lr„(ka) 


(2.123) 


Wait  and  Okasmimo  [1956]  have  computed  a  quantity  proportional  to  the  amplitude 
of  the  far  field  of  eq.  (2.123)  as  a  function  of  (j>  for  live  values  of  ka ,  and  have  compared 
it  with  the  experimental  values  of  Bain  [1953];  these  results  are  shown  in  Fig.  2.20. 
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Levis  [1959]  has  published  numerical  tables  of  the  real  part,  imaginary  part  and 
amplitude  of  the  two  components  of  the  far  electric  field  as  functions  of  0  and  ^ 
for  the  case  of  a  radial  dipole  on  the  surface  of  the  cylinder  and  for  a/X  =  0.05(0.05) 
0.50;  some  of  his  results  have  been  plotted  for  comparison  with  experimental  data 
(Levis  [1959;  I960]). 

The  far  field  in  the  plane  z  =  0  due  to  an  arbitrarily  oriented  electric  dipole  at 
(p0,  <t>o  =  0,  z0  =  0)  can  be  easily  derived  from  eqs.  (2.1 17)  to  (2.122). 

2.4. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  approximations  for  the 
far  field  can  be  easily  derived  from  the  exact  results  of  the  preceding  section. 

2.4.1. 3.  HIGH  FREQUENCY  APPROXIMATIONS 
No  specific  results  are  available. 

2.4.2.  Magnetic  dipoles 
2.4.2. 1.  EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  magnetic  dipole  located  at  r0  =  ( p0  ^  a ,  $0,z0) 
with  moment  (47 z/k)cy  the  total  magnetic  field  is: 

H'(r)+H\r)  =  4*k«Ur|r0)  •  (2.124) 

where  ^m(r|r0)  is  the  magnetic  dyadic  Green’s  function  for  the  circular  cylinder, 
which  is  related  to  the  electric  dyadic  Green’s  function  of  eqs.  (2.108)  and  (2.109) 
by  (Tai  [1954]): 

9JL*\fo)  =  k  VA{[V0A^.(r0|r)]T};  (2.125) 

k 

here  V0  a  operates  on  r0 ,  and  T  indicates  the  transposed  matrix. 

For  a  longitudinal  magnetic  dipole  at  (p0,  <j)0  =  0,  z0  =  0)  with  moment  (4n/k)z, 
corresponding  to  an  incident  magnetic  Hertz  vector  (e'kX/kR)z,  such  that  (Einarsson 
et  al.  [1966]): 


JkR 

kl—  1 

fl+ A. 

.  J-) 

|  £(P~Po  cos  & 

kR  ' 

i  kR 

kzR2) 

R2 

(l+  31  - 

-  2) 

:/>o  sin  <#> 

kR 

l  kR 

k2R2' 

R2 

i  \  />-/>„  cos  r/> 


r.'i  --=  k c  (l+  '  ) 

kR  \  kR I  R 


(2.126) 
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the  total  electromagnetic  field  components  can  be  derived  from  the  total  magnetic 
Hertz  vector  (Wait  [1959]) 

nm  =  nj  =  i  '  jr  e„  cos  (n</>)  f  >/(fc2-«2)) 

2k  «  =  0  J.* 

X  ['„(P<V(*J-'2))-  „iWajr^t Sjj^'Wt*2"'2))]  (2.127) 


by  the  relations: 

H  =S-rha 

P  dpdz 
_  ikZ  dj\m 

n  i 

P  d<t> 

On  the  surface  p  =  a: 


«♦« 


i  PjL 

p  d(j>dz 

.,„dl7n 


"•-(sH'1- 


(2.128) 


E+  =  -ifcZ 


£,  =  0. 


i2m> 


H-+H)  =-j  f  cos  <«♦)  f  5  v'(k2  -  t2)e":d/.  (2.130) 

nJca„=o  J_„  H'n  ’ (a,J(k  —t  )) 


;n  the  far  field  (p  -♦  oo): 


ikr 

e  l.2> 


£^  +  £1  =  /c  Z  sin  0  exp(-i/cp0  sin  0cos  $)- 


-!«»(->)"  „*!  ovpS~°i.  ’(A'Po  sin  0)  cos  n<f]  .  (2.131) 
«=o  Hil)(kasm0)  J 


*=o  '  (ka  sin  0) 

If  the  longitudinal  dipole  is  on  the  surface  (p0  =  a): 


nm=~  ■  X«„  cos  («(/>) 

7rKa  n  =  0 


Hll)(pJ(k2-t2))  eUz 


nka„=o  J-x,HtmlY(ay/(k2-t2))  ^(k2-i2) 

and,  in  particular,  in  the  far  field  (p  -+  oo): 


..  _s  e,4,2ifcaZ£  (-i)" 

E4  +  E4  —  —  — -  >  cn  cos 

/cr  7r/cd  n - o  ff!,n(fcasin0) 


dr,  (2.132) 


(2.133) 


A  longitudinal  magnetic  dipole  at  />0  =  a  is  equivalent  to  a  narrow  axial  slot  (see,  for 
example.  Wait  [1959]). 

Apart  from  the  general  formulation  of  eq.  (2.124),  no  specific  results  are  available 
for  circumferential  and  radial  magnetic  dipoles. 

2.4.12.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  approximations  for  the 
far  field  can  be  easily  derived  from  the  exact  results  of  the  preceding  section. 
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2.4.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 
No  specific  results  are  available. 


2.5.  Point  sources 


2.5.1.  Acoustically  soft  cylinder 

2.5. 1.1.  EXACT  SOLUTIONS 

For  a  point  source  at  (p0 ,  4>o  =  0,  z0  -  0),  such  that 


V'  =  -- , 

kR 


(2.134) 


V'  +  V'  =  2‘-  COS  (n<t>)  J  j  Jn(p <  V(fc2  - 11))  - 

~  Hn"(P<  v'(fc2-'2))]  v'(^-<2))ei':dl.  (2.135) 


On  the  surface  p  =  a: 


( P*  +  r)  =  -J-  f  £„  cos  (n<£) 

Up  7TKtf  n  =  0 


H<"mPOi(T  2))e"ldl-  (2I36) 


In  the  far  field  (p  ->  oo): 


F'  +  l/s  -  ■  i exp  (-i kp0  sin  0  cos  $)-  £  e„(  -i)" 


sin  (?) 


H{nl)(ka  sin  (?) 


x  H['  \kp0  sin  (?)  cos  tup  ,  (2.137) 


where  the  spherical  polar  coordinates  (r,  (?,  </>)  are  Lhown  in  Fig.  2.1.  If  the  point 
source  is  on  the  surface  (p0  =  a),  the  field  is  identically  zero  everywhere. 

2. 5. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  approximations  for  the 
far  field  can  be  easily  derived  from  the  exact  result  of  eq.  (2.137). 

2.5.1. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  point  source  at  (p0,  </>0  =  0,  r0  =  0),  such  that 

ikK 

V'  =  ,  (2.138) 

kR 

asymptotic  evaluations  of  the  exact  solution  are  not  available.  The  geometrical  optics 
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scattered  field  at  a  point  (p,  <j>  <  n,  z)  located  in  the  illuminated  region  is: 

VI:.  =  -  l  ((F2+zf)(l+VG/f)  U+U  — g-  --lp 

k  l  L  F  acos^+oeJJJ 

xexp {ifc[V(F2 + zf) + + (^ - ^.)2}]}.  (2.139) 


where 


a  =  aresm 


in  {r '**<)' 


z,  =  z(l+jGIF)-\ 

F  =  (pl+ a1  -2ap0  cos  ifri)*,  G  =  [p2  +  a1  -  2ap  cos  (<t>  ,-<#>)]*, 


and  <\>l  is  that  root  of 


^sin^-t-  £sin  W>i-0)  =  0, 
F  G 


P 


(2.140) 

(2.141) 

(2.142) 

(2.143) 


which  is  less  than  ±n. 

The  geometrical  optics  field  is  zero  in  the  shadowed  region,  i.e.  at  all  points  such  that 


|^|  >  arccos  -  , 

Po 

p  <  p0[cos  ^  +  V{(Po/a)2- 1}  sin 


Ml-' 


(2.144) 

(2.145) 


2.5.2.  Acoustically  hard  cylinder 
2.5.2. 1.  EXACT  SOLUTIONS 

For  a  point  source  at  (p0,  4>0  -  0,  z0  -  0),  such  that 


vl  -  i _ 

kR  ' 


(2.146) 


then 


*'■ +  y'  =  2'k  fo«.  cos  w) .j*  [yn(p<  v(fc2  - *2»- 

-  '2)2}.  « i'W(*2-i2))l  "L'tp*  v'(*2  - »2))cM*dr.  (2.147) 

H\'(as(k~-r))  J 


On  the  surface  p  =  a: 

1 


i  +  r  =  - 


‘  £«. cos {r<j>)  j  '  H"'(/,oN(k2-«*))  c',:  1  d,.  (2.148) 

nka  n=o  J  _  ,  Hi  }(as(k~  -r))  N‘(fc2-r) 
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In  the  far  field  (p  -►  oo): 

e1*1,  r 

V '  +  Vs  =  —  exp  { -  ikp0  sin  0  cos  <j>}  - 
kr  L 


If  the  point  source  is  on  the  surface  (p0  =  <0- 

v'+p. -  —  Bata 

Trfcfl  n =0  J  -  *  //* )  (ciyj(k2  -  I2))  ^/(fc2  - 12) 

and,  in  particular,  in  the  far  field  (p  ->  oo): 


F*+K8  = 


iikf  2i 


L*< 


H)1 


kr  nka  sin  0  »=o  "  H{niY(ka  sin  0) 


cos  n<t>. 


(2.149) 


(2.150) 


(2.151) 


2.5.2. 2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  approximations  for  the  far 
field  can  be  easily  derived  from  the  exact  results  of  eqs.  (2.149)  and  (2.151). 


2. 5.2. 3.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  point  source  at  (p0,  </>0  =  0,  z0  =  0),  such  that 

ikR 

V1  =  -  ,  (2.152) 

kR 


asymptotic  evaluations  of  the  exact  solution  are  not  available. 

The  geometrical  optics  scattered  field  at  a  point  (p,  <t>  <  n,z)  located  in  the  illumi¬ 
nated  region  is: 


1 


—  r 


Ko.  =  “  ((f2  +  zJ)(l  +  v/G//r)  j  1+  ~  + 


--2G-  -ir* 

F  a  cos  (<jtl  +a)J) 
xexp  {i fc[v/(F2  +  2?)+V{CJ+(Z-r,)J}]},  (2.153) 


where  a,  zu  F,  <7  and  (j>{  are  given  by  eqs.  (2.14C)  to  (2.143).  The  geometrical  optics 
field  is  zero  in  the  shadowed  region,  i.e.  at  all  points  for  which  the  inequalities  (2.144) 
and  (2.145)  are  satisfied. 


Bibliography 

Adky,  A.  W.  (1958],  Scattering  of  Electromagnetic  Waves  by  Long  Cylinders,  Electron,  and  Radio 
Eng.  35.  149- i  58. 

Bain,  J.  D.  (1953),  Radiation  Pattern  Measurements  of  Stub  and  Slot  Antennas  on  Spheres  and 
Cylinders,  Stanford  Research  Institute  Technical  Report  No.  42,  Stanford,  California. 

(  \ r 1 1  k ,  P.  S.  [1943],  Antenna  Arrays  Around  Cylinders,  Proc.  IRE  31, 671-693.  The  formulae  have 
numerous  errors. 

I  invrsmis.  v).,  R.  E.  Ki unman,  P.  Lai  K!\  and  P.  L..  E.  Uslenghi  (1966],  Studies  in  Radar  Cross 
Sections  l  Diffraction  and  Scattering  by  Regular  Bodies  IV:  The  Circular  Cylinder,  The 


128 


THE  CIRCULAR  CYLINDER 


2 


University  of  Michigan  Radiation  Laboratory  Report  7133-3-T,  Ann  Arbor,  Michigan. 

Faran,  J.  J.  [1953],  Scattering  of  Cylindrical  Waves  by  a  Cylinder,  J.  Acoust.  Soc.  Am.  25, 155  -156. 
The  diagram  for  kp0  —  6.8  is  incorrect  (see  Zitron  and  Davis  [1963]). 

Franz,  W.  [1954],  Uber  die  Greensche  Funktionen  des  Zylinders  und  der  Kugel,  Z.  Naturforsch. 
9a,  705-716. 

Franz,  W.  and  R.  Galli:  [1955],  Semiasymptotische  Reihen  fur  die  Beugung  einer  ebenen  Welle  am 
Zylinder,  Z.  Naturforsch.  10a,  374-378.  Formula  (17a }  has  an  error  in  the  denominator  of  C j, 
where  the  factor  3x6  should  be  replaced  by  3\/6. 

Goriainov,  A.  S.  [1958],  An  Asymptotic  Solution  of  the  Problem  of  Diffraction  of  a  Plane  Electro¬ 
magnetic  Wave  by  a  Conducting  Cylinder,  Radio  Eng.  Electron.  (USSR)  3,  23-39  (English 
transl.  of  Radiotehn.  i  Elektron.  3).  The  sign  of  the  right-hand  side  of  formulae  (4)  and  (5)  is 
incorrect,  a  misprint  appears  in  the  first  equation  of  (32),  and  the  diagram  of  g(£)  in  Fig.  3  has 
a  phase  error  of  180°. 

Hasserjian,  G.  and  A.  Ishimaru  [1962],  Currents  induced  on  the  Surface  of  a  Conducting  Circular 
Cylinder  by  a  Slot,  J.  Res.  Nat.  Bur.  St.  D  66,  335-365. 

Keller,  J.  B.,  R.  M.  Lewis  and  B.  D.  Seckler  [1956],  Asymptotic  Solution  of  Some  Diffraction 
Problems,  Comm.  Pure  Appl.  Math.  9,  207-265. 

King,  R.  W.  P.  and  T.  T.  Wu  [1959],  The  Scattering  and  Diffraction  of  Waves ,  Harvard  University 
Press,  Cambridge,  Massachusetts. 

Kodis,  R.  D.  [  1 952 j.  Diffraction  Measurements  at  1.25  Centimeters.  J.  Appl.  Phys.  23,  249-255. 

Levis,  C.  A.  [1959],  Patterns  of  a  Radial  Dipole  on  an  Infinite  Circular  Cylinder:  Numerical  Values, 
Ohio  State  University  Antenna  Laboratory  Report  667-51,  Columbus,  Ohio. 

Levis,  C.  A.  [I960],  Patterns  of  a  Radial  Dipole  on  an  Infinite  Circular  Cylinder:  Numerical  Values, 
IRE  Trans.  AP-8,  218-222. 

Lucre,  W.  S.  [1951],  Electric  Dipoles  in  the  Presence  of  Elliptic  and  Circular  Cylinders,  J.  Appl. 
Phys.  22,  15-19. 

Noble,  B.  [1962],  Integral  Equation  Perturbation  Methods  in  Low-Fiequcncy  Diffraction,  in: 
Electromagnetic  Waves ,  ed.  R.  E.  Langer,  323-360,  University  of  Wisconsin  Press,  Madi:on, 
Wisconsin. 

Oberhettinger,  F.  [1943],  Uber  ein  Randwertproblem  der  Wellengleichung  in  Zylinderkoordinaten, 
Ann.  Physik  43,  136-160. 

Sensiper,  S.  [1957],  Cylindrical  Radio  Waves,  IRE  Trans.  AP-5,  56-70. 

Shenderov,  E.  L.  [1961],  Diffraction  of  a  Cylindrical  Sound  Wave  by  a  Cylinder,  Soviet  Phys. 
Acoust.  7,  293-296  (English  transl.  of  Akust.  Zh.  7). 

Strutt,  J.  W.,  Lord  Rayleigh  [1897],  On  the  Incidence  of  Aerial  and  Electric  Waves  Upon  Small 
Obstacles  in  the  Form  of  Ellipsoids  or  Elliptic  Cylinders,  and  on  the  Passage  of  Electric  Waves 
through  a  Circular  Aperture  in  a  Conducting  Screen,  Phil.  Mag.  44,  28-52. 

Strutt,  J.  W.,  Lord  Rayleigh  [1907],  On  the  Light  Dispersed  from  Fine  Lines  Ruled  upon  Reflecting 
Surfaces  or  Transmitted  by  Very  Narrow  Slits,  Phil.  Mag.  14,  350-359. 

Tai,  C.  T.  [1954],  A  Glossary  of  Dyadic  Green’s  Functions,  Stanford  Research  Institute  Technical 
Report  46,  Stanford,  California.  Formula  (16)  is  misprinted. 

Van  Bladel,  J.  [1963],  Low-Frequency  Scattering  by  Cylindrical  Bodies,  Appl.  Sci.  Res.  B10, 
195-202. 

Wait,  J.  R.  [  1959],  Electromagnetic  Radiation  from  Cylindrical  Structures ,  Pergamon  Press,  New 
York.  The  right-hand  side  of  formula  (62)  has  the  wrong  sign. 

Waii,  J.  R.  and  K.  Okashimo  [1956],  Patterns  of  Stub  Antennas  on  Cylindrical  Structures,  Can.  J. 
Phys.  34,  190-202. 

Wu,  T.  T.  [19*6],  High-Frequency  Scattering,  Phys.  Rev.  104,  1 201-1212. 

Zn  ron,  N.  and  J.  Davis  [1963],  A  Numerical  Investigation  of  Scattering  of  Radiation  for  an  Asym¬ 
metric  Source  by  Circular  Cylinder,  Mathematics  Research  Center  Tccnnical  Summary  Report 
365,  University  of  Wisconsin,  Madison,  Wisconsin.  [See  also  Can.  J.  Phys.  44,  2941 -2944.  J 


Chapter  3 


THE  ELLIPTIC  CYLINDER 
P.  L.  E.  USLENGHI  and  N.  R.  ZITRON 


The  elliptic  cylinder  is  the  most  general  scatterei  of  bounded  cross  section  for 
which  the  exterior  boundary-value  problem  for  the  two-dimensional  wave  equation 
can  be  solved  by  separation  of  variables. 

The  fat  elliptic  cylinder  is  an  obvious  generalization  of  the  circular  cylinder, 
whereas  the  thin  elliptic  cylinder  may  be  used  as  a  model  for  the  strip.  In  general, 
the  elliptic  cylinder  is  a  means  for  testing  approximation  techniques  applicable  to 
convex  cylinders  with  variable  curvature. 

3.1.  Elliptic  cylinder  geometry 

The  elliptic  cylindrical  coordinates  (u,  v,z)  shown  in  Fig.  3.1  are  related  to  the 
rectangular  Cartesian  coordinates  (xt  y,  z)  by  the  transformation 

x  =  \d  cosh  u  cos  v, 

y  =  \d  sinh  u  sin  v,  (3.1) 

Z  =  2, 

where  0  g  u  <  oo,  0  g  v  <  2n,  and  -oo  <  z  <  oo.  Instead  of  u  and  v ,  it  is  often 
convenient  to  use  the  quantities 

(  =  cosh  «,  tj  =  cos  v ,  (3.2) 

with  1  ^  £  <  oo  and  -  1  ^  rj  ^  1.  The  (x,  z)  and  (>\  z)  planes  are  planes  of  symme¬ 
try  and  the  surfaces  =  constant,  M  =  constant  and  z  =  constant  are  respectively 
confocal  elliptic  cylinders  of  interfocal  distance  r/,  eccentricity  major  axis  d£ 
and  minor  axis  </v/(s2-l);  confocal  hyperbolic  cylinders  of  two  sheets  with  ;nter- 
focal  distance  d ,  and  planes  perpendicular  to  the  z  axis. 

The  scattering  body  is  the  elliptic  cylinder  with  surface  u  -  ut ,  and  the  primary 
source  is  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  axis  z 
of  the  cylinder  and  forms  the  angle  $0  with  the  negative  x  axis,  ora  line  source  parallel 
to  the  z  axis  and  located  at  (i/0  ^  i/t,  r0),  or  a  point  or  dipole  source  located  at 
(u0  ^  i/t,  r(),  z0).  Unless  otherwise  stated,  it  is  assumed  that  the  coordinates  .v0  and 
,i’u  of  the  source  are  non-negative;  thus,  in  the  case  of  plane  wave  incidence  one  has 
that  0  i£  </>()  ^  J/r.  The  ratio  between  major  and  minor  axes  of  the  elliptical  cross 
section  of  the  scatterer  in  a  plane  z  =  constant  is  equal  to  1);  values  of 
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Fig.  3.1.  Elliptic  cylindrical  geometry. 


=  cosh  u j  corresponding  to  a  few  typical  ratios  are  tabulated  in  the  following: 


maj0raX,s  =  100:1 
minor  axis 

10:1 

5:1 

2:1 

£i  =  1.0000500 

1.005037  8 

1.0206207 

1.154700  5 

The  definitions  and  notation  lor  the  Methieu  functions  are  those  of  Stratton 

[1941].  Thus,  the  even  and  odd  radial  functions  of  the  first,  second  and  third  kinds 

are  indicated  by  £),  where  j  -  1,2  and  3  respectively,  whereas  the  symbols 

o 

Sem(r,  t])  are  used  for  the  angular  functions;  m  ^  0  is  an  integer,  and  So0(c,  tj)  =  0, 
om 

so  that  al!  the  terms  in  the  summations  over  m  of  the  following  sections  which  con¬ 
tain  functions  Som  are  to  be  taken  equal  to  zero  for  m  =  0.  The  parameter  c  is  the 
product  of  wave  number  and  semi-focal  distance:  c  =  \kd.  The  quantities  N(*)Ao 
which  appear  in  the  following  sections  are  functions  of  m  and  r,  and  are  defined 
by  Stratton  [1941].  Numerical  tables  for  Mathieu  functions  and  related  quan¬ 
tities  with  notations  which  at  least  partially  agree  with  that  adopted  in  this  chapter 
are  given  by  Stratton  et  al.  [1941],  Wiltsl  and  King  [1958a,  b]  and  the  National 
Bureau  of  Standards  (1951 )  A  list  of  numerical  tables,  and  a  comparison  of  notations 
used  by  different  authors,  arc  given  by  Blanch  [1964],  Recent  results  on  asymptotic 
expansions  arc  found,  for  example,  in  Dingle  and  Mulllr  [1962],  in  Mulli  r 
[1962]  and  in  Sharplis  [1967]. 

Although  no  precise  information  on  the  rapidity  of  convergence  of  the  infinite 
eigenfunction  scries  representing  the  exact  solutions  seems  to  be  available,  it  is  prob¬ 
able  that  the  series  converge  at  least  as  rapidly  as  the  corresponding  eigenfunction 
series  for  a  circular  cylinder  of  diameter  il$ , . 
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3.2.  Plane  ware  incidence 

3.2.1.  E-Polarization 

3.2.1. 1.  EXACT  SOLUTIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis, 
and  forms  the  angle  <j>0  with  the  negative  x-axis  and  the  angle  (in~$0)  with  the  nega¬ 
tive  )>-axis  (0  ^  (f> 0  f*  in),  such  that 

El  =  z  exp  { -  i k(x  cos  (j>0  +  y  sin  <£c)}, 

ff1  =  y(  — sin  (p0  x  +  cos  <f>0y)  exp  {  -  ik(x  cos  (f>0+y  sin  <£0)},  (3.3) 

then 

£5  =  — n/8jt  I  (-if  [-^  «e!^>(c,  S)Sem(c,  cos  0o)Sem(c, ,,)+ 

m~o  UC 

+  i  ?r#T!  Ro"  Yc'  ^So^c’ cos  ^o'lSoJc,  ij)]  .  (3.4) 

Ml)  J 

On  the  surface  <5  =  <fi : 


*  S»*k« **•  “  WSo'(c'  "’l '  (3'5) 


In  the  far  held  (£  -+  oo): 

1  KeilM.) 

£eL}|(c  it) 

i  Ko^M.) 


£  -  -2^i(- 1 l)m  [^j  Sejc, cos 0o)Sem(c,  „)  + 


+  — —  — 


<°’  «oi,3»(c,  {,) 
The  total  scattering  cross  section  per  unit  length  is: 

■  R^}C'  il)  Sejc,  cos  <t>0)'\ 

LiVL*’  Re^M,)  : 


Som{c,  cos  c/>o)So„(f,  ij)  .  (3.6) 


8  it  ” 

<^T  =  -  E 

K  m  =  0 


1  KoUV.fi)*  / 

-f  ,  Som(t\  COS  </>0) 

For  incidence  along  the  major  axis  (</>0  =  0): 


2-1 


E'.  =  -v  8it  y  (  ir  Rc"',(f’  i[)  Rc'Z'(c,  DScJc. !,). 
•  '  ,V“>  Re*„JM,) 


On  the  surface 


Y\  8,  y  (-ir  i 

.■  \  i] S';'  Re'Z'(c,  £,) 


'/)• 


(3.7) 


(3.8) 


(3.9) 
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Amplitude  and  phase  of  the  surface  current  density  have  been  plotted  by  Mandrazhi 
[1962]  for  c  =  2yJ2  and  axes  ratio  “  0  =  6.7.  The  normalized  amplitude 

of  Hv  given  by  eq.  (3.9)  has  been  computed  as  a  function  of  v  by  Barak  at  [1969]  for 
c  =  1  and  four  different  values  of  ,  and  is  shown  in  Fig.  3.2. 


Fig.  3.2.  Amplitude  of  surface  field  produced  Fig.  3.3.  Normalized  total  scattering  tross 

by  a  plane  wave  with  E*  parallel  to  the  cyl-  section  for  El  parallel  to  the  cylinder  axis  and 

inder  axis;  case  — 0  (Barakat  (1969J).  incidence  along  the  major  axis  (Barakat 

(1963]). 

In  the  far  field  (<;  -♦  oo): 


•*<>  n1:' 


(3.10) 


The  total  scattering  cross  section  per  unit  length  is: 


y  1  '  {,)'■* 

k  .“c  *cL3v.e.) 


(3.11) 


The  normalised  cross  section  n , ;d  has  been  computed  as  a  function  of  c  and  for 
eight  dilferent  values  of  by  Barakat  [1963),  and  is  shewn  in  Fig.  3.3. 
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For  incidence  along  the  minor  axis  (4>0  ~  \n): 


K  «  ->/ii  I  (-  If  P^0)  «c.  {)Se2„(c,  q)  - 

m  =  0  L  /V2m  ^2mV^»C|j 

-i  -So^(--0)  JtI+-7“L;  *>£+  ,(c,  £)So2m+  ;(c,  ,)]  . 

"  2m+ 1  ^°2m+l(C>  Si)  -I 


On  the  surface  f  = 

».-y)/S  !<-<r 

c  !  £]-rj  m= o 


Se2m(c,_0)  _  I 
■  N&  R<&(c,  {,  j 
;  S02m+1(c,  0)  I 


Se2„(c,  ti)  - 


^lm+l  ^°2*+l(c>  4l) 


St*2m+  l( 


e,  r/)l  • 


(3.12) 


(3.13) 


For  axes  ratio  1)  =  6.7,  Mandrazhi  [1962]  has  plotted  the  amplitude  of 

the  surface  current  density  for  c  =  |,  and  the  phase  for  c  =  2yJ2 ;  2;  V2;  f-.  The 
normalized  amplitude  of  Hv  given  by  eq.  (3.13)  has  been  computed  as  a  function  of 
uby  Barakat  [1969]  fore  =  1  and  four  different  values  of  fj,  and  is  shown  in  Fig.  3.4. 


Fig.  3.5.  Normalized  total  scattering  cross 
section  for  E1  parallel  to  the  cylinder  axis  and 
incidence  along  the  minor  axis  (Barakai 
(19631). 


Fig.  3.4.  Amplitude  of  surface  held  produced 
by  a  plane  wave  with  C‘  parallel  to  the  cylinder 
axis;  cased,)  Air  (Baraka l  [1969)). 
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In  the  far  field  ({  -♦  oo): 

[?•*&»> ,i- 

_  ^°2*"  +  l(C«  9)  ^°2«+l(g»  fl) 
^2« + 1  R°i ►« + 1  (c»  i  I ) 

The  total  scattering  cross  section  per  unit  length  is; 


SojM+I(c,  »j)J  .  (3.14) 


<Tt  =  - 


s"  y  TJ  A&’Mi) 

k»=oUS  RegJM,) 


Se2m(c,  0)  + 

1  igo^jMi) 

^2m+l  I  £l) 


i(c*  o)  J  • 


(3.15) 


The  normalized  cross  section  a^d  has  been  computed  as  a  function  of  c  and  for 
eight  different  values  of  it  by  Barakat  [1963],  and  is  shown  in  Fig.  3.5. 


3.2. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 


For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis, 
and  forms  the  angle  <p0  with  the  negative  *-axis  and  the  angle  <f>0)  with  the 
negative  j’-axis  (0  ^  (f>0  g  in),  such  that 

El  =  f  exp  {-ife(x  cos  sin  0O)}» 

Hl  =  y(-sin  <t>0x+cos  <f>0y)  exp  {-ik(x  cos  <f>0+y  sin  <£0)},  (3.16) 


low  frequency  expansions  may  be  obtained  either  directly  (Strutt  [1897];  Noble 
[1962];  Van  Bladel  [1963])  or  by  power  series  developments  of  the  Mathieu  func¬ 
tions  appearing  in  the  exact  solutions  (Burke  and  Twersky  [1964];  Burke  et  a!. 
[1964]). 

In  the  far  field  (£  -*  oo ;  v  =  <f>)  and  through  0(c2)  (Burke  and  Twersky  [1964]): 

l+*L)  +(if«,)2  j^M^-)(l-D)  +  fr,(cos2^  +  cos20o)]  10- 

-i  R  (I  -2D)V/((S{-1)+  (cos2<t>+cos2<|>0)- 

l^Zl  Jt{f 

-  *(  1  +  <  T  VU ?  - 1  )Xc«  <t>  cos  +  ;  f '  yfi ?  - 1  sin  <l>  sin  $„)j  j  •  (3-17) 

where 

o. 

L  =  -/  +  log[M<,+vC;  — !»]•  0->») 

and  y  -  0.577215  7  ...  is  Euler's  constant.  Burke  and  Twersky  [1964]  have  derived 
a  closed  form  for  P  correct  through  0(c6),  and  have  expanded  it  through  0(ct?) 
(  Burke  and  Tw  ersky  [i960])  The  normalized  bistaiic  cross  section  per  unit  length  for 


PLANE  WAVE  INC  IDENCE 


135 


Fig.  3.6.  Normalized  bistatic  cross  section  \ko(<f>)  for  £l  parallel  to  the  cylinder  axis  with  <f>0  =  45 
and  axes  ratio  fj/v'd*—  0  ~  2  (Burke  and  Twersky  (1964]). 


Fig.  3.7.  Normalized  bistatie  cross  section  for  £l  parallel  to  the  cylinder  axis  with  <£„  -  45 

and  «,  -1.1  (Blrke  and  Vversky  (1964]). 


136 


THE  ELLIPTIC  CYLINDER 


3.2 


<j> o  =  in  and  different  values  of  the  axes  ratio  and  of  c is  plotted  as  a  function  of  <f> 
in  Figs.  3.6  and  3.7.  Burke  et  al.  [1964]  have  plotted  the  normalized  bistatic  cross 
section  per  unit  length  i ko(<f>)  as  a  function  of  0  for  0O  =  in;  =  0.3,  0.7,  1.1 
and  axes  ratio  J  -  l/£i  =  0,  i,  i, },  1.  The  normalized  back  scattering  cross  section 
per  unit  length  is  shown  in  Fig.  3.8  as  a  function  of  0O  for  c(t  =  1.1  and  in  Fig.  3.9 
as  a  function  of  c£i  for  0O  =  in,  for  five  different  values  of  the  axes  ratio. 


V90# 


Fig.  3.8.  Normalized  back  scattering  cross  section  \ka  for  El  parallel  to  the  cylinder  axis  and  — 

1.1  (Burke  and  Twersky  [1964]). 


The  total  scattering  cross  section  per  unit  length  is 
4 

aT'* 


•  D  jl-(K.)J  [2vy'L  *^(I  —D)+i\'2  cos20oj  j  .  (3.20) 


The  normalized  total  scattering  cross  section  per  unit  length  corresponding  to  the 
closed  form  derived  by  Burke  and  Twersky  [1964]  is  shown  as  a  function  of  0O  for 
ci i  =  1.1  and  different  values  of  the  axes  ratio  in  Fig.  3.10. 

For  incidence  along  the  major  axis  (0O  =  0),  in  the  far  field  ({  -*  oo;  v  =  0)  and 
through  0(c2): 


P-o(-l+2lLi  +<**,)’ ‘'U-DH-cr’n+cos  20)1  */>- 
\  TC  J  IL  {,L  J 


•  P?  (|-2D)X({?-1)+  ^  (1  +cos  2</>)-n(l  +  si"  \  (<5 j  - 1 ))  cos 

Usi  nl\ 


5*]r 


(3.21) 
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Burke  ct  al.  [1964]  have  published  diagrams  of  the  normalized  bistatic  cross  section 
per  unit  length  lk<j(<p)  as  a  function  of  <£  for  c$x  =  0.3,  0.7.  l.l  and  axes  ratio 

'if- 1  ii  i  i. 

The  normalized  back  scattering  cross  section  per  unit  length  as  a  function  of  czx  and 
for  different  values  of  the  axes  ratio  is  shown  in  Fig.  3.1 1. 
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Fig.  3.1 1.  Normalized  back  scattering  cross  section  for  £‘  parallel  to  the  cylinder  axis,  and  incidence 
along  the  major  axis  (Burke  and  Twersky  11964]). 


The  total  scattering  cross  section  per  unit  length  is: 

*t~£d(i-(K.)2  [^(.-D)^2])-  (3.22) 


For  incidence  along  the  minor  axis  (<j>0  =  i?i),  in  the  far  field  (f  -►  go,  v  =  </>)  and 
through  0(c2): 

P  ~  +Qc^i)2  />)— £r20  —cos  2$)J  i D- 

-i  r^(l-2D)v^-l)-  ^(l-cos2^)-K(l-^2+^'v(^-l))sinJ|. 

I  -N 

(3.23) 

Burke  et  al.  [1964]  have  published  diagrams  of  the  normalized  bistatic  cross  section 
per  unit  length  iko((t>)  as  a  function  of  (j>  for  c£x  =  0.3,  0.7,  1.1  and  axes  ratio 

=0,i,i,  l  1. 

The  normalized  back  scattering  cross  section  per  unit  length  as  a  function  of  eg,  and 
for  different  values  of  the  axes  ratio  is  shown  in  Fig.  3.12. 

The  total  scattering  cross  section  per  unit  length  is: 


<jr~  %ji-(K,)2 


(3.24) 
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1.0 


0.5 

0 

Fig.  3.12.  Normalized  back  scattering  cross  section  for  E1  parallel  io  the  cylinder  axis,  and  incidence 
along  the  minor  axis  (Burke  and  Twersky  [1964]). 

3. 2.1. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  r-axis, 
and  forms  the  angle  0O  with  the  negative  .v-axis  and  the  angle  0)  with  the  nega¬ 

tive  jxixis  (0  g  0O  g  i/r),  such  that 

E*  as  £  exp  { - ifc(x  cos  0O  +  y  sin  0O)}, 

H 1  =  V(  -  sin  0o  *  +  cos  0o  9)  exp  { -  i k(x  cos  0O  +  y  sin  0O)},  (3.25) 

the  geometrical  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region  is 

=  -  I  +  2-P|  Ppl  exp  {ifc[(P,  P)  v i  cos  4>o-yx  sin  <£„]}.  (3.26) 

L  Dcos0iJ 

where  (P,P)  is  the  distance  between  the  reflection  point  P,  =  z)  =  (ii,r}lyz) 

and  the  observation  point  P  h=  (.y,  r,  z)  s  (£,  r 7,  2), 

(P1P)  =  [(x-.xI)2+(>-y1)2]*.  (3-27) 

D  is  the  radius  of  curvature  of  the  scatterer  at  Pj : 

D  =  id  ,  (3.28) 

SI  vvsi  -  1) 

the  re.  ction  angle  0t  of  Fig.  3.13  is  given  by: 
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COS0,  = 


,.,2  V,  ['ll  Vtf-i  cos  <i‘o±i,'J\-rit  sin  <£0], 

\/vs  I 


(+  for  y,  |  0), 

(3.29) 


Fig.  3.13.  Geometry  for  reflected  field  with  plane  wave  incidence. 


and  rjx  is  a  root  of: 

u _  cos  $q  +  <xZ *\J l -rjj  sin  j>j 

2(p] P)  "  «Wl  -  o+K.^r?*  - W  -7)0 -*?)}  ’ 

where 

a  =  ±1,  for  vj  $  0; 

|  +  1,  if  >*  and  y{  have  the  same  sign; 

^  \  -  I ,  if  y  and  y{  have  the  opposite  sign. 

In  the  shadowed  region,  (£.)g.0.  =  0. 

Formula  (3.26)  is  a  good  approximation  if  kD  »  1 ;  this  condition  is  satisfied  a 
fortiori  if: 

<«  i-{r,)»i.  (3.30 


(3.30) 


For  incidence  along  the  major  axis  ( <p0  =  0)  and  in  the  illuminated  region: 

=  -  \J'~\  l1exp{5c({-2{1)}. 

UsCi-Cl-U 

and  the  back  scattering  cross  section  per  unit  length  is: 


/  S  C  -  1  \ 

*Ul . 


Si  /• 


(3.32) 


(3.33) 


For  incidence  along  the  minor  axis  (<f>„  =  Jrr)  and  in  the  illuminated  region: 

=  -i,[2 -c;  +  2N  !(c*- l)<cf- I)}]'1  exp  ;MNUsJ-l)-2s ({{-!))}.  (3.34) 
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and  the  back  scattering  cross  section  per  unit  length  is: 


0g.O. 


<<  y/ai-i) 


(3.35) 


In  the  physical  optics  approximation,  the  total  magnetic  field  ai  a  point  P1(<J x ,  z) 
on  the  surface  (  «  is: 

=  "j-  ('ll  cos  <t>o±ii\'l-nl  sin  <j>0) 

\K% \  tfi) 

(H„)P.o.  xexp{-ic[{,»j,  cos^0±v((«f  — i)(l-'J;)}sin^0]}  (±  if >'i  £  0), 

in  the  illuminated  region, 

.  =  0,  in  the  shadowed  region.  (3.36) 

In  the  far  field  -►  oo)  (Burke  and  Twersky  [I960]): 

p,,.  =  -y  Rnc^i -iV)  I  cos  Kt)-</>o)l}[l  — <;r 2  sin2  (K"+^o))]~* 
x  exp  [iire + 2ic  ^ ,  Vl  -  4T 2  sin2  i(v + <t>0)  cos  i(t>  -  <£„)]  + 

,  ,  „ .  r _ /..  .A  ..n  sin  [2c.4  sin  (l(v+<j>0)—y)  cos 


+  \cA  [cos  (ti  v)  cos  ($o  v)] 


2c A  sin  (i(t’+4'o)-y)  cos  i(v-<p0) 


where: 


f  tan  S 0“ 

y  =  arctan - ”  , 

'  i  e-2 


A  =  c, 


,an^0+(!  -c72)2 

tan2  <t>0+l-^z 


(3.37) 


(3.38) 


(3.39) 


The  total  scattering  cross  section  per  unit  length  is  (Burke  and  Twersky  [I960]): 


(<rT)p.o.  =  2Ad  cos  (<t>0  —  y)  =  2/, 


(3.40) 


where  /  is  the  distance  between  the  two  rays  at  grazing  incidence,  i.e.  the  “thickness” 
of  the  cylinder  {  =  <;,  as  seen  from  the  direction  of  incidence  (see  Fig.  3.13).  In 
particular,  for  incidence  along  the  major  axis, 


[(ffl)p.o.]*o  =  0  —  “  \  (£i”l)* 


(3.41) 


whereas  for  incidence  along  the  minor  axis. 


[(<7t)p.o.]*,  =  90  £i- 


(3.42) 


A  better  approximation  for  the  total  scattering  cross  section  per  unit  length  is 
available  for  incidence  along  the  major  and  minor  axes  (Wu  [1956]): 
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(»i)fc-o-  ~  2dV{?-l{l+0.498076595[c«1-{r')j'i+  •  • 

(3.43) 

(»t)fc-9o-  ~  2d{t  jl  +0.498076595  *+  . .  .j . 

(3.44) 

An  approximation  in  which  an  expression  for  the  diffracted  field  is  retained,  may 
be  obtained  either  by  an  asymptotic  expansion  of  the  exact  solution  or  by  Keller’s 
geometrical  theory  of  diffraction.  In  the  latter  case,  the  scattered  electric  field  is 

written  as: 

El  =  +(£l)d. 

(3.45) 

The  diffracted  field  (£‘)d  at  a  point  P(f,  rj ,  z)  away  from  the  surface  {  = 

is  (Keller 

[1956]): 

(£^)d~y  j(p2pr+Bn(p,)B„(p2) 

n  L  v 

x  exp 

ifc{(P2P)-ATp,  cos  <t>o-yP,  Sin  </>0}  +  j  (ik  +  S„)dl  + 

+(Q2p)~*  b„(q,)b„(q2) 

x  exp 

ik{(Q2p)-*o,  cos  <j>o-y0l  sin  0O}  +  Jq  (ifc+<5„)d/J  j 

x(,_ 
X  jl 

exp^(ifc+5„)d/JJ  j, 

(3.46) 

where  the  points  Plf  P2,  Qi  and  Q2  on  the  surface  <!;  =  £,  are  shown  in  Fig.  3.14, 


Fig.  314.  Geometry  for  diffracted  field. 

the  line  integrals  JqJ,  and  f  are  evaluated  along  the  optical  rays  from  P,  to  P2 
and  from  Q,  to  Q2,  and  around  the  entire  ellipse  {  =  ,  respectively.  The  arclength 

element  d /  is  given  by 


2 
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The  decay  exponents  8n  and  the  diffraction  coefficients  Bn  may  be  written  in  the  forms 

=  B0„y„ ,  (3.48) 


where 


Zon(n)  =  ik  exP{l'nK(^-’/2)'1.  (3.49) 

aM'  [«,7SF-r)]'',p!Ai',(iS!)W(-“-)r''  <3M) 


and  jin  and  yn  may  be  taken  equal  to  unity  in  the  first  approximation,  whereas  in  a 
second  approximation  (Keller  and  Levy  [1959]): 


= i+ e--a.  r — ,v  1  [us 4^1  -  (3-si) 

60  "l2{1VKf-l)J  L  {f(i?-l)J 


yM  =  exp  4«.V“[ic{f({?-l)]-*  •  (3.52) 

»  >/($?-*)» 

The  diffracted  field  near  the  surface  ^  is  of  the  order  c*  greater  than  the  field  of 
eq.  (3.46)  (see  Keller  [1956]). 

A  rigorous  asymptotic  expansion  for  the  field  at  {  =  <*,  is  (Weinstein  and 
Fedorov  [1961]): 

i  v  00 

..  li  .  a  .  I  \  /  m. 


l  B(v+2nj;  0O), 
);=-*> 


(3.53) 


where 


B(«;  <j>0)  =  [2c\‘1N/(tf-D]*  PS  C°S^l/[(-ir(Cu-0] 

L^J-cos  a  _ 


*  exp  {-i[fcJ(I+(-l)’,(r-t1„)]}.  (3.54) 


J  =  cos  0O  cos  i>,  , 

2«, 


(3.55) 


=  ej  %/(£{  -cos2  r)dr,  t1(1  =  cl  ^/({f-cos2  t>)dr,  (3.56) 


C  =  k 


c _ 1‘*f« _ dr 

■2<J,  V(ijf-l)J  i  V(if-C°s2r)  ’ 

cL  1'}r-  _  dr 

J  v'tff-cos2.’)' 

_  |l.  for  r  >  , 

I?.  for  3  <  4>0< 


(3.57) 


(3.58) 


the  l  ock  function  /'[;]  is  defined  in  the  Introduction,  and  r, ,  and  r,  2  are  the  angular 
coordinates  of  the  points  of  grazing  incidence,  as  shown  in  Fig.  3.15. 
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I  .g.  3.15.  Geometry  for  surface  field  and  far  field  ( Weinstein  and  Fedorov  [1961]). 


If  the  argument  (-  1)^(C  i/t  —  C)  of  /is  large  and  negative,  eq.  (3.54)  must  be  replaced 
by: 

B( a ;  <po)  =  -  2ic(\/ { f  - 1  cos  a  cos  (j>0  +  £ ,  sin  a  sin  0O) 

xexp  [-ic(£,  cos  a  cos  <j)0  +  V{?—  1  sin  a  sin  <£0)].  (3.59) 

A  rigorous  asymptotic  expansion  for  the  far  field  coefficient  (£  -+  oo)  is  (  Weinstein 
and  Fedorov  [1961]): 

P  =  Jixt*'*  f  y(v+2nj;<t>0),  (3.60) 

where 

•/(a:  0»)  =  -  v'2  T  ‘ 1  [(tf-cos2  al(1)(^-cosJ  f,,)]* 

\  vCt  “ 

x/[(- 1  exp  [-ifc(4,+  J,)+i(  -  ir(rlM-f  (3.61) 

and  are  obtained  from  rtfl  and  respectively,  by  replacing  vltt  with 
('lit  in  eqs.  (3.55)  to  (3.57);  is  given  by  eq.  (3.58);  the  function /[£]  is  defined  in  the 
Introduction;  r,  t  and  tfi2  are  the  angular  coordinates  of  the  points  at  which  the  rays 
leave  the  scattering  surface  (see  Fig.  3.15).  If  (  -  ir(Ci„-£i„)  is  large  and  negative, 
cq.  (3.61)  must  be  replaced  by: 

y(j;</>„)  =  -  l  ‘  [si -cos2  t’JVcos  i(i’-0o) 

r  *Sl  V  \*»l  ■“  *) 

xexp  |-ic[s,  cos  r,(cos  r  +  cos  <£0)  +  -  1  sin  r,(sin  r-f  sin  4>0)]}.  (3.62) 


3.2 


PLANE  WAVE  INCIDENCE 


145 


where  is  given  by: 


w  ,  v  v{?-l  cos  i?, 

cosi(e+^0)  “  T  \  ' 

sj(i  ;-cosJ  t’,) 

•  1/  i  \  c,  sin  u. 
sm  i( »+&>)=  ,.„2  j  - 
v(^T -cos2  u,) 


(3.63) 


An  approximation  for  the  surface  field  which  is  sufficiently  accurate  for  practical 
purposes  may  be  obtained  by  an  extension  of  Fock’s  method  (Wetzel  [1957]; 
Goodrich  [1958];  King  and  Wu  [1959]). 

A  series  which  may  be  of  some  usefulness  in  numerical  computations  can  be  derived 
by  substituting  the  appropriate  asymptotic  representations  for  the  angular  and 
radial  Mathieu  functions  directly  into  the  exact  series  solution.  If  the  direction  of 
propagation  of  the  incident  wave  forms  the  angle  a  with  the  positive  jc-axis,  so  that 


£'  =  z  exp  {i k(x  cos  a  +  y  sin  a)} 
then  at  a  point  P(w,  y)  (Robin  [1965]): 


(3.M) 


r  cosh  u  n-o  n!  cos'*'1’ 1  a  cos"  + 1  ^ 

X  [cos2"  + 1  (ia  +  i7r)  sin 2" +  3  ( +  i;r) + sin2" + 1  ( +  i7i)  cos 2" + 1  (i^  +  in)] 
x  {exp  [-ic  sinh  u  +  i(2n  + 1)  arctan  (tanh  iw)]  - 

-exp  [ic(sinh  u-2  sinh  w,)-i(2n  +  l)y]},  (3.65) 


where 


(tanh  \u  -  sinh  u.  \ 
- '-I 

1  +  sinh  u,  tanh  \uJ 

.  _  (i\  for  0  ^  v  <  }7r, 

1 1?  —  27t,  for  in  <  v  ^  2ti; 


formula  (3.65)  is  valid  in  the  angular  sectors: 


-}7T  <  2  <  $71,  —  J7T  <  \j/  <  J/r. 


(3.66) 


(3.67) 


(3.68) 


3. 2. 1.4.  SHAPF.  APPROXIMATION 


For  an  elliptic  cylinder  whose  surface  {  =  is  defined  in  terms  of  the  circular 
cylindrical  coordinates  (px,<j>x>z)  by  the  equation 


(3.69) 


where 


s  -2 

S| 


i.e.  the  elliptic  cylinder  departs  only  infinitesimally  from  the  circular  cylinder 
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Pi  =  a,  the  scattered  field  may  be  expressed  as  a  perturbation  of  the  solution  for 
this  circular  cylinder. 

For  incidence  at  an  angle  <f>0  with  respect  to  the  negative  x-axis  and  (in-<j>0)  with 
respect  to  the  negative  >>-axis,  such  that 

-  z  exp  {-i k(x  cos  <t>0+y  sin  <0O)}.  (3.71) 

the  scattered  field  at  a  point  P(p,  <£,  z)  is: 

K  ~  [M~  +«^o)ir2]  H<‘>(fep)costn(0-^o)]  +  O({r4).  (3.72) 


where 


(3.73) 


an(4>0)  =  -  [ Hi'Xka)]'1  \  1  +  ^~a-  e2l#0+  e_2i*°l  .  (3.73) 

2*  L  2  Hi'-VM  2Hi\\(ka)  J  ’ 

In  the  far  field  (p  ->  oo): 

p  ~  -  jU(-l 1)"  +«.(W{72]cos [«(<fr-^o)]  +  0(fr4).  (3.74) 

The  previous  formulas  may  also  be  obtained  as  particular  cases  of  the  resalts 
of  Hong  and  Goodrich  [1965]  and  Clemmow  and  Weston  [1961  ];  in  the  latter  paper 
and  in  a  paper  by  Udagawa  and  Miyazaki  [1965],  high-frequency  expansions  are 
also  give:!. 

3.2.2.  H-Polarization 
3. 2.2.1.  EXACT  SOLUTIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  r-axis, 
and  forms  the  angle  <j>0  with  the  negative  *-axis  and  the  angle  (Jtf-$0)  ’^th  the  nega¬ 
tive  >>-axis  (0  (j) o  ^  irc),  such  that 

Hx  =  z  exp  {-i k(x  cos  <j>0  +  y  sin  <£■>)}, 

E'  =  Z(sin  </>0$-cos  *p0y)  exp  {-\k(x  cos  0o  +  y  sin  <£0)},  (3.75) 

then 

H\  =  -sTn  I  (-if  rj7)  Ke<?>(c,  s‘)Se„(c.  cos  *0)Se„,(c, „)  + 

+  L  rSl*  i'l  Ro”){c'  tos ^o)SoJc, „)]  .  (3.76) 

On  the  surface  c  =  : 

«.  =  ]/•„-  ,  X  (-0—  '  (J„  ,  .  Sc„(f.  cos  0o)Se„(r,  r,)  + 


Scjc,  cos  <f>0)SeJc.  n)  + 


(cjdi^Xc.i,) 


+  ,  -----  ,,,  So„(«\  cos  <j>(l)Som(c, q)  .  (3.77) 

C((’/c{,)RoL3,(c.«,)  J 
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In  the  far  field  ({  -*  oo): 

P  -  - 2*  £  (-If  I"—  ~~ Se.(c, co 

"-0  IX  > 

1  Ro(Jy(c,  {,) 


Se„(c,  cos  4>0)Sem(c,  ij)  + 


+  R°r.v^’  -  '  -  So„(c,  cos  4>0)Som(c, »,)]  .  (3.78) 

Ko<Jy(c,  {,)  ™  WJ 


The  total  scattering  cross  section  per  unit  length  is: 
8*  *  T  1  I  Re'm,y(c, 

<tt  =  —  y  —  — t~7 —  —  Sejc ,  cos  <^o)  + 

fc  jto  Ln«:»  |  «,) 


+'4»!£55tl)So-(c’cos*#)i-- 


For  incidence  along  the  major  axis  (<£0  =  0): 


On  the  surface  ;  =  ^ : 


H'~  C'  (djci^RCic,  {,)  Se"(f’  ^ 


(3.79) 


* - s^j**«»**  (3,o) 


(3,1) 


The  amplitude  of  f/2  given  by  eq.  (3.3  i)  has  been  computed  as  a  function  of  v  by 
Barakat  [1969]  for  c  =  1  and  four  different  values  of  f, ,  and  for  c  =  2  and  ut  = 
0.4.  and  is  shown  in  Fig.  3.16. 


Fig.  3.16.  Amplitude  of  surface  field  produced  by  a  plane  wu\e  with  W  parallel  to  the  cylinder  axis; 

case  0  (Barakat  [1969]). 
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In  the  far  field  ({  -»  ao): 

J.-  -2.  £  <=g  ajg'-Ji!  s, 

The  total  scattering  cros  section  per  unit  length  is: 


8*  y  _1_  |  Re^Jc,  {,)  2 

*  N(:' I  {,) , 


(3.82) 

(3.83) 


The  normalized  cross  section  a7ld  has  been  computed  as  a  function  of  c  and  for  eight 
different  values  of  by  Barakat  [1963],  and  is  shown  in  Fig.  3.17. 


Fig.  3.17.  Normalized  total  scattering  cross  Fig.  3.18.  Amplitude  of  surface  field  produced 

\ection  for  W  parallel  to  the  cylinder  axis  and  by  a  plane  wave  with  //*  parallel  *o  the  cylinder 

incidence  along  the  major  axis  (Barakat  axis;  case  Jrr  (Barakat  (1969)). 

[1963]). 
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On  the  surface  {  =  {p 


H.  =  /- 


V  /  i  y»  riSe2w(c,  0) 


So2oltt(c,0)  1  _  /  . 


Se2„(i’. »»)  + 


nK+,  (^.M^.M,) 


(<•. 9)"|  - 


(3.85) 


The  amplitude  of  //2  given  by  eq.  (3.85)  has  been  computed  as  a  function  of  M  by 
Barakat  [1969]  for  c  =  1  and  four  different  values  of  { l ,  and  for  c  =  2  and  =  0.4, 
and  is  shown  in  Fig.  3.18. 

In  the  far  field  ({  ->  oo): 


-2,1 


Se2Jc,0)  Re^fc,  <*,) 


Jr-V  Se2Jc.,)- 


Re'23J'(c,  {,) 


t(c,  0)  /?o2lllJ+ j(c,  ^|) 

1+  I  Ko^M.) 


(3.86) 


The  total  scattering  cross  section  per  unit  length  is: 

8,  V  r  1  ’  «.)  c.  /.  . 


“o  lN',ei 


!(c-  «,) 


~  ^e2m(c,  0)  + 


^2m+  1  i  «,) 


i(c,  0) 


(3.87) 


The  normalized  cross  section  oT/d  has  been  computed  as  a  function  of  c  and  for  eight 
different  values  of  c,  by  Barakat  [1963],  and  is  shown  in  Fig.  3.19. 


Fig.  3.19.  Normalized  total  scattering  cross  section  for  Hl  parallel  to  the  cylinder  axis  and  incidence 

along  the  minor  axis  (Barakai  (1963)). 
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3. 2.2.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis, 
and  forms  the  angle  <p0  with  the  negative  x-axis  and  the  angle  (in  -  (f>0)  with  the  nega¬ 
tive  >>-axis  (0  g  (p0  g  in),  such  that 

H'  =  £  exp  {-i k(x  cos  0o  +  y  sin  0O)}> 

El  =  Z(sin  0o$-cos  <p0y)  exp  {-i k(x  cos  0o+y  sin  0O)},  (3.88) 

low  frequency  expansions  may  be  obtained  either  directly  (Strutt  [1897];  Noble 
[1962];  Van  Bladel  [1963])  or  by  power  series  developments  of  the  Mathieu  func¬ 
tions  appearing  in  the  exact  solutions  (Burke  and  Twersky  [1964];  Burke  et  al. 
[1964]). 

In  the  far  field  (Z  -*  oo;  v  =  <p)  and  through  0(c4)  (Burke  and  Twersky  [1964]): 

cos  <p  cos  (pQ  +  sin  (p  sin  0O)]  + 

+  <ici  ,)4  ( ■ -  *(  1  -  it- 2)+ 1  ( 1  -  i-  +  «r  V«1  -  !)) 

x  [(l-^2)  cos  <p  cos  0o  +  sin  <p  sin  $/0]  + 

+4i  (6-3;r2-8i;r *v(g»- 0)+  )(cos2^  +  cos2^0)  + 

,  i+irV(jhi) 

4  «? 

x  ~l(cos  (p  cos  30o  fees  3  (p  cos  <p0)±s\n  <p  sin  30o+sin  30  sin  0O}  + 

+  (i-  d-,  +«r7(tf-i))(«r'  N^f=T[7+2{rV?i"-j(2L-i)]cos«/.cos^0+ 

+(7«rV«f-l)"2+4L)  sin  (p  sin  +  cos  2 <p  cos  20o  + 

+  (*  ~  ~2)  s‘n  20  sin  2<£o)]j .  (3.89) 

where 

L  =  y  +  log  [ic({ ,  +  N/({J  —  1))],  (3.90) 

and  y  =  0.5772157  ...  is  Euler's  constant.  Burke  and  Twersky  [1964]  have  derived 
the  closed  form  for  P  which  yields  the  explicit  expansion  correct  through  terms 
0(c8)  (Burke  and  Twersky  [I960]).  The  normalized  bistatic  cross  section  per  unit 
length  for  </>0  =  [n  and  different  values  of  the  axes  ratio  and  of  cs",  is  plotted  as  a 
function  of  0  in  Figs.  3.20  and  3.21.  Burke  et  al.  [1964]  ha\e  plotted  the  normalized 
bistatic  cross  section  per  unit  length  ikc((p)  as  a  function  of  (p  for  0O  --  Jr;  -  0.3, 
0.7,  l.l  and  axes  ratio  \  cj-  I  ~  0,  I. 
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Fig.  3.20.  Normalized  bistatic  cross  section  \ka{<j>)  for  Hl  parallel  to  the  cylinder  axis  with  <f>0  =  45° 
and  axes  ratio  m/v'O?*  —  1)  ~  2  (Burkf  and  Twersky  [1964]). 

The  normalized  back  scattering  cross  section  per  unit  length  is  shown  in  Fig.  3.22 
as  a  function  of  (j>0  for  =  1.1  and  in  Fig.  3.23  as  a  function  of  c£,  for 
for  five  different  values  of  the  axes  ratio. 

The  total  scattering  cross  section  per  unit  length  is: 

~  y  (K,)4  i-sr2+  (i-  +irV«?-,))(i-«s;2cos2<^„)j .  (3.91) 

The  normalized  total  scattering  cross  section  per  unit  length  corresponding  to  the 
closed  form  derived  by  Burke  and  Twersky  [1964]  is  shown  as  a  function  of  0O  for 
<s,  =  1.1  and  different  values  of  the  axes  ratio  in  Fig.  3.24. 

For  incidence  along  the  major  axis  (<£0  =  0),  in  the  far  field  ({  -*  x>:  r  =  (j>)  and 
through  0(c4): 

P  '  -l»(ki,)\r,’lN{f-l[l+(l+irlN'«f-l))COS0]  + 

+  (l-  2',  +4r'x  «{-d)  COS*  + 
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+  [3_  -L  -4L{rv«?-i)+«r2cos20+ 

2C  1  L 

+  1  * '* 1  ‘  ~ ^ (cos <t>  +  cos 3#)  +  (1-  ij  +«rV«i-0) 

x  {cos 2tf>  +[7+2fr'VfM(2A-l)]cos(#.}jJ.  (3.92) 

Burke  et  al.  [1964]  have  published  diagrams  of  the  normalized  bistatic  cross  section 
per  unit  length  ika((j>)  as  a  function  of  <p  for  =  0.3,  0.7,  1. 1  and  axes  ratio 

=o,u,  i  i. 

The  normalized  back  scattering  cross  section  per  unit  length  as  a  function  of  r<J,  and 
for  different  values  of  the  axes  ratio  is  shown  in  Fig.  3.25. 


Fig.  3.25.  Normalized  back  scattering  cross  section  for  Hl  parallel  to  the  cylinder  axis,  and  incidence 
along  the  major  axis  (Burke  and  Twersky  (1964 J). 

The  total  scattering  cross  section  per  unit  length  is: 

*T  ~  v(ic{,)40-{r2)(2-  +«rV(€i-0)  ■  (3.93) 

k  \  4i  ' 

For  incidence  along  the  minor  axis  (</>0  =  Jjt),  in  the  far  field  (i  ->  x;  r  =  <t>)  and 
through  0(c4): 

p  ~  -iit(if.eI)*Kr\''KJ-i)+(i+«r,v,«i-n)*in«+ 

+  *(i<'s‘,)4  j  -#(1  ~Si2)  +  n  (l  -  sin  <p  + 
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+  ii  IVM-1? (6-5^r2-8L{r  Vttf- !))+{," Vtf- 1  COS 2<t>+ 

L  2c  i 

+  ---i^rJ—  (sin3</>-sin</>)+  ^1  -  ^  +  {rV({?-l)) 

X  {(7<£r  V(<S?  - 1 )  -  2 + 41.)  sin  ^  -  <Er '  ViF1!  cos  20}  j ) .  (3.94) 

Burke  et  al.  [1964]  have  published  diagrams  of  the  normalized  bistatic  cross  section 
per  unit  length  i ka(<p)  as  a  function  of  (p  for  c£x  =  0.3,  0.7,  1.1  and  axes  ratio 

=  o,  i,  i, },  l. 

The  normalized  back  scattering  cross  section  per  unit  length  as  a  function  of 
and  for  different  values  of  the  axes  ratio  is  shown  in  Fig.  3.26. 


Fig.  3.26.  Normalized  back  scattering  cross  section  lor  Hl  parallel  to  the  cylinder  axis,  and  incidence 
along  the  minor  axis  (Burke  and  Twersky  [1964]). 


The  total  scattering  cross  section  per  unit  length  is: 


<Tr  ^ 


4V 


(i^i)4(2-i{r2+{r\;«{-D). 


(3.95) 
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3. 2. 2. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis, 
and  forms  the  angle  d>0  with  the  negative  jc-axis  and  the  angle  (i n-<j>0)  with  the  nega¬ 
tive  j'-axis  (0  ^  (t>0  £  in),  such  that 

Hl  =  z  exp  { -  i k(x  cos  <j>0 4- y  sin  $0)}, 

£‘  =  Z(sin  (j> o  x  -  cos  0O  $)  exP  { -  ik(*  cos  <t>0 + y  sin  <£0)},  (3.96) 

the  geometrical  optics  scattered  fiel''  it  a  point  P  located  in  the  illuminated  region  is 
(see  Fig.  3.13): 

=  [~t  +  exp{i/c[(P1P)-x,cos</>o-yisin^o]},  (3.97) 

L  Dcos^J 

where  (PiP)  is  the  distance  between  the  reflection  point  P  =  (*|,  yv ,  z)  =  (^ ,  t/j ,  z) 
and  the  observation  point  P  =  (x, y , z)  s  (f,  >/,  z),  and  Z),  ^ j  are  given  by  eqs. 
(3.28),  (3.29),  (3.30)  respectively. 

In  the  shadowed  region,  (Hz)g  o  =  0. 

Formula  (3.97)  is  a  good  approximation  if  kD  >  1 ;  this  condition  is  satisfied  a  fortiori 
if: 

(3.98) 

For  incidence  along  the  major  axis  (<t>0  =  0)  and  in  the  illuminated  region: 

(«»),.„.=  [  -  A"!  1*  exp  fic(<J  —  2<J ] )},  (3.99) 

and  the  back  scattering  cross  section  per  unit  length  is: 

(3-ioo) 


For  incidence  along  the  minor  axis  (<f>0  =  i;t)  and  in  the  illuminated  region: 
m,,,  =  {,[2-{?  +  2N/{«J-lX«?-l)}]-‘flxp{if(v'K,-1)-2v'(C;-l))},  (3.10!) 
and  the  back  scattering  cross  section  per  unit  length  is: 

nc 

k  N({?-i) 


= 


(3.102) 


In  the  physical  optics  approximation,  the  total  magnetic  field  at  a  point  P(si ,  » -  ) 

on  the  surface  i  =  is: 

(-  exp  !  -i<Uv/i  COS  <l>u±s  Sin  </>«]). 

(±  if  ;  f  ^  0),  in  the  illuminated  region.  (3.103) 
in  the  shadowed  region. 


0. 
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In  the  tar  field  ({  oo)  (Burke  and  Twersky  [I960]). 

P?.o.  =  N/{W^-irl)|cosi(»-0o)l}[I-ir2sin2(i('>+^o))]‘i 

xexp  [iiit+2if{,  \l  1  -  ^ 2  sin2  (i (v+<j>0))  cos  i(»-^o)]  + 

,  /  \  ,<  n  sin  [2cAs\n(i(v+<t>0)-y)cosUv-<l)0)'i 

+icA[cos(t-y)-cos(*0-7)]  ,,,  : ~~ . 

2 cA  sin  (i(y  +  0O)  -  y )  cos  {(v -  0O) 

(3.104) 

where  y  and  A  are  given  by  eqs.  (3.38)  and  (3.39). 

The  total  scattering  cross  section  per  unit  length  is  (Burke  and  Twersky  [I960]): 

Wp,o,  =  2 Ad  cos((j)0-y)  =  21,  (3.105) 

where  /is  the  distance  between  the  two  rays  at  grazing  incidence  (see  Fig.  3.13).  In 
particular,  for  incidence  along  the  major  axis, 


[(^p.o.l^o^O  —  \/(£i“l)> 

k 


whereas  for  incidence  along  the  minor  axis, 


[(^l)p.o. J^o  =  90  “  £l  * 

k 


(3.106) 


(3.107) 


A  better  approximation  for  the  total  scattering  cross  section  per  unit  length  is 
available  for  incidence  along  the  major  and  minor  axes  (Wu  (1956]): 

K)*„=o  -  -0.432  II998[c({,— {r1)]‘*+  •  •  •}.  (3-108) 


~  2 d(,  jl  -0.432  1)998  [  +...].  (3.109) 

An  approximation  in  which  an  expression  for  the  diffracted  field  is  retained,  may 
be  obtained  either  by  an  asymptotic  expansion  of  the  exact  solution  or  by  Keller's 
geometrical  theory  of  diffraction.  In  the  latter  case,  the  scattered  magnetic  field  is 
written  as 


+  ...  . 


=  (Hiio+wh. 


(3.110) 


The  diffracted  field  (H'\  ai  a  point  P(£,  >/,  r)  away  from  the  surface  £  =  is  (Keller 
11955]): 

(//;.)„  l  [J(P,p>-‘  b.(pi)B„(p2) 

vexp  [iA  !(P,P)  *“  *vp|COs  00 sin  0o}  +  |Pl(iA  +  *3„)d/j  + 

+(02  P)'*  3,<0,)B„(02) 

xexp  |^iA;(Q,P)-.v0l  cos  </>„-»•„,  sin  <pa]  +  j  (iA  +  <>„)d/j  j 
x  Jl-cxp  ^(iA+.3„)d/jj  'j  .  (3.1 1 1) 
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where  the  points  Pj,  P2,  Qi  and  Q2  on  the  surface  £  4,  are  shown  in  Fig.  3.14, 

and  the  line  integrals  JqJ  and  $  are  evaluated  along  the  optical  rays  from  Pt  to  P2 
and  from  Qj  to  Q2 ,  and  around  the  entire  ellipse  {  -  f  t ,  respectively.  The  arclength 
element  d /  is  given  by  eq.  (3.47).  The  decay  exponents  and  the  diffraction  coefficients 
Bn  may  be  written  in  the  forms 


where 


5,  “Jo.  A.. 
1-1 


(3.112) 


SoM  =  ik  exp{iin}fi,((2,-f]2)~‘,  (3.113) 

s“<,) '  (iir),[rtAi(-wr'-  (J"4) 

auJ  fiH  and  y„  may  be  taken  equal  to  unity  in  the  first  approximation,  whereas  in  a 
second  approximation  (Keller  and  Levy  [1959]); 

m  -  >+**'■/>.  ♦ 

+w;’[1+i^]r  (3"s) 

m  -  «p(w.v  (<♦  ^)  .  (>•■«> 


The  diffracted  field  on  the  surface  {  =  is  (Keller  and  Levy  [1959]); 

x  |fi«(Pi)exP  j^J  (i*:  +  3,)d/-ifc(xP|  cos  <j>0+yf,  sin  <^0)j  + 

+  5„(Q,)exp  £J*  (i*  +  5,)d/— ik(.t0l  cos  i>c+  yQl  sin  <£0)jj 
x  {l-cxp  [^(ifc  +  5,)d/]j  . 


(3.117) 


A  rigorous  asymptotic  expansion  for  ‘he  field  at  s  =  {,  is  (Weinstein  and  Fedorov 

11961]): 

//,  ~  T  fl(r  +  2it);  <t>0).  (3.118) 

j  ‘  “  * 

where 


B(r.  M  -.=  P;  cos7'“l  '<,[(-  im„  -C)]  exp  {-i[U,+(-  IA't-t,,)]!.(3.H9) 
L  sc{  -  cos*  -  J 


Au-  f.  rlu,  ;iH  and  /i  arc  given  by  eqs.  (3.55)  to  (3.58),  the  l  ock  function  */(;]  is 
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defined  in  the  Inti  eduction,  and  i>t;  and  vl2  are  the  angular  coordinates  of  the  points 
of  grazing  incidence,  as  shown  in  Fig.  3.15.  If  the  argument  (- l)*(CiM-*0  9 

is  large  and  negative,  eq.  (3.1 19)  must  be  replaced  by: 

B(x;<t>o)  =  ?exp[~ic({,  cos  a  cos  +  sinasin0o)].  (3.120) 

A  rigorous  asymptotic  expansion  for  the  far  field  coefficient  ({  ->  oo)  is  (Weinstein 
and  Feekjrov  [1961]): 

P  =  \/Se*to  £  v(t-+2 nj;4>0),  (3.121) 

J~ -*> 

where 

?(“;&>)  =  [(^f-cos2t'1(i)(if -cos2  »,„)]* 

%  (s  i  -  1)J 

x^r(-  ir(c«.“C.^)3  exp  [-iAc(^-hjM)-hi(-ir(T^-f^>],  (3.122) 

iiM  and  £lfi  are  obtained  from  d„,  t1u  and  £lu  respectively,  by  replacing  vlM  with 
vi/4  in  eqs.  (3.55)  to  (3.57);  n  is  given  by  eq.  (3.58);  the  function  is  defined  in  the 
Introduction  (Section  1.3.3):  the  angular  coordinates  i>n  and  vl2  of  the  points  of 
grazing  incidence,  and  ,  and  r  1 2  of  the  points  at  which  the  rays  leave  the  scattering 
surface,  are  shown  in  Fig.  3.15. 

If  (-  O'  ^i^-Cim)  is  large  and  negative,  eq.  (3.122)  must  be  replaced  by: 

x  1  /  Q  _  - 

?(*;<£o)  =  J/  Cif — cos*  »i3*v'cos-K»-^°) 

xexp  {-ic[C[  cos  c,(ccs  v + cos  <f>0)+ Vi?  —  1  sin  t:,(sin  c+sin  (/>„)]}, 

(3.123) 

where  i>,  is  given  by  eqs.  (3.63). 

An  approximation  for  the  surface  field  w  nich  is  sufficiently  accurate  for  all  practical 
purposes  may  be  obtained  by  an  extension  of  Fock's  method  (Wetzel  [1957]; 
Goodrich  [1958];  King  and  Wu  [1959]).  in  particular,  the  surface  field  (<J  =  fi) 
in  the  shadow  region  for  incidence  along  the  minor  axis  (< p0  —  \n)  is  (Goodrich 


(1958)): 

H.  ~  tikLg(A)+t"‘Lg(A'), 

(3.124) 

where 

(3.125) 

L  =  R‘,[E(i;r,  £,)+£(**-/?.{,)], 

(3.126) 

•i  =  [Md.-ir'fl’C 

(3.127) 

i'  =  )+F(i*-ft{,)]. 

(3.128) 

l  2k  —  r,  if  J7T  ^  r  g  2rr, 

!r-;r,  if  k  <£  r  ^ 


(3.129) 
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the  elliptic  functions  E  and  Fare 


(3.130) 

(3.131) 


the  function  g(£)  is  defined  in  the  Introduction,  and  L  and  V  are  the  path  lengths 
measured  along  the  ellipse  {  =  <!;,  from  the  shadow  lines  to  the  observation  point 
P(€«  •  if)  (see  Fig.  3.27). 


Fig.  3.27.  Geometry  for  the  Fock-Goodrich  approximation. 


For  incidence  along  the  minor  axis  ($0  =  in),  the  surface  field  amplitude  \H.\  and 
phase  (arg  H:  +  c  v/ (<?f  —  1))  have  been  plotted  as  functions  of  the  arc  distance  from 
the  center  (u  =  w,,  v  -  ±n)  of  the  illuminated  side  by  King  and  Wu  [1959],  who 
compared  the  experimental  results  of  Wetzel  with  the  Fock,  Fock-Goodrich  and 
Wetzel  approximations  for  c!;x  =  12  and  {,/>/({?  -  1)  =  1.2  and  1  6,  and  by  Wetzel 
and  Brick  [1960],  who  compared  their  experimental  results  with  the  Fock  approxi¬ 
mation  for  c(f,  -t; ')  =  8.3  with  t;-  ---  0.552,  c(«J,  ')  =  4.7  with  <,7 1  =  0.780, 

and  c(<S i  —  <ST  1 )  =  2.2  with  1  =  0.910. 

A  series  which  may  be  of  some  usefulness  in  numerical  computations  can  be  derived 
by  substituting  the  appropriate  asymptotic  representations  for  the  angular  and 
radial  Mathieu  functions  directly  into  the  exact  series  solution.  If  the  direction  of 
propagation  of  the  incident  waves  forms  the  angle  a  with  the  positive  .v-axis,  so  that 

H'  =  z  exp  [i k(x  cos  a  +  y  sin  a)},  (3.132) 

then  at  a  point  P(w,  v)  (Robin  [1965]): 

-  e-2f  y  l  m 
cosh  u  n  =  o  n !  cos" * 1  a  cos" + 1 1 j/ 

x[cos2"+l  (J*  +  i7r)sin2"+,(i^  +  ij[)  +  sin2"+,(iat  +  in)cos  2"+,(}«//  +  { n)] 
x  [exp  [-i c  sinh  u-Fi(2n  +  1)  arctan  (tanh  {u)]  + 

4  ex p  [ic*(sinh  u-2  sinh  u,)-i(2u  + 1  )y] ] , 


(3.133) 
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where 


y  =  arctan 


tanh  iu-sinh  ux  1 
1  +sinh  m,  tanh  Jix 


i\  for  0  g  v  <  ire, 

v—2 re,  for  jre  <  v  g  2re; 


formula  (3.133)  is  valid  in  the  angular  sectors: 


ire  <  a  <  ire,  -ire  <  ^  <  ire. 


(3.134) 


(3.135) 


(3.136) 


3. 2. 2. 4.  SHAPE  APPROXIMATION 


For  an  elliptic  cylinder  whose  surface  f  =  {j  is  defined  in  terms  of  the  circular 
cylindrical  coordinates  (p,,  ,  z)  by  the  equation 


Pi  =  a  1- 


sin2  <j>{ 


where 


«i»l. 


(3.137) 


(3.138) 


.e.  the  elliptic  cylinder  departs  only  infinitesimally  from  the  circular  cylinder 
Pi  =  u,  the  scattered  field  may  be  expressed  as  a  perturbation  of  the  solution  for  this 
circular  cylinder. 

For  incidence  at  an  angle  <j>0  with  respect  to  the  negative  x-axis  and  (i re-0o) 
with  respect  to  the  negative  v-axis,  such  that 


W  -  z  exp  [  -ifc(jc  cos  </>0  +  y  sin  0.3)}, 


(3.139) 


the  scattered  held  at  a  point  P(/>,  </>,  z)  is: 


in-  -lu-i  r 


'  rjika) 


+  i" 2  W”  '(kfi)  cos  [n(>  -<^>o)]  +  Ofc^4), 

-I  / 


(3.140) 


where 


i(  I  -  ’ll  ',2  l  f,  («-•)(»- 2)1  2i*0 


I  (fc«)2  L 


e  ”  + 


Vll'Uka)  L  (ka)2  J  I 


(3.141) 


In  the  far  field  (/>  -*  x): 


/’  '-i*.(-ir[  cos[n(0-^o)]  +  O({74).  (3.142) 

»  o  L H„  {ka)  J 
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3.3.  Line  sources 
3.3.1.  E- Polarization 


3.3.1. 1.  EXACT  SOLUTIONS 


For  an  electric  line  source  parallel  to  the  axis  z  of  the  cylinder  and  located  at 
(Co*  >?o)>  such  that 

E'  =  zHq  \kR)%  (3.143) 

the  total  electric  field  is 


X  Re(„3,(c,  i>)Se„(c,  ij0)Sem(c,  tj)+ 


x  RotfXc,  S>)Som(c,  no)Som(c.  f/)(  .  (3.144) 


On  the  surface  {  -  {p 


Hv  ~  cjtf-riSo  ^^SCjcM^)  + 

+  i  r  §ri\ So"(c'  i°)So<»(c'  4)1  •  (3-145) 


In  the  far  field  ({  -♦  oo): 


E:  =-■  V±  e'*«-*'V8*  I  (-'•)"  \r^(c,  {„)  -  Rejftc.  So) 

‘net,  m=o  \N'°’  L  Ke^M,)  J 


X  Sem(i\  ri0)Sem(c,  tj)  + 


+  J  -  f RoL'V,  (j.) -  *°"  (/4’!  Ro”'U'  «1  So»<f'  4o>S°m(c.  ff)}  •  (3.146) 

Nlm  L  <;,)  J  1 

If  the  line  source  is  in  the  plane  y  -  0  at  ({0.  to  —  O' 

£‘  =  4 1  ‘<r,  K>> «<)-  RtfV.  «<)]  sMScjc, ,). 

m_0  I’m  1-  *>1/  -1  ^  147) 


On  the  surface  {  = 


H  =  f  iR^,wSc(  j 


(3.148) 
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In  the  far  field  (£  oo): 


E, ,  |/J_  «V, «]  SO,  -). 


(3.149) 


If  the  line  source  is  in  the  plane  .v  =  0  at  (i„,  rj0  =  0): 


£  =  4  y  (Se2m(c.  O)  f/jeVVc  l  )-  Re^Hc  c  )1 

‘  A I  JV?‘  Rc'&c.tt)  Re,"(C’{<)J 

*Ke&V.£>)Se2m(c,  tj)  + 


,  So2m+,(c. 0)  T  (1)  -  -  Ro2„+i(c,  {,)  u,  ,  . 

+  nm  «°2™+iK.C<)-  ,j,  ,  R°2„+.(c.C<) 

™2ro  +  1  L  |V<*  S  l)  -I 


xR^+!(f.{>)So2lltl(c.i|)  .  (3.150) 


On  the  surface  <  = 


♦’STS&h-H-  <3,5,> 

For  axes  ratio  fj/vXif  —  I)  =  6.7  and  w0  =  0.7213,  Mandrazhi  [1962]  has  plotted  the 
amplitude  of  the  surface  current  density  for  c  =  2v/2,  and  the  phase  for  c  =  2N'2: 

9-  /?•  4. 
v  * >  s* 

In  the  far  field  (£  -»  oo): 

£.  =  1//  — I  (-l)m 

r  TTC'f  m  =  0 


TU'Z 

(Se2n(c,0) 


*&>(<%  {„)-  Re”->(c’  «»)1  1)  - 

^e2m(C»  Si)  -I 


•  ^°2m+  lU«  r»n(l)  e  \  ^°2m+l(C’£l)  d0<3)  /  e  \  C  v  «\l 

2  m  +  1  L  K02m+iK*Sl)  -»  ; 


(3.152) 


3. 3. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 


No  specific  results  are  available;  however,  low  frequency  approximations  can  be 
easily  derived  either  from  the  exact  formulas  of  the  previous  section  or  by  general 
methods  (see,  c.g..  Noble  [1962]). 

3.3.1. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  an  electric  line  source  parallel  to  the  r-axis  and  located  at  (£0,  r?0),  such  that 


E'  =  UI'o'XkR), 


(3.153) 
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and  so  far  from  the  surface  {  =  that  at  the  surface 

*l/  2 


f 


(3.154) 


the  geometric  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region  is 

(£;u.-l/rt:r,+^+ 

»  irfc(P0Pi)  L  D  cos  <(>, 


(PoP.) 


J  exp{ik[(P0Pl)+(P,P)]~lm}, 

(3.155) 


where  (P0Pi)  and  (PjPj  are,  respectively,  the  distances  between  the  source  P0  and 
the  reflection  point  Pi(fi ,  rjx ,  z)  and  between  Pt  and  the  observation  point  P, 

the  coordinate  ?/,  is  determined  as  a  function  of  £0,  >/0,  £*  *1  and  5 1  by  the  relation 

d 


D  =  {d 


(3.156) 


a? 


Rp0Pi)+(p,p)]  =  0, 


(3.157) 


and  the  reflection  angle  by 

cos<>  =  UoWi-£i)n/£?-1  +  <m\/<So-I  sinuosinu, 

^C?-»l?[Uo»lo-5|ili)2+(\/{o-l  sint’0-N^f-l  sini’1)2]1 


(3.158) 


Formula  (3.155)  is  applicable  if  AZ>>  1;  this  condition  is  satisfied  a  fortiori  if 

<*(£,- 4r‘)>l.  (3-159) 

In  the  shadowed  region,  (£,)g0<  =  0. 

In  the  physical  optics  approximation,  the  total  magnetic  field  at  a  point  P,  on  the 
illuminated  portion  of  the  surface  c  =  ^  due  to  the  source  of  eq.  (3.153)  is 


(HXo.  =  2irf/‘,WPoPl))cos0M 


(3.160) 


where  <£,  is  the  angle  of  incidence;  on  the  shadowed  portion  of  the  surface,  (//„)p.0.  =0. 
If  the  approximation  (3. 1 54)  applies,  then  the  surface  field  (3. 1 60)  becomes 


(MrVo.  ^  2Y  1/  "  exp  {iA:(P0 P, )  —  iizr}  cos  </>, . 

r  ^(p0p,) 


(3.i6i ; 


An  approximation  in  which  an  expression  for  the  diffracted  field  is  retained,  may 
be  obtained  either  by  an  asymptotic  expansion  of  the  exact  solution  (Levy  [I960]; 
WiiNsn.iN  and  Fedorov  [1961])  or  by  Keller's  geometrical  theory  of  diffraction.  In 
the  latter  case,  the  scattered  electric  field  is  written  as: 


+(r.)d. 


(3162) 
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The  diffracted  field  (£|)d  at  a  point  P (£♦>?,  z)  away  from  the  surface  £  =  £t  and 
corresponding  to  the  incident  field  of  eq.  (3.154)  is  (Keller  [1956]): 


If  nfc(P0P,)(P2P)  » 


I'P! 

x  exp  -}m  +  ifc{(P0P|)+(P2P)}  +  (ik+S„)dl  + 

JP, 


+  \  nilB„(Q,)Bn(Q2) 

f  ^(p0Q.)(Q2P)  - 

xexp  ^-iiit  +  ifc{(P0Q,)+(Q2P)}  + (ifc+<5„)d/jjjl-exp  ^(ifc+d„)d/  j  . 

(3.163) 

where  the  points  Pt,  P2,  Q,  and  Q2  on  the  surface  £  =  £,  are  those  shown  in  Fig. 
3.14  (but  now  the  incident  rays  originate  at  the  point  P0(<;0,  r/0)  and  no  longer  at 
infinity),  and  the  line  integrals  J£3,  JqJ  and  j  are  evaluated  along  the  optical  rays  from 
P*  to  P2  and  from  Qt  to  Q2,  and  around  the  entire  ellipse  {  =  si ,  respectively.  Thc- 
arclength  element  d /  is  given  by  eq.  (3.47),  and  the  decay  exponents  r)n  and  the  dif¬ 
fraction  coefficients  Bn  by  eqs.  (3.48)  through  (3.52).  The  diffracted  field  near  the 
surface  £  =  {j  is  of  the  order  c  greater  than  the  field  of  eq.  (3.163)  (see  Keller 
[1956]). 

in  the  particular  case  of  a  thin  elliptic  cylinder  for  which 


;>i, 


(3.164) 


the  total  magnetic  field  on  til?  surface  £  -  £, »  due  to  a  line  source  located  at  a  large 
distance  from  the  scatterer  (u0  1)  and  of  strength  proporti  onal  to  (kR)~K  is 

(Goodrich  and  Kazarinoff  [1963]): 


//.. - V 


'}/***■«?— i*r*  e;:r;'i(-:rC(- . 


x({o-l)--o  /i!2" 


(3.165) 


where  N  is  a  non-negative  integer  much  smaller  than  but  otherwise  unspecified, 
and 


o{n"  =  -i(4n  +  3)  + 


n\  r(  —  n  —  [) 


(3.166) 


r0  =  0,  v  >  0,  c  sin  r  1, 


(3.167) 


Ci(r.  0:  -co)  -  ,  (1-Kfe4 


| exp  Jic(  1  -  cos  v)\ 


(tan  Jr)  "*  +  K, 


exp  J ic*( 3 -h cos  r)| 
cos  tr 


(tan  Jr)3;  :  <3.168* 
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t’o  =  0,  |u-7r|<l,  c|sinu|<l, 

G(v,  0;  -w)  ~  — —  -  (1  -R}c*'cy  'e1^'  ■co’"); 

3  cT,2 

0  <  !)„  g  Jit,  -it  <  ip  <  0,  c|sin  e|  »  1, 


(3.169) 

(3.170) 

(3.171) 


G(v,  v0;  -ca) 


x  |(l  +  R|/?i,e*'c) 


i(/?„— R,)eic(l~{o) 

8c(l -K,2e4lc)(l— J?,2,e4,c) 

r-  lc(l+coi«*)  ic($0  +  »fo) 
*  *4ic\  e  e 

ii  e  j - - 

_  COS  COS  iP2 


(tan  tan  Wf“ 


e;c(t-CD»f>)  elc(io-»lO) 


- — - —  (tan  i/jt)*(tan  #)"‘  + 

sm  w  cos  if}t  J 

tlc(l+cos*)  IcUo-no) 

- 77 - 77  (tan  \${  tan  #)*- 

COS  i\J/  COS 

-icd-coiVO  ^ic(Co  +  »fo) 


1 

sin  W  cos  iP2 

and  in  particular,  for  r0  =  Jxc : 
r.t„  i~.  i(£ii-Ki)e,c 


(taniW(tan^)-  j,  (3.172) 


G(i\in;  -ca)  /■v 


2ic(l-R,e2ic)(l-R|,eJk) 


‘[ 

exp  {ic(l  +cos  +)}  ((an  exp  {ic(l  -cos  *)}  #)-.1  . 

cos  sin  ji/f  J 

(3.173) 

ll 

*o  =  l^  W  <  U  c*|sin  r|  *  :  1, 

(3.174) 

then 

(1(  i\  J7r; 

_  iexp  Ml+cosWr  1  2  sin  1 

2‘c  L7^(  1  —Rtcllc)  7),(1  —  Rne2,r)J 

(3.175) 

where 

_  n1(4f)1,e_,iI' 

1  ~  r(I(l+a)) 

13.176) 

R  _  r(i(l  +x))ej!i" 

1  22,+  1f,t*r(-ix)’ 

(3.177) 

_  w*(4c)‘’e‘,“-,w 

11  2c*r(i+i«) 

(3.178) 
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R  _  r(l  +  i«)e-*'* 

"  4V+ir(j(l  —a))  ’ 

(3.179) 

,  _  (v,  for 

^  — 2rr.  for 

v  <  n, 

r  >  n, 

(3.180) 

a  =  i(iff-l), 

(j.181) 

cos  /?,  =  £*>— 1  , 
io~rio 

(Pi  ~  v0). 

(3.182) 

o  <?0r?o+ 1 

COS  02  =  “  - -  . 

£o  +  7o 

(Pi  ~  tt-O* 

(3.183) 

Goodrich  and  Kazarinoff  [1963]  also  give  a  physical  interpretation,  in  terms  of 
traveling  waves,  of  the  first  term  n  ~  0  of  eq.  (3.165)  for  r0  =  0  and  v0  =  in. 


3.3.2.  H-polarization 
3. 3. 2.1.  EXACT  SOLUTIONS 

For  a  magnetic  line  source  parallel  to  the  axis  z  of  the  cylinder  and  located  at 
(£o<  *fo).  such  that 

H'  =  zH(0l)(kR ),  (3.184) 

the  total  magnetic  field  is 


H . 


x  Re^\c,i>)SeJc,tj0)Sem(c,ri)+ 


X  Ro(J"(f,  i>)Som(c,  >io)SoJc,  >/)]  •  (3.185) 


On  the  surface  s  =  si* 


A 1 


Kc'J’(c,  (0) 
c,  I 

*0 »  v.  W 


Lr  UVrit)R^(c,it)SCjC'  ’,o)ScJl'',,)  + 


+  *  ‘"'m  V^.so/  Som(c,  ii„)Som(c.  >j)  I  . 

,vr  Wct,)Rcg\c,tx)  J 


(3.186) 


In  the  far  field  (c  -*  /. ): 
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(68 


X  Sem(c,tj0)Sem(c,ij)+ 


+ 


J,.,  [«<>  UV.  w-  *' j  Ro'm>,  {„)]  Som(c,  t)0)Som(c,  ,)j .  (3.187) 


If  the  line  source  is  in  the  plane  y  =  0  at  (f0,  tj0  =  1): 

J  *  >7 


"•  ■  4JU'  [**«-  38HM  «*•'•**■* 

On  the  surface  £  -  £t: 


//  _ 4i _  y  _L  ^e(m3)(f iio)  Se  /c  v 

'  v'({rl)-=o  S'"  (dld^RtfXc,!,)  "  ' 


(3.188) 

(3.189) 


In  the  far  field  (<;  -*  oo): 

«.  =  |/-2,  eir{-Ji\  8*  £  (-"5  Ue<mu(c,  Co)-  J'J  R^V  €o)l  Sejc,  ,). 

r  net  m=o  L  Re{m}(c,t ,)  J 

(3.190) 

If  the  line  source  is  in  the  plane  x  =  0  at  (£0,  r]0  =  0): 

*-  -  4.t.Sfc5s” 

X  Reiiftc.  (  >  )Se2m(<\  >r)+ 


+ 


so2m+1(c-,o)  r 

n-.(  I  ) 


N(,°‘ 


2m  +  I 


ro^.mj  -  ,(f,  £<) 

Ro2J+,(f,  c,) 


x  Ro'&,(e,^)So2lll+1M)).  (3.191) 


On  the  surface  s  =  4i* 

//  =  4i  y  j"Sc2m(c-,  0)  Refi(c.  <0)  ( 

1  vUi-U.M  NK  (ryC,)Re'2>.sE,)  2”  ’ 

So2m<1(c.O)  Ro'i»*  ,(c.  do)  ,  .1 

*21  ♦.  (5/«.)Ro'i*tl(f.€,)S  2"M  J  ' 

In  the  far  field  (;  ->  x): 

//.-I  2  cir''"\8s£(-ir[SCj"(f’0)rRe,.>.io)- 

1  «•;  N  »  o  I  iV'/'  L 


(3.192) 
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-  f  £’(t’  jj'J  Ke&’(e,  £0)"|  Se2m(c,  »,)- 


:  So2m+1(c,0) 


(C’  0)  r«o^+1(c.  {0)~  RD°(?r:r¥s  Ro'£*  '<<'•  ^0>1  So*»h  iM))- 

+  .  L  Rott+Jc.t,)  J  I 


(3.193) 


3. 3. 2. 2.  LOW  FREQUENCY  APPROXIMATIONS 


No  specific  results  are  available;  however,  low  frequency  approximations  can  be 
easily  derived  either  from  the  exact  formulas  of  the  previous  section  or  by  general 
methods  (see,  e.g.,  Noble  [1962]). 

3. 3.2.3.  HKiH  FREQUENCY  APPROXIMATIONS 

For  a  magnetic  line  source  parallel  to  the  e-axis  and  located  at  (£0,  tj0)  such  that 


H'  =  zH^ikR), 

and  so  far  from  the  surface  <;  =  that  dC  the  surface 


H'  ~  £ 


JfcR-liK 


(3.194) 


(3.195) 


the  geometric  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region  is 

m,,.  -  |/~  2  [l  +  -2(-P' P)  +  ;(P,P)1  "*  exp  {ifc[(P0Pi)+(P|  P)]-Ai^>. 

‘  rrA:( P0 Pi )  L  D  cos  6,  ( Fo P » )J 


(3.196) 


where  (P0P|)  and  (P,  P)  are,  respectively,  the  distances  between  the  source  P0  and 
the  reflection  point  P,({ { ,  rji ,  e),  and  between  Pj  and  the  observation  point  P;  Z),  >/, 
and  (j) j  are  given  by  eqs.  (3.156)  to  (3.158).  Formula  (3.196)  is  applicable  if  kD  1, 
ar.d  this  condition  is  satisfied  a  fortiori  if  c(£ t  5 T 1 ) 

In  the  shadowed  region,  (//2)g<0.  =  0. 

in  ihc  physical  optics  approximation,  the  total  magnetic  field  at  a  point  P,  on 
the  surface  £  -  £,  due  to  the  source  of  eq.  (3.194)  is 


|2//(0n(/v(FuP,)),  in  the  illuminated  region, 
10,  in  the  siiadow. 


(3.197) 


An  approximation  in  which  an  expression  for  the  diffracted  field  is  retained,  may 
be  obtained  either  by  an  asymptotic  expansion  of  the  exact  solution  (Kazarinoii 
and  Rut  [1959];  Livy  [I960]:  Weinstein  and  Fedorov  [1961])  or  by  Keller’s  geo¬ 
metrical  theory  of  diffraction.  In  the  latter  case,  the  scattered  magnetic  field  is  w  ritten 
as: 


//;  -  (//;)„,,  4{/r.)d. 


(3.19K) 
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The  diffracted  field  (//J)d  at  a  point  P({,  >/,  z)  away  from  the  surface  {  =  {j  and 
corresponding  to  the  incident  field  of  eq.  (3.195)  is  (Keller  [1956]): 

xexp  [-ii*+ifc{(P0P1)+(P1P)}  +  jV+iMl]  + 

+  t  Tip  -ZiJIB.mWi) 

1  nk( PoQ,)(Q2P)  » 

xexp  [-ii7r+ifc{(PoQ>)+(Q2P)}  +  (ik+5„)dj]) 

(3.199) 

where  the  points  Plt  P2,  Q{  and  Q2  on  the  surface  {  -  ii  are  those  shown  in  Fig. 
3.14  (but  now  the  incident  rays  originate  at  the  point  P0({0,  9o)  and  no  longer  at 
infinity),  the  line  integrals  Jpj,  J§J  and  §  are  evaluated  along  the  optical  rays  from  P, 
to  Pi  and  from  Q,  to  Q2,  and  around  the  entire  ellipse  {  =  respectively.  The 
arclcngth  element  d!  is  given  by  eq.  (3.47),  and  the  decay  exponents  <5„  and  die  dif¬ 
fraction  coefficients  Bn  by  eqs.  (3.112)  through  (3.116). 

The  diffracted  field  on  the  surface  Z  ~  fj  is  (Levy  and  Keller  [1959]): 


a?,-) 


*  [—j>h + 

B»(Q i )exP  jV.Q,)*/  (ifc+3„)d/jj{l— exp  £<jj(ik +<*„)<» J|  . 


+  |/--^-)B„(Q,)exp  |*(r'0Q;)+  |  (ifc+d„)d/J jjl  —  exp  ^(ifc+<),)d/J j  . 

(3.200) 

In  the  particular  case  of  a  thin  elliptic  cylinder  for  which 

c<i»l.  [>({, -{:')]*  Cl.  (3.201) 

the  total  magnetic  field  on  the  surface  (  =  Z\ ,  due  to  a  line  source  located  at  a  large 
distance  from  the  scatterer  (u0  >  1)  and  of  strength  proportional  to  (kR)~*%  is 
(Goodrich  and  Kazarinoff  [1963]): 

i/r  s  (~r\* 

Hz  ~  8i  V-C  --  l  {—Cl  G(i\  v0\  -co?'),  (3.202) 

*  *  VKS-0--0  n'2 


(3.202) 


where  N  is  a  non-negative  integer  much  smaller  than  c{,  but  otherwise  unspecified, 
and 


a[ =  -i(4n  +  I)  1  + 


( -  l)"e  , 


L  rt!T( -«-i) 


(3.203) 
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and  G  is  given  by  eqs.  (3.167)  through  (3.183).  Goodrich  and  Kazarinoff  (1963) 
also  give  a  physical  interpretation,  in  terms  of  traveling  waves,  of  the  first  term 
tt  =  0  of  eq.  (3.202)  for  v0  =  0  and  v0  =  ire. 

3.4.  Dipole  sources 

3.4.1.  Elt  c/nc  dipoles 
3.4- 1  '.EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  electric  dipole  located  at  r0  =  (£0  s=  fi»  */o»zo)  with 
moment  (4 ne/k)c,  the  total  electric  field  at  r  s  ({,  rjt  z)  is: 


E(r)  =  4nk&t(r\r0)  •  c. 


(3.204) 


where  &t(r\r0)  is  the  electric  dyadic  Green’s  function  for  the  elliptic  cylinder  (Tai 
[1954]): 

Wo)  =  jf°  1^-2  L  IJJ  r,)]  + 

2 7tJ_x  k  -V  m= .o 

+*£('.  r)[N["(-  t,  r0)+b,mN%(-t,  r0)]}  + 

+  j0)  r0)  +  aonM”'(-r.r0)]  + 

IW 

+<v£,(«,  rJfMif-/,  r0)+bo„^(-/,  r0)]}]  ,  for  {  >  (0,  (3.205) 

Wo)  =  --  f  t  r*  r0)+ 

£71 J  —  y-  k  t  m =  0  LS^, 

+[«(!,  r)  +  iuC,»(r,  r)K’»(-r,  r0)}  + 

+  J0j  {OC’(f,  r)+a0mM(03„\t,  r)]Af^’(-J,  r0)  + 

+  [AC(».  r)  +  bomN[3J(t,  r)Ki>(-  f,  r0)}]  ,  for  £  <  f0,  (3.206) 


Rei*»'(T.  €i)  ’ 


RoC'XvJx) 

RoCy(y,it) 


and  the  prime  indicates  the  derivative  with  respect  to 


h  RQy.li) 


b„  =»  - 


R°C\v. «,) 


y  =  cvl-t2/k2, 


(3.207) 


(3.208) 


=  f  [Sem(-,\  cos  f)]2dt,  QlC]  =  f  [SoM(y,cosi))]Jdo,  (3.209) 
Jo  Jo 


(3.210) 
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(therefore,  in  particular,  [Gj„e),(0>jl=0  =  W«Mo))» 

keu*  f  .  r)  r\  “1 

r)  =  ,,,2  2\  "Re<m(y’  0  7  Sem(y,  ij)-»Sem(y,  q)  -  Re'J'f y,  £)  ,  (3.21 1) 

c  <V(s  -1  )  *-  0  °v  0  0  du  o  J 

r)  =  "  J  [  «Se„(y,  q)  ~  Re'm(  V.  0+ 

o  c\/(£  —  <?  )  L  o  tfu  o 

+  ^e^(y,  {)  --  Sejy,  ,)]  +  *!zL*  e'^Re^y,  f)Sem(y,  q),  (3.212) 

o  cw  o  J  k  o  o 


y  =  1  or  3,  and  the  unit  vectors  £  and  J  are  given  by: 

tf  =  cos  »*  +  £  sin  rp), 

t  =  (<52-f)2)'*(V{2~l  cos  vP~(  sin  vi). 


(3.213) 

(3.214) 


In  particular,  for  a  longitudinal  electric  dipole  at  (£0  »^o»zo)  with  moment 
(4 rce/A:)z,  corresponding  to  an  incident  electric  Hertz  vector  ( cikR/kR)z ,  the  total 
electromagnetic  field  components  can  be  derived  from  the  total  electric  Hertz  vector 

nc  =  nj  =i-'\  dfe"b-«£  U- Re^y,  U 
It  J  -  *  --nlflL’ 

X  [ Re'm  '(y.  £ < ) -  Re™ ’(V' s < )  sera(y,  q„)SeJy,  q )+ 

L  (V»  S|) 


«Om’(y.  f  >)  fRo<J'(y,  7-)-  ^  Ro"*(y.  «<)]  Som(y,  q0)Som(y,  ij)j , 

L  Ro^(y,(t)  J  ) 


+  o'S’ 


(3.215) 


bv  the  relations: 


c\U2-n2)  z 


H..  =  - 


i  k2y  snc 

<\U2-q2)  S', 


On  the  surface  {  =  {,: 


k  d2nt 

<\(£2-' l2)  Svdz  ’ 

iA2y  ent 
c^e-n1)  Su  ’ 


£.  =  (5  +a-2)  nc, 


(3.216) 


H.  =  0. 


If  the  longitudinal  dipole  is  on  the  surface  (c0  =  {, ),  the  field  is  identically  zero  every¬ 
where. 

If  the  longitudinal  dipole  is  at  ( so  -  “  0),  the  t  >tal  lur  field  (Z  ->  x  )  is: 
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Ea  = 


_ e'*'  *  /  1  r 

-  2\'2n  .  -  fe2  sin  0  I  (-0"  k,7,  «e'J’(c  sin  0.  (0)~ 

kr  m = o  L 

-  ~o!^c  T  g  Rem'(c sin  0.  {0)J  Sem(c sin  0,  tj0)Se„(c sin  0,  ti)+ 

+ »?K(t  sl" 


x  Sojc  sin  0,  !Jo)Som(c  sin  0,  tj),  (3.218) 


where 

^Uo)  =  [Q(:)Ao)l=c>  ina  (3.219) 

(therefore,  in  particular,  [fl(meUo)]0=±K  “  W«>,(o,)»  an^  r  and  0  are  spherical  polar 
coordinates;  r  is  the  distance  of  the  observation  point  from  the  origin,  and  0  is  the 
angle  that  the  straight  line  from  the  dipole  to  the  observation  point  forms  with  the 
z-axis.  The  shape  of  \Ed\  as  a  function  of  v  has  been  computed  by  Lucre  [1951]  for 
0  =  {n  and  special  values  of  the  other  parameters,  and  is  shown  in  Fig.  3.28.  Radia¬ 
tion  patterns  in  the  azimuthal  plane  0  =  \r.  have  been  published  by  Kocherzhevski 
[1955]  for  longitudinal  dipoles  located  at  r0  =  0  and  v0  =  ±n>  with  various  values  of 
c,  (fj  and  f0- 


v  =  180° 


MM 

p 

i 

HI 

v s  0° 


l-ig.3.2H,  Shapeof  the  tar  field  amplitude  Ft  in 
the  a/imuthal  plane  s  0,  for  a  longitudinal 
electric  dipole  located  at  (r \  (cj  I)  1.50; 
i#  90;r„  0).  with  cc,  1.12  and  axes 

ratio-',  \  (:}  I)  2.24  (Lucre  (1951 J). 


v  *  90° 


Fig.  3.29.  Shape  of  the  far  field  amplitude  Ht 
in  the  azimuthal  plane  z  —  0,  for  a  radial  elec¬ 
tric  dipol?  located  at  (c„  c,  ;r„  0  ;  r0  0), 

with  re,  •■=  1.20  and  axes  ratio  c,/\  (cj  I) 
1.79  (Lucre  1 195 1 1). 
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The  total  electromagnetic  field  components  for  an  electric  dipole  parallel  to  u 
(radial  dipole)  or  to  v  (transverse  or  circumferential  dipole)  can  be  derived  from  the 
general  result  (3.204).  The  far  field  patterns  may  also  be  obtained  from  the  results  for 
plane  wave  incidence  by  using  the  reciprocity  theorem  (Sinclair  [1951]). 

The  shape  of  the  far  field  amplitude  \Ht\  as  a  function  of  v  in  the  azimuthal  plane 
z  -  z0  has  been  computed  by  Lucre  [1951  ]  for  a  radial  dipole  at  (£0  =  v0  =  0) 
and  for  a  particular  cylinder,  and  is  shown  in  Fig.  3.29.  A  comparison  between 
theoretical  and  experimental  radiation  patterns  in  the  plane  z  =  z0  has  been  given 
by  Sinclair  [1951]  for  a  radial  dipole  at  (£0  -  ,  v0  -  0  or  }n)  with  c(i  =  1.27471, 

c>/({i  ~0  =  0.780  7i,  and  a  frequency  of  1500  MHz.  Radiation  patterns  in  the 
azimuthal  plane  z  =  z0  have  been  computed  by  Kocherzhevski  [1955]  for  transverse 
dipoles  located  at  t>0  =  0  and  t>0  =  j 7i,  with  various  values  of  c,  and  £0. 

3.4. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  expansions  can  be  derived 
from  the  exact  results  of  the  previous  section. 

3.4.1. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

Although  the  geometrical  and  physical  optics  approximations  to  the  scattered 
field  are  derivable  by  standard  techniques,  no  specific  results  are  available. 

3.4.2.  Magnetic  dipoles 
3.4.2. 1.  EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  magnetic  dipole  located  at  r0  =  (£0  £  fi,>7o>zo) 
with  moment  (47i/&)5,  the  total  magnetic  field  at  r  =  (f,  t/,  z)  is; 

B(r)  =  4nk$Jr\r0)  •  2,  (3.220) 

where  @m(r\r0)  is  the  magnetic  dyadic  Green’s  function  for  the  elliptic  cylinder, 
which  is  related  to  the  electric  dyadic  Green’s  function  of  eqs.  (3.205)  and  (3.206)  by 
(Tm  [1954]): 

9J'\r0)  -  p  V  a  {[V0  a  2?e(r0|r)]T} ;  (3.221) 

here  V0  a  operates  on  r0,  and  T  indicates  the  transposed  matrix. 

In  particular,  for  a  longitudinal  magnetic  dipole  at  (£o*  zo)  with  moment 
(47e//c)£ ,  corresponding  to  an  incident  magnetic  Hertz  vector  ( clkR/kR)t ,  the  total 
electromagnetic  field  components  can  be  derived  from  the  total  magnetic  Hertz 
vector 

nm  =  nj.  =  i f  d(e"(‘"°’  £  U-  Re<j'(y, {>) 

kj-o o  m  =  0 

X  ("rOv.  £<)-  ^  Re^’(y,  S%)1  Scjy,  n0)^m(y,  f|)  + 

L  ("A  C  |  )  J 


3.4 


DIPOLE  SOURCES 


175 


+  ~j  Ko'„3l(y,  £>)  [koL1  ’(y,  {<)-  ^Q, 3>  (y  |  )  Ko"^7’  Sa^y'  1o)SoJy,  q)J , 


(3.222) 


by  the  relations: 

_ifc2Z_  <1/7_m 

“  cV(^V)  fo  ’ 


ifc2Z  djl„ 

c\K^-n2)  tu 


E,  =  0, 


(3.223) 

!)n„. 


, .  *  >%,  „  *  *£*,  h,  -  (il  rf)  B 

c^e-n2)  dudz  <\/(<i;2-f?2)  \dz2  / 

On  the  surface  {  ~  {t: 

„  _  _  JL_.  r  ldle«.-My  (1.  *e^(y> go) 

Cs/df-n2)!-*  =  (8l°Ut)Rtm\y<Zt) 

X  Sem(y,  ,0)  --  Sejy,  q)  +  -^Ty-  Som(y,  ,0)  Som(y, ,)) . 

8v  Q{°'  (o!8u,)Ro'*\y,  £t)  dv  I 


(3.224) 


Hj  =  -  -  f *  dr(AJ  ~t2)e"tl~:a)  £  j-i .  R— Sem(y,  q0)Se„j,  q)  + 

kJ-«  --oltf;'  (d/dujReHHy.t,) 


+  4-  . -0"~  — . Sojy,  tio)Som(y,  q)] .  (3.225) 

OS?  (dldut)Ro(m3>(y,^)  J 


If  z0  =  0,  in  the  far  field  ({  oo): 

_  J*'  »  MT 

Et  =  2^2nk2Z  sin  0  —  X  (“0"  M  ^’(c  sin  0,  £0)~ 
kr  m= o  L 

-  ~~  ^’(c  sin  0,  £<,)]  Se„(c  sin  0,  J/0)Se„(c  sin  0,  ij)  + 


_  i3»’/  •  «  v  \  *  «  v  . »  9U/  — -  ~  ’  wu/ — >  -i/  • 

Ke^csinO.S,)  J 

+  '  [ Ro'J >(c  sin  0,  £„) -  ’ (C  S,n  °’  ■ \  Ro^(c  sin  0,  {0)1 

fiL°’L  Ro'j'(c  sin  0,{,)  J 

x  Sojc  sin  0,  n0)So„(c  sin  0,  tj) J  ,  (3.226) 

where  0£),(0)  are  given  by  eq.  (3.219),  and  r  and  0  are  spherical  polar  coordinates; 
r  is  the  distance  of  the  observation  point  from  the  origin,  and  0  is  the  angle  that  the 
straight  line  from  the  source  point  to  the  observation  point  forms  with  the  z-axis. 
If  the  longitudinal  dipole  is  on  the  surface  (£0  -  £,): 

n  -  -  2  f ’  y  I  1  ’ ’(v-  «>  Sc  („  _)Se  (y  _)+ 

1  Rn^U"  M  I 

+  Jo.  ,-,-J  '/, ?  ,  .  So„(y,  >io)SoJy,  q)  ,  (3.227) 

G^  (</tu ,  )K<v(y,  {,)  ) 
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and,  in  particular,  in  the  far  field  (£  oo)  with  zQ  ~  0: 

E.  =  2iyj2nk2Z sin  0  —  £  (-if  + 

kr  m*o  {  Sf'XdidujRefXc  sin  0,  {,) 


+  ~ 


Sojc  sin  0,  ri0)Som(c  sin  0,  q)j 
Q^Xdldu^Xc sin 0, {,)  f‘ 


(3.228) 


The  total  electromagnetic  field  components  for  a  magnetic  dipole  parallel  to  A 
(radial  dipole)  or  to  v  (transverse  or  circumferential  dipole)  can  be  derived  from  the 
general  resjlt  (3.220).  The  far  field  patterns  may  also  be  obtained  from  the  results  for 
plane  wave  incidence  by  using  the  reciprocity  theorem  (Sinclair  [1951]). 

A  comparison  between  theoretical  and  experimental  radiation  patterns  in  the  plane 
z  =  z0  has  been  given  by  Sinclair  [1951]  for  a  longitudinal  and  a  transverse  dipole 
at  (£0  =  fj,  v0  =  0)  with  c£t  =  1.27471,  <\/({i-l)  -  0.780tt,  and  a  frequency  of 
1500  MHz. 

The  equivalence  between  magnetic  dipoles  at  £0  =  £t  and  slots  is  not  discussed 
here;  the  reader  interested  in  radiation  from  slots  is  referred,  for  example,  to  Wait 
[1959]  chapter  13. 


3.4. 2. 2.  LOW  FREQUENCY  APPROXIMATIONS 


No  specific  results  are  available;  however,  low  frequency  expansions  can  be  derived 
from  the  exact  results  of  the  previous  section. 

3.4. 2. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

Although  the  geometrical  and  physical  optics  approximations  to  the  scattered  field 
are  derivable  by  standard  techniques,  no  specific  results  are  available. 


3.5.  Point  sources 

3.5.1.  Acoustically  soft  cylinder 

3. 5.1.1.  EXACT  SOLUTIONS 

For  a  point  source  at  (£0  £  £t ,  rjQy  z0 )  such  that 

V1  =  --  ,  (3.229) 

kR 

then 

v‘*r m 

x  [*£'( >,«<)-  1  Rel?'(y.  {<)]  Se„(y,  „0)Se„( >.,)+ 

+  Ro« ’(V.  «»>  [**,' ’(v,  {«)-  j  «^3>(V.  {<)]  Sojy,  i»„)SoJy,  i|)) . 

(3.230) 
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where  fl£),(0)  and  y  are  given  by  eqs.  (3.209)  and  (3.210);  observe  that  (K'  +  K*) 
equals  I 7e  of  eq.  (3.215). 

On  the  surface  {  =  {j: 


d 

du 


^-(v'  +  v*)  =  2  r  dre— i  j ±  Jy,  «f0)suy.»i)+ 

'u  U-*  m.oW^  /?e^3)(y,  (Si) 

hO"jy~0!  S°m(V>  »fo)Som(v.  »j)]  . 


+  a';1  Roi 


(3.231) 


If  the  point  source  is  at  (<J0,  >j0,  z0  =  0),  the  total  far  field  ({  -*  oo)  is: 


_ e'*r  *  /  I  r 

V'+V'  =  2n/2h—  K-if  ss;  Relive  sin 

/cr  m^O  lf2„  L 

-  !’  r!  Re«’(c  sin  *>1  Se"(t'  sin  fo)SeM(e  sin  0,  »|)+ 

Re«  (c  sin  0,  5,)  J 

+  £  [■*►  *  *«-  SSH;!  *  •• «] 

x  Som(c  sin  0,  n0)SoJc  sin  0,  t/)| ,  (3.232) 


where  fl^c),(0)  are  given  by  eq.  (3.219),  and  r  and  0  are  spherical  polar  coordinates; 
r  is  the  distance  of  the  observation  point  from  the  origin,  and  0  is  the  angle  that  the 
straight  line  from  the  source  point  to  the  observation  point  forms  with  the  z-axis. 

If  the  point  source  is  on  the  surface  (<^0  =  £j),  the  total  field  is  identically  zero 
everywhere. 


3. 5.1.2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  expansions  can  be 
derived  from  the  exact  results  of  the  previous  section. 


3.5. 1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

Although  the  geometrical  optics  approximation  to  the  scattered  field  is  derivable 
by  standard  techniques,  no  specific  results  are  available. 


3.5.2.  Acoustically  hard  cylinder 

3.5.2. !.  EXACT  SOLUTIONS 


For  a  point  source  at  (£0  ^  £, ,  r0),  such  that 


V' 


(3.233) 


then 
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y'+r  =  7  f  (JL  r£\ y,  {>) 

K  J  -  oo  m  =  0 

X  [^"(y,  «<)-  «eL3,(y.  «<)]  Se„(y,  ^0)Se„(y.,  ,)+ 

+  ^7,  Ro'm3)(y,  {>)  ^/?o(Mu(y,  {<)-  Ro(*\y,  {<)j  Sojy ,  q0)SoJy,  if)J , 

(3.234) 

where  fljj),(0)  and  y  are  given  by  eqs.  (3.209)  and  (3.210);  observe  that  (K*  +  K*) 
equals  /7m  of  eq.  (3.222). 

On  the  surface  {  =  £x: 


V'  +  r  -  “  If  (~  Sem(y,  ^o)Sem(y,  »,)+ 

kj  -*  "»-o  lair  (dlduJRfiX  y,  £,) 

,  1  i?o(m3,(y,  {„)  c_  ,  _  ,  ,) 


So„(y,  rj0)Som(y,  (?)  . 


wmuMx y,{.)  .  I 

If  z0  =  0.  the  total  far  field  (£  -*>  oo)  is: 

_ <3*'  “  /  i  r 

K‘+  r  =  2N/27t  -  X  Hr  --  Rc”'(c  sin  0,  {„)- 
kr  m  =  o  L 

-  ^'(csin  0  O  Re"  ^  S'n  °’  Se^C  S‘n  °’  n^Se"^c  sin  ^  + 


(3.235) 


+  fll”’ 


Ro(m"(c  sin  0,  {„)-  «oL3,(c  sin  0,  (0) 

Ro<,3>(c  sin  <),{,) 


x  Som(c  sin  0 ,  rj0)Som(c  sin  0,  r/)  ,  (3.236) 


where  0^e)'(o)  are  given  by  eq.  (3.219),  and  r  and  0  are  spherical  polar  coordinates; 
r  is  the  distance  of  the  observation  point  from  the  origin,  and  0  is  the  angle  that  the 
straight  line  from  the  source  point  to  the  observation  point  forms  with  the  z-axis. 
If  the  point  source  is  on  the  surface  (( 0  =  £j): 


l/i  +  r  =  "  If  d'ci,,'""”’£  if  n/V??nSe’(MoWM)+ 

kj  i/  m--o  (t/(Mj)/?em  (y,  {,) 


and,  in  particular,  in  the  far  field  (£  -*  */j)  with  z0  =-  0: 

yi  +  j-s  _  oj  ^c1*'  y  (_i(™  (Scjf  sin  0,>jo)Sem(c  sin  0,»;)  + 
kr  A  I  (2';'(i>irUl)Rcl>'(c  sintf,{t) 
Soje  sin  0.  >l„)SoJc  sin  0,  /}) | 

fl£V/«'»i)*o!L,,(csiR«.4,)  I  ’ 


(3.237) 


(3.238) 
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3. 5. 2. 2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  expansions  can  be  derived 
from  the  exact  results  of  the  previous  section. 

3.5  2.3.  HIGH  FREQUENCY  APPROXIMATIONS 

Although  the  geometrical  optics  approximation  to  the  scattered  field  is  derivable 
by  standard  techniques,  no  specific  results  are  available. 
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Chapter  4 


THE  STRIP 

J.  S.  ASVESTAS  and  R.  E.  KLEINMAN 


The  strip  is  the  limit  of  an  elliptic  cylinder  as  the  eccentricity  tends  to  unity  and, 
as  such,  the  exact  results  for  the  elliptic  cylinder  apply  directly.  Because  the  strip  is 
the  simplest  shape  which  exhibits  multiple  diffraction  by  (or  mutual  coupling  between) 
edges,  it  has  been  the  object  of  intensive  study  (e  g.  Bguv/kamp  [1954];  Honl  et  al. 
[1961];  Keller  and  Hansen  [1965]).  Of  the  many  attempts  to  achieve  a  closed  form 
solution  comparable  to  the  elegant  integral  representations  for  solutions  of  the  half 
plane  problem,  none  has  been  successful  to  date. 

4. 1 .  Strip  geometry  and  preliminary  considerations 

The  strip,  of  width  </,  is  defined  in  terms  of  rectangular  Cartesian  coordinates 
(*,  y\  r)  as  y  =  0,  |a*|  ^  \d.  The  edges  are  therefore  parallel  to  the  z-axis.  In  terms 


Fig.  v.l.  Geometry  for  the  strip. 


of  the  elliptic  cylindrical  coordinates  (u,  vt  z)  shown  in  Fig.  4.1  and  related  to  the 
rectangular  Cartesian  coordinates  (jc,  y,  z)  by 

x  =  id  cosh  u  cos  r, 

y  »  Jc/sinh  u  sin  t\  (4.!) 
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where  OgM<oo,Ogu<27t  and  —  oo  <  z  <  oo,  the  strip  is  the  coordinate  surface 
u  =  0;0<t;<rc  designates  the  upper  face  and  n  <  v  <  In  designates  the  lower. 
Instead  of  u  and  v ,  it  is  often  convenient  to  use  the  quantities 

{  =  cosh  w,  rj  =  cos  vt  (4.2) 

with  1  ^  {  <  oo  and  - 1  ^  t]  ^  1.  In  addition  to  the  circular  cylindrical  coordinates 
(p,  <j>}  z),  used  for  expressing  the  far  field  behavior  (u  -►  oo,  v  -»  <j>,  and  \d  sinh 
\d  cosh  u  ~  p),  it  sometimes  proves  convenient  to  introduce  a  pair  of  cylindrical 
coordi.ii’tes  with  origins  at  the  edges  of  the  strip  (see  Section  4.2. 1.3). 

The  primary  source  is  a  plane  wave  propagating  in  the  plane  perpendicular  to 
the  z-axis  and  in  a  direction  making  an  angle  7r  +  $0  with  tne  positive  x-axis,  or  a 
line  source  parallel  to  the  z-axis  and  located  at  (p0,  <j>0)  [or  («0,  v0)  or  (x0,.y0)] 
or  a  point  or  dipole  source  located  at  (p0,  <£0,  z0)  [or  ( u0i  v0,  z0)].  For  convenience 
and  without  loss  of  generality  it  is  assumed  that  0  ^  <f>0  ^  \n. 

The  elliptic  cylinder  coordinates  and  Mathieu  function  notation  are  the  same  as 
employed  in  Chapter  3  and  discussed  in  Section  3.1.  This  discussion  will  not  be 
repeated  here  except  to  note  that  the  parameter  c  is  the  product  of  wave  number  and 
half  strip  width,  i.e. 

c  =  ikd. 

The  results  presented  for  the  perfectly  conducting  strip  for  plane  wave  or  line  source 
excitation  may  be  used  to  obtain  the  fields  scattered  by  a  slit  (of  width  equal  to  that 
of  the  strip)  in  a  perfectly  conducting  infinite  screen  through  Babinet’s  principle  (see 
Introduction). 

It  has  been  the  experience  of  the  authors  that  errors  in  transforming  formulae  for 
the  strip  are  minimized  by  avoiding  the  use  of  trigonometric  identities  involving  half 
angles.  Thus,  VO  +cos<£)  appears  consistently  in  place  of  V2|cos  \(j) |,  and  this  is  in 
contrast  to  the  terminolcsy  adopted  in  Chapter  8. 


4.2.  Plane  wave  incidence 

4.2.1  E-polarization 

4.2. 1. 1 .  EXACT  SOLUTIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis,  and 
foirns  the  angle  </>0  with  the  negative  x-axis  and  the  angle  (1  n~(j)0)  with  the  negative 
v- axis  (0  <  (j>l}  £  Jtt),  such  that 

E‘  =  z  exp  [  -  ik{x  cos  (j)0  +  y  sin  0O)}> 

Hl  -  Y( -sin  <£0  i  +  cos  <t>0y)  exp  { -\k(x  cos  $0  +  y  sin  $0)},  (4.3) 

tile  scattered  electric  held  is: 


= 


<-'f  KeL'V.  I) 
'<«  A-'  I) 


RelJ'U-.  ()ScJc.  cos  <j>0)Se„{i\  n).  (4.4) 
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An  alternate  expression  for  the  scattered  field  is  (Grinberg  [1958]): 


i  -5  ( 

2i  dy  \ 

J  *Ej(y, 0)//^(kR)d>  +  J 

aE\(y,0)H(o'\kR)dy- 

y)  =  ] 

—  J"***  e-“1’CM*°W<o,>(AR)dyJ , 

for 

o' 

All 

E)(x,  - 

-y),  for  y  g  0, 

where 

R  -  J{(x-y)2+y2}, 

(4.6) 

El(x,  0)  = 

V*]/ 

'*-1 

d 

)]• 

for 

Hr* 

All 

X 

1  1 

1 

1 

for 

Hn 

1 

VII 

X 

with 


and 


«40)M 


co±(t)  =  limco^T),  (t&0), 

h-»  oo 

1  fl  elcP[|elcPcos4o^.e-icpco*^oj 


--if 

7CJ-! 


(t+p+ 1)7(0+ 1) 


dp, 


(4.7) 

(4.8) 

(4.9) 


o±’(t)  =  «4°>(t) ±  e-  f  ,  (n  £  1).  (4.10) 

n  J0  (T  +  p  +  2)N/(p  +  2) 

On  the  portions  of  the  y  -  0  plane  not  occupied  by  the  strip,  the  scattered  electric 
field  is  given  by  eq.  (4.7),  whereas  the  scattered  magnetic  field  is  zero.  On  the  strip 
(w  =  0)  the  total  magnetic  field  is: 


Hv  =  --  sgn  (sin  v)Hx 


=  1 1/_ ?5_  V  ( [Sem(c,  cosj)0 )Sem(ctj) 

~  cl  [-n2J?  o  L  1)  ’ 

In  the  far  field  (£  oo  ): 


Sojc,  cos  <t>o)Som(c,  n) 


']■ 


(4.11) 


(4,2) 

Waterman  [1963]  has  computed  l^l2  and  arg  P  as  functions  of  $  for  =  in  with 
c  =  1,  2,  5  and  10.  typical  results  are  shown  in  Fig.  4.2. 

The  total  scattering  cross  section  per  unit  length  is: 

12 


8k  v  1  !Ke<,n(c,  l)c  ,  ,  x 


(4.13) 


4.2 


U(]e  ( - )  and  phase  ( - )  as  a  function  of  <f>  for  ^-polarization  with 

-  Jrr  (Waterman  [1963]);  (a)  c  -  1,  (b)  c  —  10. 
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and  some  numerical  results  based  on  this  formula  are  shown  in  Fig.  4.3. 


Fig.  4.3.  Normalized  total  scattering  cross  section  per  unit  length  as  a  function  of  c  for  E-polarization 

(Morse  and  Rubenstein  [1938]). 


At  grazing  incidence  (<£0  =  0): 


E;  *  -  w  sftv! ^ ,)- 

and  on  the  strip  (u  =  0): 

«.  =  -  ^-.—2  i  NrJ~Z  «!)• 

c  r  l~r/  m*o  1) 


(4.14) 


(4.15) 


Mandrazhi  [1962]  has  plotted  the  amplitude  and  phase  of  the  surface  current  density 
for  v  =  5,  v  2,  2  and  2yJ2.  The  normalized  amplitude  of  Hv  has  been  computed  as  a 
function  of  v  for  v  =  1  by  Baraj  at  [1969]  and  is  shown  in  Fig.  4.4. 

In  the  far  field  (<J  -+  oo): 


P  = 


•2.1 

m  =  0 


(-Dm 


N' 


(ei 


Re'"(c,  1) 

I) 


Se„(c,  >i). 


(4.16) 
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v,  radians  v,  radians 


Fig.  4.4.  Normalized  amplitude  of  the  surface  Fig.  4.5.  Normalized  amplitude  of  the  surface 

field  for  £-polarization  with  <f>0  =  0  and  c  =  l  field  for  E-polarization  with  <f>0  -  and 

(Barakat  [1969]).  c  =  1  (Barakat  [1969]). 
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Mandrazhi  [1962]  has  plotted  the  amplitude  of  the  surface  current  density  for 
c  =  j,  and  the  phase  for  c  =  -J-,  >/2,  2  and  2>/2.  Barak  at  [1969]  has  computed  the 
normalized  amplitude  of  Hv  as  a  function  of  v  for  c  =  l  and  the  results  are  shown  in 
Fig.  4.5. 

In  the  far  field  (£  ->  oo): 


m-o  jV£|  ReyJl(c,  1) 

Waterman  [1963]  has  computed  |P|2  and  arg  P  as  functions  of  $  for  <j)r 
c  =  1,  2,  5  and  10.  Typical  results  are  shown  in  Fig.  4.6. 

The  total  scattering  cress  section  per  unit  length  is: 


„8*y  _|  ») 

'  k  WgJ  Rt'Xlc,  1) 


^2 m(^>  * 


(4.20) 


with 


(4.21) 


and  some  numerical  results  based  on  this  formula  are  shewn  in  Fig.  4.3. 

4.2. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis, 
and  forms  an  angle  (pQ  with  the  negative  x-axis  and  an  angle  (i7 i-<t>o)  with  the  neg¬ 
ative  y-axis  (0  g  <j)0  g  in),  such  that 


£'  -  £  ex p  { - i k(x  cos  </>0  +  y  sin  0O)}, 

Hl  =  V(-sin  0ox  +  cos  (j>0y)  exp  {-ik(x  cos  (p0  +  y  sin  0O)}, 


(4.22) 


low  frequency  expansions  have  been  obtained  either  directly  (Strutt  [1897a, b,  191.3]; 
Miles  [1949];  Ionl  and  Zimmer  [1953];  Muller  and  Westpfahl  [1953];  Sommer- 
feld  [1954];  Bouwkamp  [1954];  De  Hoop  [1955];  Pimenov  [1959];  Millar  [I960]) 
or  by  expansion  of  the  Mathieu  functions  appearing  in  the  exact  series  solution  (Jones 
and  Noble  [1961];  Burke  and  Twersky  [1964];  Burke  et  al.  [1964]). 

For  arbitrary  incidence  the  total  magnetic  field  on  the  strip  (u  =  0)  is  (Millar 
[I960]): 

Hx  -  ~sgn  (sin  v)Hv 


-  -  Y  sin  (j>0  exp  {-ic  cos  v  cos  r/>0}-f  - [  X/*c,6  +  o(cb)],  (4-23) 

c  sin  v  n ■ o 


where 


P  =  log  Ic+y-im, 


(4.24) 


y  -  0.577  215  7  ...  is  tulerV  constant, 


(4.25) 


/,  =  i  cos  </>0  cos  t\ 


(4.26) 
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sin2  $ o  1  T  2  ^  1  /.  1  \1 

- —  +  -  COS2  4>o - I  1  -h  —  I  cos  2v, 

4 p  2  L  2  \  2p/J 


/3  =  “ii[i  cos  3^o~(P  +  i)  cos  <£0]  cos  t'-|i[cos3  0o-i  cos  <j>0 ]  cos  3i>, 

,  cos4  <t>0  ^  i  L  3  \  2jl,  i  /I  ,3  .\ 

64 p  +  32  (  2p)  C°S  °  +  128  (p2  +  2p  / 

+ 1  [-*  "■*  *°+  \  (i + i)  1  (i  -  5)]  e“J'+ 

+  *-  !"-cos40o  +  )cos20o  +  -  (l+  — \1  cos4t>, 

48  I.  8  \  4p/J 

ft  =  tV i[l  cos5  4>o~i(p+j)  cos3  </>o + (p2  -  ±P + Ts )  cos  0O]  cos  v + 

+  TT8'[cos5  0O“i  cos3  0o-(p+l)  cos  0O]  cos  3»+ 

+  yg-4i[cOS5  0O- J  COS3  00  -  s  COS  0O]  cos  5i>, 

.  cos6  00  1  /,  1\  1  /,  3  3  \  2, 

/„  = - — - I  1 - I  COS4  00+  -  -  (  1  + - ;)  COS2  00 

2304p  384  V  p)  768  \  4p  2 p2/ 


(4.27) 

(4.28) 


(4.29) 


(4.30) 


4  0o  +  -—  ( 1  +  - - r-j)  COS2  0o  + 

768  \  4p  2 p2/ 


+  -!(,_  2 

768  \  i: 

+  ^  [7  cos6  00-  ;  (-  +  ^)  cos4  0e+  (p-  ^  cos2  0O- 

256  L  2  \p  3/  \  24  2p/ 


24  2p/ 

1  /  13  5 


1  /  13  5  1 

-  -  p - +  —  +  — T 

2  V  8  16p  2 p2 


+  7;  fry  cos6  0o -to  cos40o  - 
64  L 


4*  ,  + 

2p2/ 


cos  2v  + 


L(i+-4)cos2^i(i-4)l  cos  4.+ 
32  \p  15/  32  \p  S/J 


+  cosVo  -  i  cos4  <t> 0  -  {-  cos2  (f>0  ~ 


5  _  1 
96p  16 


cos  6u. 


(4.31) 


In  the  far  field  (f  ->  00)  and  for  arbitrary  incidence  (Millar  [I960]): 


P  =  in  S  T2,(0, 0o ;  pjc^  +  o^7), 


where 


I  rcos20  sin2  0o"i 

-cos  0U  cos  0- .  , 

4L  2p  2p  J 


(4.32) 


(4.33) 


(4.34) 
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_  cos4  <t>  x  ,  3,1  /sin2  <b0  2  ,  1  1  \  i  , 

r4  ~  — -  -3T  CO  it  <t>  o  cos3  4>-  — - ^  +COS2  <^0-  -  -  —  COS2  tf>  + 

128p  32  \  p  2  4 p/ 

+  iV[-jcos3^o+(P+i)cos^0]cos^+  [52JL.  +  ^-(l-  cos*  </>0  + 

L  128p  64  \  2p/ 

+  —  (-  +  --  -2)1  ,  (4.35) 
256  V  2p  )] 


7k  *  - 


cos6^  .1  1  5  ,  .  1  /3sin20o  2  ,  1  1\  4, 

- r  +T^-cos0ocos:>^+  — - --  4*  cos*  4>0 - )cos4<£- 

4608 p  384  \  4p  4p  2/ 

-  l  ilt  “  cos3  4>o + i(3 p  + 1 )  cos  «^0]cos3  <\>-  ^  ^  cos4  <f>0 + 

+  5  (J  ~  *)  cos’  ^  cos2  ^  + 

2  \3  p/  4  \2p~  4p  3/ j 


+  6^[tt  cos5  $0  ~  i(P + t)  cos3  $0 + (pz  -  ip + H) cos  $0]  cos  $  4- 
1  f  cos4  4*0  /1  1\  4,  .  1  /|  3  3  \  2  . 

768  L  6 p  \  p/  2  \  4p  2p2/ 


4p  2pv 
+  -(t-  — +  — 

2  \  12p  2 p 


,)]  •  (4.1 


An  expression  equivalent  to  eq.  (4.32)  was  used  by  Burke  and  Twersky  [1960]  to 
compute  the  bistatic  cross  section  per  unit  length  as  a  function  of  as  shown  in 
Fig.  4.7. 


Fig.  4.7.  Normalized  bistatic  cross  section  per  unit  length,  \ka,  for  £»polarization  with  <f>0  -  and 

c  =  1.1  (Burke  and  Twersky  (1964]). 


Additional  computations  for  (j>0  =  0,  |tt  and  ]tt,  and  c  =  0.3,  0.7  and  1.1  are  given 
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by  Burke  et  al.  [1964).  The  normalized  back  scattering  cross  section  per  unit  length 
is  shown  in  Fig.  4.8  as  a  function  of  <f>0  for  c  =  1.1  and  in  Fig.  4.9  as  a  function 
of  c  for  <f> o  =  0,  J n  and  $n. 


V90° 


Fig.  4.8.  Normalized  back  scattering  cross  section  per  unit  length,  \kay  as  a  function  of  <£„  for  E- 
polarization  with  c  =  1.1  (Burke  and  Twersky  [1964]). 

The  normalized  total  scattering  cross  section  per  unit  length  is  (Millar  [I960]): 

=  --  ( 1  -  ic2  cos  2tj>0 +jhc*  [l  +  -“+!(<?- 3)  cos2  4>0+ 8  cos4  <p0l  - 
2d  cq  l  L  3  q  J 

-  ^  +  ^  cos2  </>0  +  i(</-  f)  cos4  <t>0  + 

+  |cos6^0]]  +o(c6),  (4.37) 

where: 

6  =  p  +  Jin,  q  =  tt2  +  4<52.  (4.38) 

The  normalized  cross  section  given  by  eq.  (4.37)  is  plotted  in  Fig.  4, 10;  the  discrepancy 
between  these  curves  and  the  exact  ones  of  Fig.  4.3  is  less  than  5  percent  for 
0.5  <  c  <  1,  and  increases  as  c  decreases  below  0.5.  An  independent  calculation  based 
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on  an  exact  anal>  .  for  broadside  incidence  (Skavlem  [1951])  gives  results  which 
are  in  better  agreement  with  those  of  Millar  [I960]. 

For  grazing  incidence  (<j>0  =  0),  the  total  magnetic  field  on  the  ship  is  (Millar 
[I960]): 

w,  =  — Sgn  (sin  v)H„  =  [  £/„<:"+ o(c6)], 


csinu  « = o 


where: 


/o  = 

P 

fi  =  i  cos  v , 


fi  =  —  ii(i-p)  cosy- -r^i  cos  3t\ 

/4  =  —  (l  -?p+  +  --(  —  !+  — )  cos  4y, 

64  \  4  2p7  128  \  4 p! 

Ji  =  t!s'(t6 -ip+p1)  cos  y+rkKi-p)  cos  3y+  -iT't4'  cos  5v, 

ft  =  —  (p  -  -  +  —  -  )  cos  2y+  ( 1  -  — )  cos  6y.  (4.46) 

512  \  8  16p  2p7  12288  \  6p / 


16p  2p7  12288  \  6 p) 

In  the  far  field  -+  oo)  and  for  grazing  incidence  (Millar  [I960]): 


P  =  i«  I  TiM ■  0;  p)c2"  +  o(c7). 


where: 


To  ~  .  ’ 
2p 


_  COS4  (f)  .  , 

r4  -  3‘2cos3 

128p  2 


1  /  1  5  \ 

+  128  \2p’  4p  +  )  ’ 

COS*  (j) 


(4.39) 

(4.40) 

(4.41) 

(4.42) 

(4.43) 

(4.44) 

(4.45) 


(4.47) 


(4.48) 

T,  =  *  (cos  <j>-  ,  (4.49) 

4  V  2  p  / 

4>+  )  (  '  -l)  cos2  </>  +  ,'e(p - i) cos  <t>  + 

64  \2p  / 


(4.50) 


T"  =  -  7,1/  +7kcos5^>+  '  (l-  1  j  cos4  <^>  +  3  i  4(  1  -  3p)  cos1  $  - 
4608 p  768  \  2pl 


-,nL  +1)  cos2  0  +  -6‘4(P2  -  ip+  ,V)  cos  j). 

512  \2/>“  4/>  / 


(4.51) 
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Burke  et  al.  [1964]  have  plotted  the  normalized  bistatic  cross  section  per  unit  length, 
ifar(0)»asa  function  of  <f>  for  c  =  0.3,  0.7  and  1.1.  The  normalized  back  scattering 
cross  section  per  unit  length  as  a  function  of  c  is  shown  in  Fig.  4.9.  The  normalized 
total  scattering  cross  section  per  unit  length  is  (Millar  [I960]): 


2d 


^{l-ic2  +  TT5C4(l+  J  ^  +7?)  + 

+T£c6  J  +o(c6).  (4.52) 


At  broadside  incidence  (0o  -  in),  the  total  magnetic  field  on  the  strip  is  (Millar 
[I960]): 


Hx  =  —  sgn  (sin  v)Hv  =  -  T+  —  [  £/2nc2"+o(c7)], 

csini;  «= o 


where: 

/o  =  -  » 
P 


/2  =  - —  -  (l  +  cos  2vf 
4 p  4  \  2  p) 


f A  ~ 


fe  = 


1  /I 


(J.  +  ±  _2U 1  (I  _  ±)  cos  2o+  -L  (i  +  A)  cos  4v, 

128  V  2 p  I  16  \3  2 p)  384  \  4 p! 

1  /,  29  ,  3  \  1  /  13  5  1  \ 

768  \  12p  2 p7  512  V  8  16p  2 p7 

*  (---)cos4u - ^ — (— ~l\cos6u. 

\p  5/  61440  \6p  I 


+ 


2048  \p 


In  the  far  field  ((  ->  co)  (Millar  [I960]): 


P  =  Z  T2„(<l>,  in;  p)c2"+o(c7), 
»  -  0 


with 


r  -  1 

'o  -  -  . 

2  P 

T  „  * 

2  8p 

r4  =  C0S^+  1  (.-A)C0S^+..L(I+  l_2\ 

I28p  64  \  2 p/  256  V  2p  / 


(4.53) 

(4.54) 

(4.55) 

(4.56) 


(4.57) 


(4.58) 

(4.59) 

(4.60) 

(4.61) 
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COS6  (j) 

+  -( 

-  -l\  cos 4  </>+  —  ( 

1  1 

-  +  — 

4608 p 

768  ' 

vP  /  512  \ 

3  4p 

1  / 

1-  29 

- I 

+  — =1 . 

1536  \ 

12p 

2p2/ 

(4.62) 


Burke  et  al.  [1964]  have  plotted  the  normalized  bistatic  cross  section  per  unit  length, 
\ka(<t>)t  as  a  function  of  <p  for  c  =  0.3,  0.7  and  1.1.  The  normalized  back  scattering 
cross  section  per  unit  length  as  a  function  of  c  appears  in  Fig.  4.9.  The  normalized 
total  scattering  cross  section  per  unit  length  is  (Millar  [I960]): 


~  =  —  [l+lc'+yf^c4  / 
2a  cq  l  \ 


1  + 


16  6\ 
3  q) 


(4.63) 


4. 2. 1.3.  HIGH  FREQUENCY  APPROXIMATIONS 


For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  r-axis 
and  forms  the  angle  (b0  with  the  negative  x-axis  and  the  angle  (irc-^o)  with  the 
negative  >>-axis  (0  ^  (j>0  ^  ±n),  such  that 

£'  =  zexp  {-i/c(xcos  4>0+y  sin  <£0)}, 

H'  =  Y(-sin  (f>oX  +  cos  (j)0y)  exp  {-i k(x  cos  (t>0  +  y  sin  0O)},  (4.64) 


the  scattered  electric  field  is  (Karp  and  Keller  [1961]) 


%  =  — i'| !~7—  — 1  +*“osj°))  exp  {ifcpi -iin-ic cos  <j>Q} 

>  nkpi  cos  •f  cos  (J)q 

i  l+cos^cos0o+o[(kpi)-2]j  + 
>)  * 


X  1- 


2/cp,  (cos  i/^+cos  (j>0) 

,  ,.i/  2  J{(l~cosiA2)(l-cos  0o)}  h  ....  ,  ^ 

+ii  V - — - — — — - -^exp  {ikp2-li7H-iccos  $0} 

I  nkp2  cos^2  +  cos<^0 

J.._  .oBWl).  «.«) 

2kp2  (cos  ip2  +  cos  0o)  J 


where: 


P  1,2^^*  ^  l ,  2  ^  71  i  00  *  $0  9*  0, 


(4.66) 


and  the  geometric  variables  are  defined  as: 


Pi  cos  i/r ,  ~  JJ(cosh  u  cos  u- 1)  -  p  cos  <£-{»/, 

Pi  sin  I/,,  =  sinh  u  sin  v  =  p  sin 

p2  cos  =  J</( cosh  u  cos  i’  +  1)  =  p  cos  </>  4-  Jf/, 

p2  sin  ^ 2  =  ]</  sinh  u  sin  r  =  p  sin 


(4.67) 
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as  illustrated  in  Fig.  4.11. 


Fig.  4.1 !.  Strip  geometry  for  the  geometrical  theory  of  diffraction. 


The  expression  in  eq.  (4.65)  is  based  on  analysis  of  singly  diffracted  rays  only.  An 
expression  of  the  scattered  field  which  includes  contributions  from  multiply 
diffracted  rays  but  to  a  lower  order  in  kpu  2  is  (Karp  and  Keller  [1961]): 


1/ 2 

■  ie-iccM*0  v/U1  +cos  +cos  <M}  , 

f  ukpi 

1 

COS  l/f,  +COS  00 

1 

+  - 

/_2_  e2ic  +  ii« 

(l+ 

i~‘  vAi+cos  M  / 

sin  i4>o  . 

~  V 

ic  cos  _ 

32c 

V  nc 

\ 

256 nc3) 

1  —  COS  01  \ 

cos2 

cosi^o  exp  {2ic-Ji7r-ic  cos 
sin2 10o  1 6cyjnc  / 

H£)l 

+  1  /- 

Qikp2-kin 

[iieic 

cos ♦„  VjO  -cos  M(1  -cos 

>o)l  + 

f  nkp? 

COS  \j/2  4* COS  </>0 

1  I 

/  ^  02ir+li« 

ie4ic  ^ 

,-1  7(1  -cos  >p2)i 

cos  }<£ 0  ■ 

-  Ic  COS  $0 _ 

32c 

r+ 

2567tc3; 

1  -f  COS  \J/2  \ 

sin2  isfro 

sin  j<t>0  exp  {2ic- +  i c  cos  <£0}\  +  Q  /  J  \  1 
cos2  \<t>0  16 Cyjnc  I  \kp2/) 


(4.68) 


where 


P  1.2  ^1,2  9*  7T±0o»  0,  7T,  27r;  </><,#  0. 


(4.69) 


On  the  strip  (u  =  0)  the  total  magnetic  field  for  non-grazing  (c  sin  <j)  >  1 )  but 
otherwise  arbitrary  incidence  is  (LOneburg  and  Westpfahl  [1968]): 

Hx  =  -F  sin0oe"if^os^+y  sgn(sinr){-sin0oe“lf,,co^o+ 

+  Z  [Mcos  q)  +  hn(-cos  </>0 ,  p/)]c~  4-  0(c*“  * )},  (4.70) 

n- 0 
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where 


hQ(cos  <t>0 ,  q)  =  -Vl -cos  0oe,c eot+°A[- cos  0O,  c(l  +  *)],  (4.71) 

/i1(cos0o,>/)  =  ~  >/(Ltggijo) cxp  {2ic-ic cos  0o  +  ft7i},4[  - 1,  c(l  +  >;)],  (4.72) 
8^/rc  1— cos0o 

fi2(cos  (t>o,*l)  =  0,  (4.73) 

h3(cos  0o .  l)  =  ~ p  VO  +co.s  fo)  eXp  {2ic-i;cos0o-ik} 

32-y/rc  1  —  cos  <p0 

x  ((!  +  ; — ~r)  ^[-Lc(1+i/)]  +  B[-1,  c(1+»j)]),  (4.74) 

l\4  1  — cos  <j>Q/  ) 

9  _  _ 

A[a,  /?]  =  __  -  -  e^y  1  -«  F(V«1  -«)).  (4.75) 

B[- 1,  p]  =  -(/J/ji)V#-*‘*+  e- w-*'«f(^2P),  (4.76) 

y/27t 

and  F(t)  is  the  Fresnel  integral  defined  in  the  Introduction.  Neglecting  the  summation 
in  eq.  (4.70),  the  geometric  optics  approximation  to  the  magnetic  field  is  obtained. 
The  above  expressions  are  valid  uniformly  in  rj;  however,  they  may  be  simplified  in 
restricted  regions  of  the  surface.  In  particular,  away  from  the  edges,  such  that 
c|sin  t>|  >  1  (LOneburg  and  Westpfahl  [1968]),  the  magnetic  field  on  the  sur¬ 
face  is  given  by  eq.  (4.7C)  with  the  summation  replaced  by: 

I  [fi„(cos  <t>o,n)+  fi»(-cos  <j>0>  -i/)]c"i<"+3)+0(c‘i),  (4.77) 

n  =  0 

where: 


fi0(  cos  0O  <ti) 


e’~*>g  /l  -  cos  0O  cxp  {ic(l  4- cos  0o  +  ff)} 
2  yjn  |l  +  cos  0  0)(  1  +  *i)* 


(4.78) 


/i,(cos  0O,^)  =  0, 


(4.79) 


h2(cos  0o  ,fj) 


-3e*,n  y/\ -cos  0o  exp  {ic(l  +cos  0O  +  ^)} 
4  yjn  (l+cos0o)(l+^ 


(4.80) 


;;3(cos <j>0,n)  =  ^  +cos 00 exp  { .4f£+co*_*«::.'»)} . 

32n  (1  -cos  $„)(!  +rj)J 


(4.81) 


On  the  other  hand,  near  the  edges,  such  that  c(l  ±tf)  <  1,  the  magnetic  field  on  the 
surface  is  (LOneburg  and  Westpfahl  [1968]): 


Hx=  -Y  sin  (/>0e~lc,cos*<>+  Y  sgn  (sin  c)h. 


(4.82) 
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where 


h  =  c  C^vfr+^  * 


for  c(l  4-^)  <  1  and  c  »  1,  (4.83) 
for  c(l  -  if)  <  1  c  »  1,  (4.84) 


with 


^,(cos  &>)  =  l/-  (1-cos  <t>0) exp  {ic cos  0O  + jin}-  +-C°S  ^ 

!  n  87rc(l-cos0o) 

xexp  {ie(2-cos  <f>0)}  [l-  ~  +  - — — -)1  , 

L  4c  \4  l-cos$0/J 

02  (cos 4>o)  -  -c|/-(l-cos0o) exp  {ic cos <£0+i'«}[l-2(l+cos  <£,,)*]- 


(4.85) 


J  V(1+cos  <M 

8n  1  -  cos  0O 


exp  {ic(2— cos  0O)) 


x(V2-|-J[(4V5-.)(!  +  --L_)-2]).(..86) 


Alternate  but  equivalent  representations  of  the  surface  field  are  given  by  Millar 
[1953bj. 

For  arbitrary  incidence,  the  scattered  electric  field  on  the  portions  of  the  plane 
y  =  0  outside  the  strip  (|x|  >  \d)  is  (Grinberg  [1958]): 

E\  =  ieuVi‘M[^+(i-l)±w-U-*ia  [+for  p  =  0,(x  >  ±d); 

-for  v  =  n,(x  < -id)],  (4.87) 

where 


<o±(t) 

with 


e2,c  \%2i'Ps/pl(p  +  2)wT(p)dp 

w<°>(t)  +  _ . - _ , 

"  ^(-  +  2)[lT{(ii  f  2c)H(01)(2c)-2ic//(1,,(2c)}] 


(4.88) 


(/0>(t)  =  - 


2  f 1  eicp  cos  (cp  cos  <p0)  , 

ttJ-i  (t  +  p 4- l)^(p4-  l) 

2i  f 1  e*cp  sin  (cp  cos  4>0) 

7T J-1  (t  +  p+IMp+I)  P 


(4.89) 

(4.90) 


The  order  of  the  approximation  in  eq.  (4.88)  is  difficult  to  assess,  but  the  error  is  at 
least  0(c“*). 


4.2 


PLANE  WAVE  INCIDENCE 


199 


In  the  far  field  (<J  -♦  oo)  and  for  arbitrary  incidence  (Fialkovskiy  [1966]): 

P  =  — - -- - -  {exp  {ic(cos  0o+ cos  0)}-/{(  1  -cos  0o)(l-cos  0)} 

2(cos  <p  +  cos  <p0) 

x  [1  +  r(c,  cos  +  T(c, cos  <#>0)]-exp  { -ic(cos <j>0 +cos  ^)}vl +cos 
X  ^1+cos  0[l+r(c,  -cos  <£)][! +f(c,  -cos  0o)]}  +  O((T2),  (4.91) 

where: 

r(c,  cos  0O)  =  K(c,  cos  0o)-2cl/i±C^e  e-2icoji*o[^/U,(2c)_i^a)(2c)]i  (4.92) 

r  1  -cos  <£0 

K(c, cos 0O)  =  f'wo^Oe  (4.93) 

J  00 

and 

K(c,l)=  -1,  K(c,  —  1)  =  0.  (4.94) 

The  far  field  result  of  eq  (4.91)  is  valid  uniformly  in  <j)  and  (j>0 .  Computations  of  the 
backscattered  far  field  have  been  made  by  Ufimtsev  [1958J  for  c  =  V28  and  c  =  V80 
using  a  cruder  version  of  eq.  (4.91 ),  in  which  the  quantity  T  differed  from  the  value  of 
eq.  (4.92)  by  a  factor  varying  monotonically  from  1  for  0O  =  0  to  2  >/2  for  (j>0  -  -}tt. 
The  results  are  shown  in  Fig.  4.12. 


Fig.  4.12.  Normalized  back  scattered  far  field  coefficient  as  a  function  of  <f>0  for  ^-polarization  with 
v  \  28  (—  )  and  c  -■■■  \  80  ( - )  (Ufimtsev  [1958]). 

Away  from  grazing  angles,  (c|sin  c/>  |  1,  c  sin >  1),  the  far  field  is  (LuNfi- 

bl  Rci  and  VVhsrpi  AML  [ 1 96S ]): 


(4.95) 
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-COS  <j> 0)}  + 


where: 

Po  =  - - - - -7  (VKl  -cos  0X1 -cos  0o)}  exp  {ic(cos  0+( 

2(COS  0  +  COS  0o) 

-^{(14-cos  <£)(14  cos  <£o)}  exp  {-ic(cos  (^>  +  cos  <t>0)}}> 

Pl  =  ^  |>fe£giixi±oo? ».» exp  {ic(cos  ^ 

\6yjn  \  (l  4-cos  <j>)(\ -cos  <j>0) 

VKL+COS0X1 -cos^o)}  {_ic(cos  ^_cos  M  j 
(1-COS  0)(I+COS  <f>0)  1 

Pj  =  3e2lct*'"  (V{U-  COS  0)(  1  +  cos  <ft0)}  /I  +  1 

64 l  (14-cos  </>)(l-cos  $0)  \4  1 4-cos  0 

1  \  ft.  ,  u,  J{(l+cos  0)(—COS  ^o)} 

+  - -  exp  {ic(cos  (ft  cos  0o)}  +  - - — /r, - TV 

1-COS  0O/  (1-COS  <p)(l4-COS  (po) 

X  (-  4- - ? -  4-  - - - \  exp  {-ic(cos  (f>-  cos  </>0)}j » 

\4  1-cos  <f>  14-cos  <j>0/  I 

e4ic  L/{(l-cos  0)(l-cos  <£0)}  /  ,  ,  i  \-i 

Pa  =  -77 - 77, - 7T7  -  exP  Mcos  ^ 4-cos  <£0)}  + 

256^1  (1  4-cos  0)(1  4-cos  0O) 

+  7ili+-co_s  «<!+«>»  M) exp  {_ic(cos0+cos 0o)}] . 

(1  — COS  0)(1  — COS  (j}(\)  1  ! 


4- 


(4.96) 


(4.97) 


(4.98) 


(4.99) 


A  result  equivalent  to  that  of  eq.  (4.95)  was  given  by  Millar  [1958b].  The  first  term, 
p0,  was  obtained  by  Keller  [1957]  using  singly  diffracted  rays. 


Fig.  4.13.  First  order  far  field  coefficient  as  a  function  of  <f>  a.  broadside  incidence  (<A«  J.*t)  for  E- 

polarization  with  c  =  8  ( - )  and  c  ■■■=  lOn  ( - )  (Keller  (19571). 
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The  second  and  fourth  terms  pv  andp3 ,  were  given  by  Karp  and  Keller  [1961 ]  using 
multiply  diffracted  rays;  however,  their  treatment  did  not  produce  the  third  term 
Pi  •  The  amplitude  of p0  is  shown  ?*s  a  function  of  0  for  broadside  incidence  (0O  =  i7i) 
with  c  —  8  and  c  =  lOn  in  Fig.  4.13. 

In  particular,  for  backscattering  (</>  =  0O)  and  non-grazing  incidence  ( c  sin  0O  »  1), 
the  coefficients  in  eq.  (4.95)  become: 


sin  (2c  cos  0O)  , .  /0S  ,  x 

Po  = - - — — ™  -i1  cos  (2c  cos  0O), 

2  cos  0o 

(4.100) 

-2ic-*i* 

Pi  =  ~T--r  .  . 

8^/tt  sin  0o 

(4.101) 

3e2«c+iiK  /j  2  \ 

Pl  32y/n  sin  4>0  \4  sin2  <f>0)  ' 

(4.102) 

e4lc  T  1-cos  <t>0  +  l+cos<^i0  e_ 

3  2567T  L(l+COS0o)2  (l-COS0o)2 

2:ccM*“J  ,  (4.103) 

which  for  broadside  incidence  (0O  =  in)  reduce  to: 

Po  =  -c-ii, 

(4.104) 

e2ic-ii«i 

Pl  87" 

(4.105) 

27e2,f+1‘” 

P2  ~  128,/ it  ~  ’ 

(4.106) 

e4ic 

Pi  ~  12  8jt  ' 

(4.107) 

On  the  other  hand,  for  forward  scattering  (0  =  0o  +  tt)  and  non-grazing  inciacr.ee 
(c  sin  0o  >  1),  the  coefficients  in  eq.  (4.95)  become: 

Po  =  -  c  sin  <t>0  -  , 

2  sin  <t>0 

(4.108) 

_  c‘"  I"  1  +  COS  lp0  c-2irco.*o+  1— COS  <t>0 

16n  n  L(1 -cos  <^„)2  (l+cos^0)2  J 

3c:il41i'  r  l+cos^  /I  +  2  \e-2i,„#.+ 

64x  n  L(  1  —  cos  0 0)2  \4  1  —  cos  0O/ 

(4.109) 

+  1-«W  <t>»  j1  +  2  \2I,«h*/|  ^ 

( 1  +  cos  4>o)2  '.4  1  +  cos  </>„'  J 

(4.110) 

c4,‘ 

Pi  = 

1 2H/r  sin  0O 

(4.111) 

w 
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which  for  broadside  (0O  -  in)  reduce  to  the  values  given  in  eqs.  (4.104)  through 
(4.107). 

The  physical  optics  approximation  to  the  far  field  coefficient  is: 

p  =  _  sin  4>0  sin  [c(cos  (ft+cos  <M]  _  U2^ 

cos  0+cos  0O 

which  differs  from  p0  of  eq.  (4.95)  except  for  forward  scattering,  and  for  back 
scattering  at  broadside  incidence. 

The  normalized  total  scattering  cross  section  per  unit  length  for  non-grazing  inci¬ 
dence  (c  sin  0 o  »  1)  is  (Seshadri  [1958b]): 


=  <704-<7,c"f  +  (T2^  i  +  <r3c"4+0(c"'1), 
2d 


where: 


<r0  —  sin  0 o , 

_  sin2  0O  (cos  [2c(l  +cos  0o)+i n]  cos  [2c(l  -  cos  0O) 

\6yjn  \  (l+cos0o)3  +  (l-cos0oj3 

3  sin2  0O  (  (9  +  cos0o)  /4  .  .  ,  , 

<J2  =  -  -  P- -  cos  [2c(l+cos<^0)-|7t]  + 

32  ,/tt  (8(l+cosV»o) 

+  ^_C0S  ^o)4  cos  [2c(l  -cos  <M-W! , 

8(1 -cos  0O)  I 

cos  4c 
<r3  =  -  - 

1287T  sin  0o 


r 


(4.113) 


(4.114) 

(4.115) 


(4.116) 

(4.117) 


The  factor  sin  <j>0  in  the  denominator  of  the  coefficient  a}  of  eq.  (4.1 16)  represents  a 
correction  due  to  LOneburg  and  Westpfahl  [1968],  Results  of  computations  based 
on  cq.  (4.113)  are  shown  in  Fig.  4. 14;  although  the  incorrect  expression  for  a  3  was 
used,  the  error  does  not  affect  the  curves  appreciably. 

In  particular,  for  broadside  incidence  (<p0  =  In),  cq.  (4.113)  reduces  to: 


Of  =  ,+  cos(2c  +  (n)  +  27cos(2c-in)_  cos 4c  +Q  .... 
2,1  8  c\ctr  128c\/cn  128jic4  ‘ 


(4.118) 


lixtensivc  computations  of  <rr/2</,  including  terms  through  r  ^ ,  have  been  given  by 
Wu  [1958];  however.  Wu\  term  in  c"5  disagrees  with  that  in  eq.  (4.1 18),  which  was 
also  independently  derived  by  Millar  [1957]  and  l  unlkurc;  and  Wimpi-mil  [1968]. 

On  the  other  hand,  for  grazing  incidence  (0O  ~  0)  the  norma ii/ed  tot.  l  scattering 
cross  section  is  (Sisiiadki  and  Wu  [I960]): 
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°t  _  ]/ 2  (i  1  i  3  i  1  f15  _  sin(4c  +  j7c)1  1  ["525 

2d  hc\  24c  2V  2Vb6  njl  J  2uc4L28 

-  21  cos(4c  +  i7i)"j _ 1_  r6615  _  861  sin  (4c  +  jg)1  +  0^-6)|  (4U9) 

it\j2  J  2  c  L  2  nyj2  J  I 

The  curve  for  grazing  incidence  (<£0  —  0)  in  Fig.  4.14  has  been  computed  using  the 
first  five  terms  in  eq.  (4.119)  (King  and  Wu  [1959]). 


Fig.  4.14.  Normalized  total  scattering  cross  section  per  unit  length,  oTl2d,  for  £*pola:halion  as  a 
function  of  c  for  various  angles  of  incidence  (Kino  and  Wu  [1959]). 


4.2.2.  H-polarization 


4.2.2. 1.  EXACT  SOLUTIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  e-axii, 
and  forms  the  angle  <£0  with  the  negative  .v-axis  and  the  angle  (\i i-<t>0)  with  the  neg¬ 
ative  r-axr  (0  ^  ^  {rc)  such  that 


W1  =  z  exp  { —  ik(.v  cos  (j>0  +  v  sin  <£0)}, 

E'  =  Z(sin  <f)0x-cos  4>0y)  exp  { —  iA:(.v  cos  (t>0  +  y  sin  0o)}» 


the  scattered  magnetic  field  is: 

kol:  >'(<•,  i) 


,r..--s  s,v("ir 

x  V,0‘ 

m  0  i V  _ 


l) 


Ro'JXc.  i)SoJ>\  cos  <j>o)Som(c,  ij). 


(4.120) 


(4.121) 


An  alternate  expression  lor  the  .scattered  field  is  (Gkinbkru  (1957)): 
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1  1  rw 

-  -H\(y,6)  H*0"(kR)  idy+I  --//;( y.S)  H'0"(kR)d  y- 

2iJ_oo0d  a=o+  2iJ|d  od  a»o  + 

H8(x  >0  =  fid 

-ifcsinrf>0  Wj,,’(fcR)e',*,,<"*0dy,  for  v  S»  0, 
J-u 

-H](x,  ->>),  for  ySO,  (4-122) 


where 


WM 

S6 


*  =  y/{(x-yY+y*}, 


(4-122) 


(4.123) 


— -  [w+  (- -l)  +C0-  (- -iVj  ,  for  y£id, 

2v/(2y/d- 1)  L  +  \d  /  Id  /J 

I  k  (-  ^  --  (-  *-lfi  .  for  y  £  -  id! 

'2J(-2y/d- 1)  L  V  d  /  \  d  /J 


(4.124) 


«±(t)  =  lim  co^(t),  (t  g  0), 


(4.125) 


o>(±0)(t)  =  -  -,k“"  ^  f '  [eirp coi + c  -  '<v> toi ♦°Jdpi  (4.126) 

?r  J_,  t  +  p+1 


«4">(T)  =  «4°'(t)T  --  f  -  6  - 1/£±? «4->(p)d p.  (»  &  1).  (4.127) 

*  Jo  (t  +  p  +  2)  r  P 

For  normal  incidence,  =s  0.  In  this  case  Grsnberg  [1957]  has  calculated  the 
first  two  iterates  in  eq,  (4.127)  for  c  =  it.  The  results  appear  in  Fig.  4.15. 


Fig.  4.! 5.  Real  < - land  imaginary  ( 


)  part.-*  of  (.7  Ik  ho  t  ( t  )  for  6U  J.t  and 
[1957)1. 


7  (CiRINH(.**(. 
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Since 

dHfay)  =  _ikYE‘(x,  0),  (4.128) 

Sy  ,-o 

the  scattered  electric  field  on  the  portions  of  the  y  =  0  plane  not  occupied  by  the  strip 
is  given  by  eq.  (4.124),  whereas  the  scattered  magnetic  field  is  zero.  On  the  strip 
(w  =  0)  the  total  magnetic  field  is: 


m  =  0 


^m(^»  COS  ty) 

N">  T Re")(c’ cosh  “)  i 

ou 


Sow(c,  cos  <j)0)Som(c,  tf) 

~  ROmXc,  cosh  u)  | 
ou 


(4.129) 


Hsu  [1959,  1960]  has  computed  \H\\2  and  arg  H *  on  the  strip  for  c  =  0.45tt,  1.27^ 
and  2.2 It:,  and  (j>Q  =  In^it  and  Ja.  Some  of  these  results  for  the  upper  face 
(y  =  0+)  are  shown  in  Fig.  4.16;  on  the  lower  face  (>>  =  0“),  \H\\2  is  the  same  as  that 
shown,  whereas  arg  PI  is  obtained  by  adding  180°  to  the  values  in  Fig.  4.16. 

In  the  far  field  (f  -♦  oo): 

P  =  -  In  I  RAiyf~  S°m(c,  cos  4>0)SoJc, ,).  (4.130) 

"-0  C’  Rctf'ic,  1) 

The  total  scattering  cross  section  per  unit  length  is: 


_  8ft  Y  1  RoL'^c,  1) 
‘  k  NL"»  RoL3,'(c,  1) 


Som(c,  COS  (fro)  ■ 


(4.131) 


The  normalized  total  cross  section  is  shown  as  a  function  of  c  for  various  values  of  0O 
in  Fig.  4.17. 

For  grazing  incidence  (<t>0  =  0): 

H\  =  0,  (4.132) 


Hz  =  Hi  =  e-ikv  =  v8/r£(-i)r 

m  =  0 


Re'JV,  1) 


Se„(<\  >l)- 


(4.133) 


For  broads?. le  incidence  (<f>0  =  Jtt)  the  scattered  magnetic  field  is: 

in  =  iN  Krr  y  (~ir ■So-m(;;(c' 0)  (4'l34) 
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n/Z  n  3,r/2 

v,  radians 


Fig.  4.18.  Amplitude  of  the  total  magnetic  field,  \HZ\.  on  the  strip  as  a  function  of  v  for  //-polarization 

at  broadside  incidence  (^0  —  l?r)  and  c  —  0.5  ( - ),  c  —  1.0  ( - ),  c  —  2.0  ( - )  (Barakat 

[1969]). 

and  some  numerical  results  based  on  this  formula  are  shown  in  Fig.  4.17. 


4.2. 2. 2.  LOW  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis, 
and  forms  the  angle  0O  with  the  negative  *-axis  and  the  angle  (\n  -  0O)  with  the  nega¬ 
tive  >’-axis  (0  ^  0O  g  in),  such  that 

H'  =  z  exp  { -  ik(x  cos  Qo+y  sin  <t>0)},  ,38j 

E'  =  Z(sin  0o  x  -  cos  0O  y)  exp  { -  i k(x  cos  0O  +  y  sin  0O)}, 

low  frequency  expansions  have  been  obtained  either  directly  (Strutt  [1897a,  b,  1913]; 
Groschwitz  and  Honl  [1952];  Honl  and  Zimmer  [1953];  Muller  and  Westpfahl 
[1953];  Bouwkamp  [1954];  Sommerfeld  [1954];  Tranter  [1954];  De  Hoop  [1955]; 
Pimenov  [1959];  Millar  [I960]) or  by  expansion  of  the  Mathieu  functionsappearing 
in  the  exact  series  solution  (Burke  and  Twf.rsky  [1964];  Burke  et  al.  [1964]). 

For  arbitrary  incidence,  the  scattered  magnetic  fieid  on  the  strip  (u  =  0)  is  (Millar 
[I960]): 

Hl  =  cigHc*  +  o(c%  (4.139) 

n  =  0 

where: 

p  =  log  ic  +  y-JiTi, 

7  =  0.577  215  7  ...  is  Euler’s  constant, 


(4.140) 
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and 

00  =  —  i  sin  (f>Q  sin  v,  (4.141) 

9 1  =  — g-  sin  2<t>0  sin  2vt  (4.142) 

02  =  ii  sin  <f)0(p  -  J  +  i  cos2  <£0)  sin  t> + *i  sin  0o(i  +  cos2  <t>0)  sin  3v,  (4. 143) 

i/3  ='  ”4T  sin3  cos  <t>0  sin  2t>+  sin  2<£0(!+cos2  $0)  sin  4u,  (4.144) 

04  =  _Ts'  s*n  0o[p2-ip(i_cos2  0o)+ A-tcos2  0o+ttcos4  0O]  sin  v- 
— TT?i  sin  0o (P~i+i  c°s2  0o+y  cos4  0O)  sin  3d- 

- tjW  s*n  0o(i  +f  cos2  0O+|  cos4  0o)  sin  5v,  (4.145) 

a  5  =  tot *  sin  20o(p  - 1 + 1  cos2  0O  -  j  cos4  0O)  sin  2d + 

+ TTToff  s'n  20O(3  -  cos2  0o  -  2  cos4  0O)  sin  4d  - 

- 4» ho  sin  20o(i  +  i  cos2  0o  +  cos4  0O)  sin  6d,  (4. 146) 


06  =  Tss' sin  0o[4p3 -lp1  +  J-j°rP -  Tri +(2P2  -  Ip + M) cos2  0O  + 

+(iP~i4) cos4  0o+T6  cos6  0O]  sin  D+yfji  sin  0o[p2~fp+  §-£  + 

+(iP”if)  cos2  00+tp  cos4  0O+ A  cos6  0o]  sin  3d+ 

+  6T4~4oi  sin  0o(5p-f|+i  cos2  0o+f  cos4  0o+|cos6  0O)  sin  5d  + 

+Trrs6oi  sin  0o(t6  +  I  cos2  0o  +  i  cos4  0O+ cos6  0O)  sin  7d.  (4.147) 

In  the  far  field  (£  oo)  and  for  arbitrary  incidence  (Millar  [I960]): 

P  =  ircc2  £  T2„(0, 0o ;  p)c2” + o(c8),  (4. 148) 

n  =  0 

where 

T0  =  — i  sin  0o  sin  0,  (4.149) 

T2  =  A  sin  0o  sin  0[i  cos2  0  +  ]  cos  0O  cos  0+(p-J  +  i  cos2  0O)],  (4.150) 

=  ~  A  sin  0O  sin  0{A  cos4  0  +  £  cos  0O  cos3  0  +  [j  cos2  0o  +  )p-  y]  cos2  0- 

-  5  sin2  0o  cos  0o  cos  0  +  [p2  -p(|  -  )  cos2  0O)  + 

+  r<5-}cos2  00+11  COS4 0o]},  (4.151) 

T„  =  j }  -6-  sin  0o  sin  0{  pi  «  cos6  <p  +  4's  cos  0O  cos5  0  + 

+  1(1 P  -  T4  +  1  cos2  0C]  cos4  0  - 

-  i‘e  [sin2  0o  cos  0O  -  J  cos  0o(i  +  cos2  0O)]  cos3  0  + 

+  i[p2  -  )p(t  -  cos2  0  u)  +  -  ,5o  cos2  0o  +  v  cos4  0O]  cos2  0  - 

-  A  cos  0o(p  -  8  +  ?  COS2  00  -  |  cos4  0 o)  cos  0  +  l[4p3  -  7 p2  + 

+  -'i°4*P -  sri  +  (2p2  -  *p  +  li)  cos2  0O  +  i(p  - « )  cos4  03  +  A  cos6  0O]}. 

(4.152) 
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An  expression  equivalent  to  eq.  (4.148)  was  used  by  Burke  and  Twersky  [1960, 
1964]  to  compute  the  bistatic  cross  section  per  unit  length  as  a  function  of  <j>  as 
shown  in  Fig.  4.19.  Additional  cor.' mutations  for  0O  =  0,  in  and  in  with  c  -  0.3, 
0.7  and  1.1  are  given  by  Burke  et  al.  [1964].  The  normalized  back  scattering  cross 


Fig.  4.19.  Normalized  bistatic  cross  section  per  unit  length,  tA.fr,  as  a  function  of$  for  //-polarization 
with  <f> o  and  c  »-*  1.1  (Burke  and  Twersky  (1964]). 


section  per  unit  length  is  shown  in  Fig.  4.20  as  a  function  of  <f)0  for  c  =  1.1  and 
in  Fig.  4.21  as  a  function  of  c  for  =  \n  and  \n. 

The  normalized  total  scattering  cross  section  per  unit  length  is  (Boersma  [1964]): 


*T 

2d 


j'jnVsin2  0O{I  +  i«c2(l  -  5i5-|cos2^0)  + 

+  cos4  00  -  (J 1  -  S)  cos2  0„  +  j  ii(l09  -  3365  +  288<52  -  24n2)]  + 

+c‘[-  +  225V2-^+5,4^+t^Ht-  rrr?  *2  + 

+  (  ~  +  jygS  -  ,  -jrfjff  +  2  U^2 )  COS2  00  + 

+(-  Si4^  +  Si4~) cos4  0 o-4«7o-8  cos6  0o]!  +  O(c'°),  (4.153) 


where 


6  =  p+  Ji7T. 


(4.154) 
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V90# 


Fig.  4.20.  Normalized  back  scattering  cross 
section  per  unit  length,  ]Aa,  as  a  function  of 
<£„  for  //-polarization  with  c  =  1.1  (Burke 
and  Twersky  (1964]). 


Fig.  4.21.  Normalized  back  scattering  cross 
section  per  unit  length,  JA<r,  as  a  function  of 

c  for  //-polarization  with  <f>0  =  fa  ( - )  and 

<f> o  =  fa  ( - )  (Burke  and  Twersky  [1964]). 


The  normalized  total  scattering  cross  section  calculated  using  the  first  three  terms 
(including  0(c7))  of  eq.  (4.153)  is  shown  in  Fig.  4.22  as  a  function  of  c  for  various 
values  of  <j>0  whereas  the  closed  form  results  of  Burke  and  Twersky  [1964]  are  shown 
in  Fig.  4.23  as  a  function  of  (j)0  for  c  -  l.l. 

For  grazing  incidence  (4>0  =  0),  no  scattering  occurs:  HI  s  0. 

At  broadside  incidence  ($0  =  ^zr),  the  scattered  magnetic  field  on  the  strip  (w  =  0) 
is  gi\e  i  by  eq.  (4.139)  in  which  the  coefficients  g2n+i  are  identically  zero  and 


0O  =  -  i  sin  i\  (4.155) 

g 2  =  ii(p-i)  sin  r  +  4‘8i  sin  3r,  (4.156) 

tu  =  —  I6i<p2  —  ,V)  sin  t  —  ,rsi(p—  I)  sin  3i'—  j-.'-joi  sin  5u.  (4.157) 

!U  =  :  J  o*(4p3  -  Ip'  +  -'irP  -  r°i)  sin  r + rhi(p2  -  */>  +  $?)  sin  3u  + 

^  i  2  2  k  ni(  P  —  1 2)  sin  5r  +  -j  qj 2  j  $ 2i  sin  7r.  (4. 1 58) 


Fig.  4.22.  Normalized  total  scattering  cross  section  per  unit  length,  oT/2</,  as  a  function  of  c  for 

//-polarization  (Millar  [19601). 


V90* 


Fig.  4.23.  Normalized  total  scattering  cross  section  per  unit  length,  rrT/2*/,  as  a  function  of  for 
//-polarization  with  r  l.l  (Burke  and  Twf.rsky  [19641). 
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In  tlio  far  field  (£  -*■  oq)  (Millar  [I960]): 

P  =  iitc2 £  T2„(<t>,  in;  p)c2"+o(c8),  (4.(59) 

n=0 

with 

T0  =  -  J  sin  <t>,  (4.160) 

T2  =  yV  sin  4>(i  cos2  4>  +  p~i),  (4.161) 

T4  =  -V?  sin  cos*  <H(ip-j)  cos2  0+(p2-jP+rs)],  (4.162) 

T„  =  -j-j-5  sin  <A[T-4-4  cos6  <A  +  -[i(p— i) cos4  <(>  +  i(P2— fp+£i) cos2  $  + 

+  i(4p3  -  7  p2  +  W-P-  f  ?*)].  (4.163) 


Burke  etal.  [1964]  have  plotted  the  normalized  bistatic  cross  section  per  unit  length, 
lko((t>),  is  a  function  of  4>  for  c  =  0.3,  0.7  and  1.1.  The  normalized  back  scattering 
cross  section  per  unit  length  as  a  function  of  c  is  shown  in  Fig.  4.21.  The  normalized 
total  scattering  cross  section  per  unit  length  is  (Boersma  [1964]): 


°T  =  *  V  ( l  +  ,V2(  1  - "  <5)  +  rsVsA  109-3360  +  288<52  —  24;r2 ) + 

2d 

+  c'b( iV3  +  TsV*2  -  +  2  94  9  !  2  ~  foQ2 4ff2 )}  +  0(c*  °).  (4. 1 64) 

A  plot  of  the  first  three  terms  of  this  expression  appears  in  Fig.  4.22. 

4.2.2. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  perpendicular  to  the  z-axis, 
and  forms  the  angle  < p0  with  the  negative  x-axis  and  the  angle  (i /r-$0)  with  the 
negative  v-axis  (0  ^  4>0  in),  such  that 


H'  =  l  exp  f  —  i k(x  cos  4>0  +  y  sin  </>„)},  (4  ^ 

£'  =  Z(sin  <j>0 Jf-cos  <t>0$) exp  { —  ifc(.v  cos  <t>0  +  y  sin  <£„)}, 

the  scattered  magnetic  field  is  (Karp  and  Keller  [1961]): 

|.S  .  v(l/  2  ...  ..  ,  .  X7{(1  —cos  |A,)(1  —cos 

//.^Usgnfsini/fj)  F  exp  [ikpt -ini -if  cos  </><>}  N  - - - - 

It  nkf)l  cos  if/ ,  +  cos  0o 

X  [l-  *■  ,+COS^COS^+0!(Ap1)-2}l 

L  2kpl  (cos  <lit  +cos  <t>0)2  -I 

I  2  ,  ,  v'{0  +cosi^2)(l+ cos  </>„)} 

-\  exp  { —  lire  +  if  cos  ^„}  N  - 

1  JlK/lj  COS  If.' ,  +  COS  <pu 

„  f.  ‘  1  +COS*:  COS  00  -2,1  |  .. 


-*»  - 


-I  "  exp  Jikpj-iiTr  +  ic  cos  <£„} 
r  nkp. 


where: 


*  •-  *  / , T^O!^)-1)  .  (4.166) 

L  2k p 2  (cos  i//2  +  cos  (f)0)  J1 


Pi .2  :  #  n4  </>0.  </>0  ^  0.  (4.167) 
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and  the  geometric  variables  are  defined  in  eqs.  (4.67)  and  illustrated  in  Fig.  4.11. 
The  expression  in  eq.  (4.166)  is  based  on  analysis  of  singly  diffracted  rays  only. 
An  expression  of  the  scattered  magnetic  field  which  includes  contributions  from 
multiply  diffracted  rays  but  to  a  lower  order  in  kp{f2  is  (Karp  and  Keller  [1961]): 

h:  =  sgn (sin i/r,)  []/-  — ■e1*'’1  [ -iic"'0”’*0  ViQ 1 1  ~iosJ0^  + 

U  nkpx  \  cos  ’i»,  +  cos  <j>0 

.  ll/T  ie4iV . . 


]/-  eJic"li*  (l-  ---  )  '(1  -cos  ■!>,)- * 
4  F  nc  \  16* c) 


x  _  ejcp{2ic+im-iccos^  +Q  /  1  \\  + 

\cos  i<t>0  4v/ncsin|0o  i  Up,/ 1 

+  v'f.C+COS^Xl  +  COS0o)}  + 

i  nkpi  I  cos  <j/2  +  cos  4>0 

+  \  1/ -  e2lr-11*  (l  -  ^“'(l+cosW* 

4  r  jrc  \  16ttc/ 

X  |'e'iCC<B*°  _  exp{2ic+Im+iccos  <M\  +0  /  Mj , 

\  sin  40o  4V/ 7rc  cos  40n  /  \/cp2/ )  ’ 


cos  40o 


4x/ttc  sin  i0o 


e  “ ic  cos  *°  exp  {2ic  4-  +  ic  cos  0O} 


sin  40o 


4yjnc  cos  40o 


where: 


P 01,2  #  rc±0o,  0*  27t;  0O  0. 


(4.168) 


(4.169) 


An  expression  which  is  still  approximate  but  includes  terms  of  all  orders  in  kp  12 
based  on  successive  interactions  of  half  plane  fields,  is  (Karp  and  Russek  [1956]): 

/exp  { —  i kp  cos  (0  +  0O)}  4-  K,  j  4-  V2\ 4-  Cx  Vt  2  4-  C2  V2 , , 

)  for  0  g  0  ^  n  (0  ^  0L2  $  rc)<  (4.170) 

|  -  Hl(2n-(j),  2^-0,,  2 7t-02), 

'  for  7T  ^  0  ^  2tt  (tt  ^  0|2  ^  2n),  (4  171) 

where: 


g '  _ 

ln  =  .  [exp  {-tfcpcos(0-0o)}F(v/2kp1  cos  i(0i”0o))  + 

\* 

4-exp  j-i^/)  cos  (0  +  0o)}F(-s  2^:p,  cos  i(0,  4-0o))],  (0  <;  0,  ^  ;r),  (4.172) 

cii,f  .  . 

1 2i  =  -  [exp  !-i^7>cos(0-0o)}F(N  2A/>,  cos  i(02-0o))4- 
\  71 

+  cxp|-iAp  cos  (04-0„)}F(\2A/>2  cos  1(02  40o))],  (0  ^  02  ^  JT).  (4.173) 


1,,  =  -  2e^ 


r  ei,,:dp 

*  m  \  (p  4-  2kp2) 


m  =  2 


/c-p,(l-cos  0,) 
P  i  4-  p2  41  d 


(4.174) 
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Vu  =  -2c*'  «'  =  2l/CMi±££!il).  (4.175) 

V(a*  +2fep,j  r  pt+p2+<* 

_  _  1  [|  _  ie4lc1~l|exp  {'c  cos  <ft0}  _  exp  {2ic+jiir-iccos  (4  l76) 

tt  L  4neJ  I  cos  2^7rcsini^0  )’ 

C2  =  -  1  [")-  ie4i‘~[~‘fexP{-ic  cos  0p}  _  exp  {2ic+ji7t+ic  cos  </>0}|  ^  (4.177) 

j  L  4^cJ  l  sin  2,/ttc  cos  I’ 

and  F(r)  is  the  Fresnel  integral  defined  in  the  Introduction.  The  geometric  variables 
are  given  by  eqs.  (4.67)  and  illustrated  in  Fig.  4.11.  Eqs.  (4.170)  and  (4.171)  arc  not 
valid  for  grazing  incidence.  On  the  strip  (u  =  0)  the  total  magnetic  field  for  arbitrary 
incidence  is  (Millar  [1958a]): 

H:  -  exp  { -  icq  cos  0O} +sgn  (sin  t?){exp  { -  icq  cos  0O }  4- 

-F sin  0O  £  Wcos0o>  ^HM-cos  0O,  —  »|)]ci<3“">4- 0(c" *)},  (4.1 78) 


(4.175) 


(4.178) 


wnerc: 


/.o(cos^0.7)  =  -  2eXp{-  1  [nz'cr,  cos  4>0}  F[v/{c(|  _cos  ^o)(,  (4.179, 

yj  71  SIR  0O 

M  cos  «„.!,)  =  exP  {21C+.CCOS^0}  {2/4o[2c(i  -;.cos  0o)]rr /{2c(l  -7)}]  + 

7 rN/C  l 

+  1  [(1  ,  2  +4i/41[2c(l+cos</.0)]G(7)lj.  (4.180) 

c  L'*  1  -  cos  0o  /  1  +cos  0o  J  J 

/i:(cos  <)><> . »/)  =  exp  |/40[2c(l  —cos  $o)]^[\  (2c(l  —7)}]  + 

;rv  ttc  l 

^  ,l„[2f(l-cos*0)]G(i|)  1  rr  /,, .n  f  I  /l/  2  _.L 


’  +  c  f['/{2c(1  "")}]  [2(l  -c^)  U  1  +COS  00  _1)  + 
"*■  [2c(  1  -  cos  </>0 )]  -  i'«/t  :.i[2c(  1  -  cos  <t>0 )]  J  J .  (4.181) 


/ij(cos  </>„.  >;)  =  ,exp  f6i‘  +i‘\cos  *o}  /i0[2c(|  +cos  ()>0)]F[n;(2c(I  -7)}]. 


2n\c 


G(n)  =  [*1l-i»)-li]f[N  }2c(l— 7)}]e"i,n  ~”-i2'  \  1  -./c"" 
•40(*i=  -2ix  !c  "/  [N  *]. 

.4 , ( 3f )  ~  -2-4ix*e',,F[N  x]. 


(4.182) 


(4.183) 

(4.184) 

(4.185) 


and  /’(:)  is  the  Fresnel  integral  defined  in  the  Introduction.  Higher  order  terms  may 
be  derived  following  Mu  i  ar  [1958a],  By  neglecting  the  summation  in  cq.  (4.178),  the 
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geometric  optics  approximation  to  the  magnetic  field  is  obtained.  The  above  expres¬ 
sions  are  valid  uniformly  in  however,  they  may  be  simplified  in  restricted  regions  of 
the  surface.  In  particular,  away  from  the  edges,  such  that  c|sin  t>|  »  1,  the  fic  d  on  the 
surface  is  given  by  eq.  (4.178)  with  the  quantity  sin  <j>0  x  replaced  by: 

e-ii»+if  r  exp  {ic(cos  4>0+>))}  exp  {-ic(cos  <j>0+*i)}~\  , 


Zm  I 

-n))  J 


v/rc  L\/{(1+cos  4>0)(1  +rf)}  s/{(l_cos  ^o)(l 

i  sin  4>0e*k  I" exp{ic(cos  <t>Q - 2>;)}  _ 

Inc  L(  1  +  cos  4>0)s/{(  1  -  cos  <j>0)(  1  -  r/)} 
exp  { - ic(cos  <j>0 - ?q)}  1  , 


^ _ r  \  \ _ t  v 

(l-cos  0o)s/{(l+cos't> 


- 1  +0(c'}). 


(4.186) 


For  arbitrary  incidence,  the  scattered  electric  field  on  the  potions  of  he  plane 
y  =  0  outside  of  the  strip  (1*1  >  ±d)  is  (Grinberg  [1957]): 


_  iZ  W 

x  k  dy 


where: 


(  +  for  v  =  0,  (:c  i  jd);  —  for  v  =  n,  (.x  g  -id)),  (4.187) 


oj±(t)  ~  (^'(t)? 


J2CIC  P  (o'±°'(p)eJlcV*dp 

Jo 


tt(t  +  2)(1  i  2k  ~  *e 


nvo) 


(4.188) 


(U(+ *(t)  =  S'n  —  f  e - Jp  + 1  cos  (cp  cos  <t>o)dpy  (4.189) 

n  J_,  t  +  p+1 


<o(-0,(t)  =  *  S'n  f  - —  yjp+  I  sin  (cp  cos  <t>0)dp , 
K  J  -  j  T  +  p-f  1 


(4.190) 


and  F[t]  is  the  Fresnel  integral  defined  in  the  Introduction.  The  order  of  the  approxi¬ 
mation  in  cq.  (4.187)  is  not  known. 

In  the  far  field  ({  oo)  and  for  arbitrary  incidence  (Khaskind  and  Vk»nshteyn 
[1964]): 

F  =  *s8n(sin^)  [exp  Jic(cos^+cos0o)}>/{(,+cos0)(l+cos0o)i 

2(cos  <t>  f-cos  (/>0) 

x  [1  -i-  f(r,  cos  <£)][!  +  F(c.  cos  <t> 0)]  - 
-exp  [  -ic(cos  0-f  cos  ^o)Jv  {(1 -cos  $)U  -co*  <p0)j 

x  [1  t  f(c.  -cos  (f>)][\  +  f(c,  -cor  %)]}  +  0(c" ').  (4.191) 


where: 


/  (<•  X)  =  x  l-x2|‘f/‘0:,(2r)e-:i,‘d«. 


(4.192) 
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and 

f(c,l)=  -1,  f(c,  -1)  =  0.  (4.193) 

The  expression  in  eq.  (4.191)  is  uniformly  valid  in  <f>  and  <f>0  and  equivalent  results 
are  given  by  Millar  [1958a].  Computations  of  IP)  as  a  function  of  (f>  for  <f>0  =  Jtt 


Fig.  4.24.  Normalized  far  field  amplitude,  \P'!c,  as  a  function  <f>  for  //-polarization  with  c  -\'28* 
(ft o  =  ( - )  and  (f> o  —  ( - )  (Ufimtsev  (1958]). 


Fig.  4.25.  Normalized  back  scattered  far  field,  | P  Ic  as  a  function  of  (f>0  for  //-polarization  with 
r  -  \'28  ( - )  and  c  \  80  ( - )  (Ufimtsev  [1958]). 


and  in  and  c  =  s'28  are  shown  in  Fig.  4.24,  whereas  Fig.  4.25  presents  the  backscat- 
tered  field  as  a  function  of  (j>0  for  c  =  v;28  and  c  =  N/80.  These  results  are  rigorous 
(Ufimtsev  [1958]);  however,  the  method  of  derivation  has  not  been  indicated. 
Away  from  grazing  angles  (c|sin  (f>\  >  1,  c  sin  <f)0  >  1),  the  far  field  is: 
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P  -  -sgn  (sin  <j>) - - 

(2(cos  0+cos  0 o) 

x  [exp  {it  x  as  0  + cos  <j>o)}yJ {( 1  -I-  cos  0)(  1  +  cos  0O)}  - 

-exp  {-ic(cos  0  +  cos  <j>0)]  /{(I  -  cos  0)(1  -  cos  0O)}]  + 

+  e2iC~^h'  f. “Pi*-  'cos  — cos  4*)}  +  exp  {-ic(cos  <t>0-cos  <t>)}~\  +0(£.-i,l 
2v'j zc  LV'{(1  -cos  <j>)(l  +cos  0O )}  v/{(]  “cos  <MU  +cos  <^>)} J  I 

(4.194) 

The  first  term,  O(c0),  in  this  expression  was  obtained  by  Keller  [1957]  using  singly 
diffracted  rays;  its  amplitude  is  the  same  as  the  corresponding  term  for  £-polirization 
(eq.  (4.96)),  which  is  plotted  for  0O  =  in  and  c  =  8  and  c  =  I  Or  in  Fig.  4  13.  The  second 
term  in  eq.  (4.194)  of  order  c“*  has  been  obtained  by  Karp  and  Keller  [1961], 


Fig.  4.26.  Amplitude  of  the  far  field  coefficient,  /*j,  as  a  function  of  <f>  for  /^-polarization  with  c  -  8 

(Keller  (1957]). 

and  it  can  also  be  obtained  by  specializing  the  results  of  either  eq.  (4.170)  or  eq. 
(4.191),  The  amplituce  of  P  for  broadside  incidence,  computed  from  an  expression 
which  agrees  with  that  of  eq.  (4.194)  to  order  c'1,  is  shown  in  Fig.  4.26.  In  particular, 
for  back  scattering  (0  =  0o)ana  r on-grazing  incidence  (c  sin  0O>  1),  the  far  field  is: 

P  =  -iicos(2ccos0o)-  e2'f  +0(c*'),  (4.195) 

2  cos  0o  \itc  s‘n 

which  for  broadside  incidence  reduces  to: 

P  =  *"  +0(c"  1 ).  (4.196) 

On  the  other  hand,  for  forward  scattering  (0  =  0o  +  tt)  and  non-grazing  incidence 
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(c  sin  0O  >  I),  the  far  field  is: 

•  p  2iccos4o  -2irco$4<r| 

P  =  -c  sin  0O+  —  -  +  — 7---  -  +  -  +0 (c_I),  (4.197) 

2  sin  0O  2v/7rc  Ll+cos0o  l-cos0oJ 

which  for  broadside  incidence  (0O  =  ifl)  reduces  to  the  negative  of  the  result  of 
eq.  (4.196). 

The  physical  optics  approximation  to  the  far  field  coefficient  is: 

D  •  ,  sin  [c(cos  0  +  cos  0O)]  .. 

P  =  sgn  (sin  0)  sin  0O  — -T - -  ,  <4.198) 

COS  0  +  COS  00 

which  differs  from  the  leading  term  in  eq.  (4.194)  except  for  forw  ard  scattering,  and 
for  back  scattering  at  broadside  incidence. 

The  normalized  total  scattering  cross  section  per  unit  length  for  non-grazing 
incidence  (o  sin  0O  2  l)  is  (Seshadri  [1958a]:  Kieburtz  [1965]): 

<rr  •  ,  1  |cos[2f(l+cos^0)-i-’t]  ,  cos  [2r(I -cos  </>„)- in] | 

=-  sin  (jPo  - -  \  *r  •  ■"  ■  —  - 1 

2d  2cN/7TC  l  1+ cos  0o  1 -cos  0o  ) 

cos4 c  1  jcos  [2c(3  +  cos 0o)  +  1tt]  cos  [2c(3-cos  0o)  +  i^j 

27rc2  sin  0O  8nc2N;7icl  l+cos0o  1-cos  0O 

_  tt(7-cos  0O)  cos  [2c(l +ccs  0o)  +  i7r]  _  ;r(7  +  cos  0O)  cos  [2c(l  -cos  0o)  +  i^]\4 

4(  I  +  cos  0O)2  4(  1  -  cos  0O)2  ) 

+  0(c"3).  (4.199) 

Results  of  computations  based  on  eq.  (4.199)  are  shown  in  Fig.  4.27. 


lig.  4.2'.  Normalized  total  scattering  cross  section  per  unit  length,  rr ,  2d,  as  a  function  of  r  for 
//-polarization  and  \arious  angles  of  incidence  JKist;  and  Wi  11959]}. 
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For  broadside  incidence  (<£0  =  in),  a  higher  order  approximation  is  (Millar 
(1958a]): 


Oj  «  COS(2c-±n)  COS  4c  1  r  tr  «  \  7  n 

=  1 -  +  -  -  -■  ■  -  [cos  (6c + in)  -  In  cos  (2c + in)]  - 

2a  c^'nc 


2nc2  4nc2yjnc 


l 


3  [sin  8c  -  jrc  sin  4c]  +  0(c“  *).  (4.200) 

8ti  c'5 

Near  grazing  incidence,  conflicting  expressions  for  the  total  scattering  cross  section 
have  been  obtained  by  Millar  [1958a]  and  Kieburtz  [1965]. 

4.3.  Line  sources 

4.3.1.  E-polarization 

4.3.1. 1.  EXACT  SOLUTIONS 

For  an  electric  line  source  parallel  to  the  z-axis  and  located  at  (u0,  t>o)>  such  that 

E1  =  zHo\kR),  (4.201) 

the  total  electric  field  is: 

x  Re^\c,  f>)Sem(c,  >i0)Sem(c,  ti)+ 
+  Ro"\c,  t^Rc^c,  {>)So„(c,  r,o)Som(c,  fj)j .  (4.202) 

An  alternate  expression  for  the  scattered  field  is  (Grinberg  [1958]): 


where: 


'  ~  (  f  EK V.  0)H<o1>(/cR)dy  +  f  E)(y,  0)H'o"(fcR)dy- 

2i  Cy  U  -  *  Ju 

-  J  ^H,0,,(kR0)H,0,'(fcR)dy) ,  for  yiO,  (4.203) 


l  £!(.v,  -y),  for  y  g  0, 


=  v  {(*o-y)2+jo}« 


(4.204) 

(4.205) 


.Y  >  U/, 


t;(.v.  o)  = 


riM-M  ♦■-(?-•)]•  ,o' 


(4.206) 
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w±(t)  =  lim  a/J^i), 


(4.207) 


co(±0)(t)  - 


=  -M 

7tJ_i 


(.^w&+o[*i'w,(w’+“‘),+'s,)± 

tHMkJMdp-XoY+ylmdp,  (4.208) 


=  <(t)±  ^  r-*H- 

it  «/o  t+p  +  2  f  p  +  2 


(4.209) 


The  quantity  £“(*,  0)  given  in  eq.  (4.206)  is  the  scattered  electric  field  on  the  portions 
of  the  y  =  0  plane  not  occupied  by  the  strip,  whereas  the  scattered  magnetic  field  is 
zero  there. 

On  the  strip  (w  =  0): 

c|sin  i>|  m=o  IN™  RttfXc,  1) 

+^^.t)so-<f-,"iso-,f-,)]  <4-2'o) 

In  the  far  field  (£  ->  co): 

K'-w- 


-  £0)J  Sejc,  r/0)Sem(c,  rj)+ 


+  --  Ro<m'>(c,  to)Som(c,  q0)SoJc, ,)) . 


(4.211) 


If  the  line  source  lies  on  either  portion  of  the  y  =  0  plane  not  occupied  by  the  strip 
then: 


£-  =  4  I  -L  kv. «<)-  IS*’ !!  Re~' C<)1  RtfV. s>)Sem(c, q). (4.212) 

™“°  L  Rel’V.D  J 


and  on  the  strip  (u  =  0): 


_4V  £  1  RC‘>.W 

<|sin  r|  m%  Nt*  Re‘„’'(r.  D 


(4.213) 


Mandrazhi  [1962]  has  plotted  the  amplitude  of  the  surface  current  density  for 
c  =  2  and  the  phase  for  c  =  *,  s  2,  2,  2N  2,  with  i/0  =  0.4.  For  a  line  source  at 
( !-x\, |  >  \il,  y()  ~  0),  the  scattered  magnetic  field  on  the  strip  is  (Grinbirg  [I960]): 
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,  K' 


-j(x  +  \d,  -x0-i d).  for  x0  <  -\d. 


Y 

±  rK~x+id,x0-id),  for  x0  >  \d, 
i  k 


(4.214) 


where  the  plus  sign  is  to  be  used  for  the  upper  face  of  the  strip,  the  minus  sign  for  the 
lower,  and 


j(y,  R)  =  lim  jM(y,  R),  (0  g  y  g  d;  R  >  0), 


n-*  jo 


where: 


ary 


■Jb«K  +  y> 


y  R  +  y 


(4.215) 


(4.216) 


i  r71  ./  p  „u(R+p-t-j) 

j("'(y>  R)  =  A y,  R)+  -  (d-y.  R)  1/  --  -  dp.  (4.217) 

7rJo  *  p  +  d  R+pJ,-d 


In  the  far  field  (£  -*  oo): 

_  ]/  2  ic{-  iin  /q"  v 


7rc{ 


*£  -if  h" «-  S: ! !  *•**• «] **• 

(4.218) 

If  the  line  source  lies  in  the  half  plane  i>0  =  la  (i.e.  .v0  =  0,  r0  >  0),  then: 

£•  =  41  !Se2:!:';°->  [ Re‘2”(c,  {<)-  R/^C'  |)  Re'23J(c.s%)]Re'2>,^)Se2m(r,())  + 
»“®1  WjJi  L  Re'/J(c,  I )  J 

+  S°J;,:;(C’0)  RoVj+l(c,se<)Ro«23;+1(c,ss>)So2M+1(c,»,)j .  (4.219) 

"2m+l  ' 

On  the  strip  (u  -  0): 

II  _  4V  '  rsfejjf.0)  Re*/J(«-.{0)  .. 

""-SnriAL  "«2  Kc'1>>.l)SC"l‘',H 

,  So2m+1(t\0)  «o'23Jm(c,{0) 


WSSt!  Ko'i'tl(f,l) 


So2„  +  l(c,r;)1  .  (4.220) 


Mandra/mi  [l%2]  has  plotted  the  amplitude  of  the  surface  current  density  for 
('  -  2S  2  and  the  phase  for  r  -  *  and  2V  2,  with  w0  =  0.7213.  In  the  far  field  (;  -♦  x? ): 

£.-  =  1  \  c"' -1,*,8«t(-T  !'SC-’;!‘;  0)  \ Rc'j'J (c. 

"  TTCJ  m  O  I  \:w; 

- ! ! *8fc «1  is*,  w-i So”;:l‘' *«  «*>».,*. .1]  • 

■>  J  ':m.i  1 

(4.221) 
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4.3. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  an  electric  line  source  parallel  to  the  z-axis  and  located  at  (w0,  t>0)>  such  that 

El  =  tH{0'\kR\  (4.222) 

the  total  electric  field  in  the  static  limit  k  —  0  is: 


£.  =  1  logC?^^-Z^si^)  +o(k°). 
it  cosh  (u  4-  u0)  -  cos  (t;  — t;0) 


(4.223) 


No  other  explicit  results  are  available;  however,  low  frequency  approximations 
can  be  obtained  either  from  the  exact  results  of  the  previous  section  or  by  established 
techniques  (Millar  [I960];  Noble  [1962];  Pimenov  [1959]). 

4.3. 1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  an  electric  line  source  parallel  to  the  z-axis,  located  at  (u0,  i0),  and  sufficiently 
removed  from  the  strip  so  that  near  its  surface 


can  be  approximated  by 


E'  =  ZHoXkR) 

~  £  l/j_e“*'f« 

r  it kR 


(4.224) 

(4.225) 


then,  for  non-grazing  incidence  ( c  sin  v0  >  1),  the  total  field  derived  using  Keller's 
geometrical  theory  of  diffraction  and  taking  into  account  only  singly  diffracted  rays  is: 


H{0,)(kR)  +  G,  in  regions  Ia  and  Ib, 

E.  =  Ho)(kR)-~Ho)(kR')  +  Gt  in  region  II, 

G,  in  region  III, 


(4.226) 


where 


G  --= 

P2°)  f/i 
\  ' 

-cos 

|/|2)(I -COS  (/)?)} 

nk\  p 

2  p°2 

(cos  1 

'2  +COS  </>; 

) 

. 

^/{(1 

4- cos  i 

Ml  F 

c  s  <j){ 

?)} 

4 -0(1: 

7tk\ 

0 

Pi  Pi 

(cos  1 p 

,  +  cos 

0|) 

the  regions 

are  defined  as 

(see  Fig.  J 

k28): 

region  1,: 

n  +  r, 

< 

<  2  7T 

or 

it 

<  Ip  2 

< 

n  4- 

region  l„: 

0 

< 

< 

or 

<  0: 

< 

k. 

region  II: 

ill 

<  <i>, 

<  TC 

and 

0 

<  'P: 

< 

n  -  0V 

region  III: 

r. 

< 

<  n  +  (p" 

and 

7T  4  lfr": 

<  ip; 

< 

2k, 

(4.227) 


(4.228) 
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Fig.  4.28.  Strip  geometry  for  a  line  source. 


and  the  geometric  variables  are  given  by: 

p j  cos  0 j  =  p  cos  p°{  cos  0?  =  p0  cos  0O-  J(/, 

P,sin01  =  p  sin  0,  p°{  sin  0?  ~  p0  sin  0O , 

M  1 

p2  COS  02  =  p  COS  0  +  ^i  p°  COS  0°  =  p0  COS  0U+ {(/,  K' 

p2  sin  02  =  P  sin  0,  p2  sin  0°  =  Po  sin  0O * 

*  =  \  {^2  +  Po-2/>P0cos(</)-^0)},  R'  =  v/{p2  +  ;>o-2pp„«>s(tf>  +  </>o)}. 


(4.229) 


as  illustrated  in  Fig.  4.28.  Hansen  [1962]  has  shown  eq.  (4.227)  to  be  the  leading  term 
in  an  asymptotic  expansion  of  the  field  in  the  geometrical  shadow  (region  III).  In 
the  far  field  (i  -*  00): 


il<p  +  Po)  r  / 


PPo 


N/{(1  —COS  0)(1-COS  0O)} 


COS  0  +  COS  0O 


exp  {ic(cos  0  +  cos  0O)}  - 


_  VfO+cosOKl+cos  W}exp  {_it.(co^+cos^o)}l  +o(r<).  (4.230) 

COS0-FCOS0O  J 

For  an  incident  field  given  by  eq.  (4.225),  the  total  magnetic  field  on  the  surface  of 
the  strip  is  (Goodrich  and  Kazarinoff  [1963]): 


y  |/8<-  c . ; 

f  n  |sinr|N(s£i 


><s'o  _  I  > 


C(p.  -co'n"). 


(4.23 1 ; 


-In  0 
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where  TV  is  a  non-negative  integer  much  smaller  than  c  but  otherwise  unspecified,  and 


ff*1*  -  —  i(4n  +  3). 


(4.232) 


i?0  =  0,  v  >  0,  c  sin  v  »  1, 


(4.233) 


ocT\ 

x  jexp  (tan  *.)-+*,  eX5iie(3+coi^I  (tan  W 

\  sin  $t>  cos  \v 


(4.234) 


v0  «  0,  |»~7t|<l,  c|sini?|<l. 


(4.235) 


G(i\  0;  -ca) - -  (1  —  i?fe4lc)- 1  exp  {ic(l  -cos  t>)}: 


(4.236) 


0  <  «’o  ^  in.  -n  <  <  0,  c|sin  y|  >  I, 


(4.237) 


G(r.  r0;  -„)  ~  i(*»  "  CXp  ! M'W*  [(1 +  W*>') 

8c(  1  —  /t,2e  lc)(  1  —  /?!ile  c)  I' 

x  r«P{ir(l+cos*)}  exp{ir({0+,0)}(tanl/>jUnW,_ 


COS  { \j/  COS  \P2 

exp{ir(l-cosi/<)}  exp  {ic(f0— >/o)} 


sin  W 


cos  )/?, 


(tan  i/J,)‘(tan  if)"’  + 


+(R,  +  R„)eJlr  fCXp  !if(1  +C0S  *)!  "P  !i‘'(i“-"")!(.an  J/l,  tan  M*- 
L  COS  COS  J/J, 


exp  [ic(t  -cos  \p)}  exp  |i<(s,,-t)„)} 


sin 

and,  in  particular,  for  r0  =  Jtt: 


cos  \p. 


(tan  J/^)*(tan  J^)‘ 


(4.238) 


G(r,  l/r;  -iff) 


2*c(l  -K|C2i‘  )(l  -  Kne2,‘  ) 


"C\p  [  U  ( '  -r-COS 

X 

COS 


(tan  t^)’- 


,  exp  J i<-(  I  -cos  >//)} 


sin  Jt ^ 


(tan  }^)'a  ;  (4.239) 


r„  =  In,  i jj  I,  (Uin  r|  •  I, 


(4.240) 
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H:  =  4  X  U  Ke^'c,  f  <)Ke(WI3)(c,  <5>)Sem(c,  rj0 )Sem(c,  >/)  + 
m  =  0  INL 


+  (o)  [R°m  ’M<)-  vfjvr’ !!  Ro« ’b-  {<)!  R°mXc<  £>)So„(c,  q0)So„(c,  t/)}  . 

/VL0)  L  ^3)(f,  l)  J  I 

(4.252) 

An  alternate  expression  for  the  scattered  magnetic  field  is  (Grinberg  [1957]): 


1  rid  d 


2iJ  _  T  d5 


Hl(y,  <5)1  H(0"(kR) dy  +  I  f  “  ~  H\(y,  S),  H(0'\kR)dy+ 


2i  Jid  do 


Hsz(x,y)= 


where: 


dHl(s,  6) 


+  -  r  H(0'\kR)  -  -  Wo  \kR0)dy,  for  y  S  0,  (4.253) 

2U-U  o>'o 


-Hl(x,-y),  for  y  g  0, 


R-  V{(*-v)2+A 

Ro  =  \/[(*o-y)2+.vo}. 


(4.254) 

(4.255) 


2\  {(2-v/r/)—  1} 


d  i  y 


2S  |(  — 2x1(1)-  1} 


for  .v  ^  ^/, 


for  a  ^  —id. 


(u^t)  =  lim  oZ+^t), 


(4.256) 

(4.257) 


«-A1M(r)  -  - 


1  r!  e'"’ 
ttJ  ,  r-f  /»  +  I 


\  P+  1  ”  II 0  '(ks/{({ilp  +  x0)2  +  y20})± 


±  ,  Ho’IMO^-^+Vor)  df1.  (4.258) 

<•.<«  J 


J  i*  '  ♦  I  ) 

(-/m(t)  -  «z:vif  1 

(t  +  p  +  2)  “  f) 


CH)(: v.,S) 


=  ~ikYE\(x%  0), 


(4.259) 


(4.260) 


the  quant it\  in  eij.  (4.256)  is  proportional  to  the  scattered  electric  field  on  the  portions 
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of  the  v  =  0  plane  not  occupied  by  the  strip;  in  contrast,  the  scattered  magnetic  field 
is  zero  there. 

On  the  strip  (u  -  0): 

tf,  =  4i  X  [JL.  Sem(c,  t)0)Se„(c,  n)+ 

«•-»  LnL  (< ydu)Re^\c,  cosh  u)i„„0 

i  I  R°m\c’  i<t)  /„  -'ll  tA  1«l\ 


Sem(c,  »jo)Sem(c,  »;)+ 


|  ^  - Iff  \  y  »V/ 

Ni»0>  (ei8u)Ro^\c,  cosh  u)|u= 


--  So„(c,»io)Som(r,»|)  .  (4.261) 

=  0 


In  the  far  field  (£  -*■  oo): 


H-.  =  1 /---  e,c{"*‘\/8R  X  (rL  ^’(clfoJSe^c,  ri0)Scm(c,  tj)+ 

+  [*4«(c.  {o)-  jj  Ro C(c,  {<>)]  So„(c.  tfo)So„(c>  t|)J .  (4.262) 

If  the  line  source  lies  on  either  portion  of  the  ;*  =  0  plane  not  occupied  by  the  strip 
then: 


H-.  =  4  £  -I  Rei!>(c,  (JRc'JV,  (>)SeJc.  n), 
m  =  0  N 1' 


and  on  the  strip  (u  =  0): 


H*  =  4  X  0  Reif»(c,  W&yfc ,). 


m  =  0  I V 


(4.263) 


(4.264) 


In  the  far  field  (i?  ->  oo): 


H:  =  j/  2  eif«-“\/8»t  X  Vf?  io)Se„(c.  </)•  (4.265) 

F  rrcf  « =  o  .Y„ 

If  the  line  source  lies  in  the  half  plane  v0  -  };r  (i.e.  x0  -  0,  y0  >  0),  then: 

»:  =  4  £  ri C)  R^UR^c,  {, )Se2„(c,  „)+ 

"--0  1  Wj* 

,  sojM+I(f,0)  r  <1,  .  .  v  fioVJt^c, i)  (J,  ,  c  ,‘j 

+  «„  r°* . .  noii.  ,(<.i> 


«f>)So2m+  ,(c\  #;)  .  (4.266) 


On  the  strip  (u  -  0): 


»,.4i  t  lSc‘J''"1  ..  *■»•« 

m  0  L  ^2rn  (<  /Mi)Kc*2i?(c\  cosh  m)|„  o 


So2m.tU\  0) 


R°2m  *  I ( 4*»  So) 


■V!£*  i  IT  rii)Koi3JM(c-.  cosh  iiJI. 


No,mt  i(c.  r/)  . 


(4.267) 
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and  in  the  far  field  ({  -►  oo): 


H,  =  1/ _2  e^-4' ^8*  S  (- 1)"  ReilKc.  io)St2m(c,  n)  - 

f  nc£  m  =  0  l  Njm 


(4.268) 


4.3. 2.2.  LOW  FREQUENCY  APPROXIMATIONS 


No  explicit  results  are  available;  however,  low  frequency  approximations  can  be 
obtained  either  from  the  exact  solutions  of  the  previous  section  or  by  established 
techniques  (Millar  [I960];  Noble  [1962];  Pimenov  [1959]). 


4. 3.2, 3.  HIGH  I  4EQUENCY  APPROXIMATIONS 

For  a  magnetic  line  source  parallel  to  the  z-axis,  located  at  (w0»  ^o)»  and  sufficiently 
removed  from  the  strip  so  that  near  its  surface 

Hl  =  ZH{0l)(kR)  (4.269) 

can  be  approximated  by 

H'  ~  i  }/-—  e11"'11*,  (4.270) 

r  nkR 


then,  for  non-grazing  incidence  (c  sin  u0  >  1),  the  total  magnetic  field  derived  using 
Keller's  geometrical  theory  of  diffraction  and  taking  into  account  only  singly  diffract¬ 
ed  rays  is: 


where 


H:  = 


H'0'\kR)+G, 

^"(kfy-G, 

H(0' \kR)+  Hg  \kR’)-G, 

C, 


in  region  Ia , 
in  region  Ib, 
iii  region  II, 
in  region  III, 


(4.271) 


_  «P  Wf’  1  +/>?)!  V  {(1  —COS  l/f|)(l  -cos  <#>?)}  + 
nk^pipl  cos  ]  +  cos  4>° 

+  exp  {ifc(p2 +  />"))  %  !(I+cos^2)(I+cos^)!  +0(A:-i) 

Ttk\  /),/)"  COS  l/< 2  +  cos  <p°2 


(4.272) 


the  various  regions  and  the  geometric  variables  are  defined  in  eqs.  (4.228)  and 
(4.229),  and  illustrated  in  Fig.  4.28.  Hansen  [1962]  has  shown  eq.  (4.272)  to  be 
the  leading  term  in  an  asymptotic  expansion  of  the  field  in  the  geometrical  shadow 
(region  HI). 

In  the  far  field  (; ->  /. ): 
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G 


exp  [i_fc(p+Po)}  MO+co*  <P)(l+cos  M  exp  {jc(cos  ^+cQs  M}  _ 
nkyjppQ  L  cos0  +  cos</»o 

_  V  '(—C0S -cos  ^o)1  exp  {-ic(cos  + cos  +0(fc"1).  (4.273) 

COS  4>  + COS  <t>0  J 


For  an  incident  field  given  by  eq.  (4.270),  the  total  magnetic  field  on  the  surface 
of  the  strip  is  (Goodrich  and  Kazarinoff  [1963]): 

t  <=£<*,.,;  -..I''),  (4.274) 

'  *  vKo-0  rt=0  w!2 

where  jV  is  a  non-negative  integer  much  smaller  than  c  but  otherwise  unspecified, 


a{2)  =  -i(4n  +  l),  (4.275) 

and  G  is  given  by  eqs.  (4.233)  through  (4.249)  with  a  -  <ri2). 

For  an  incident  field  given  by  eq.  (4.269),  the  scattered  magnetic  field  is  given  by 
eqs.  (4.253)  through  (4.260),  where  now  all  quantities  can  be  approximated 

by  (Grinberg  [1957]); 


oj±m(t)  ~  w±( t)  =  ^’(tJT 


/2e2lf  P^W-V^dp 

Jo 


7r(  c  -h  2)(  1  ±2n  *e 


-ie2uv» 


f[2v>]) 


(»gl)  (4.276) 


which  is  independent  of  n.  tr(T)  is  the  Fresnel  integral  defined  in  the  Introduction. 
The  order  of  the  approximation  is  not  known. 


4.4.  Dipole  sources 


4.4. 1 .  Electric  dipoles 

4.4.1. 1.  EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  electric  dipole  located  at  r0  s  (w0,  r0,  r0)  with  moment 
(4nr./k)t,  the  total  electric  field  at  r  =  (w,  i\  r)  is: 

E(r)  =  4nkyt(r\r0)  •  £,  (4.277) 

where  Vc(r\r0)  is  the  electric  dyadic  Green's  function  for  the  strip  (Tai  [1954]): 


['“A 

2 7T *'  _  k  —  /  m  -  0 


Lfi1 


(e) 


[MlZHu  r0)  + 

+  r)[JV«i'(-/.  r0)+  r0)]|  + 


+  ^  [M^t.  r)[iWj,„(  — /,  rH)  +  —  t.  r„)]  + 


+  *£’(».  r)N:„V(-(,  ru)j]  . 


for  a  >  u0.  (4.278) 
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;  rf»  a#  80 

«Mr0)=  -  *  I 

2/r  J  _  rj  k  -t  m  =  0 


{M'iV.  r)MiJm'(-r,r0)  + 


with 


+  [iO».  r)  +  b„,  fC\t.  r)]N%(  - » ,  r0)}  + 
+  0”  {[MilV.  rRfl.ACO,  r0)+ 

IH 

+  NilV.  r)AC(-r,  r0)}]  ,  for  u  <  u0,  (4.279) 

RoL"'(r,  I) 


KeL'  r/.  I) 


(4.280) 


'(y.  i) '  ""  Re»'(y.  0 

J*2r  /*2r 

[So„(y,  cos  t')]2di>,  [Sem(y.  cos  r)]2dr,  (4.281) 

o  Jo 


(4.282) 


Mli’(f.  r)  = 


Ae 


uKe^'(y,  s) '  Sejy,  cos  v)  -  iSeJy,  >;)  *'  Re'J'iy,  cosh  «) 

O  Cl’  O  O  (I/O 


(4.283) 

+ 


<\/(£2-if2)L  o' 

i/ei,s  f  /i  ■  C)  1 

Mild.  ■')  --  •  -2-  J  MSe„,(>',  i/)  ^  Re(mXy,  cosh  u)+  iRe'S( y,  ;) .  Se„(y,  cos  i>)  i 

u  c\  (C  )L  o  oil  o  o  1 1>  o  J 

(4.284) 

j  -  I  or  3,  and  the  unit  vectors  u  and  v  are  given  by: 


+  Z1'  1  ei,2Rc!/'(y- s)Se„(y,i/), 

A  o  o 


«=  1  (\£2- 1  cos  ri  +  {  sin  u^),  (4.285) 

v'(«  “>/  ) 

t;  =  (X  <S2“  1  cos  vf-£  sin  v&).  (4.286) 

l.i  particular,  for  a  longitudinal  electric  dipole  at  (i/0,  v0,  r0)  with  moment  (4nr.lk)z, 
corresponding  to  an  incident  electric  Hertz  vector  (e1 kr/kr)z ,  the  total  electro¬ 
magnetic  field  components  can  be  derived  from  the  total  electric  Hertz  vector 


n,  = 


n  *  =  f  df ei,(r “ ro)  V  (  1  /?e(3)fv  ,c  1 

’  aJ-  AlcL'*  ’ 

Sem(y,  n0)SQj)\  q)  + 


Ke^fy.cJ- 


1 


+  Ql0(  ,  )Ro"  (y,  { .  )So„(y,  >/o)Sow(y,  i/)j 


(4.287) 
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by  the  relations, 


t  m  j  ajn,  m _ k  e2nt 

<V(£a— i/J)  Sudz  '  “  Cyjd2-)!1)  dvdz  ’ 


E,=  -3+^/7,, 


(4.288) 


i  k2r  sn,  \k2Y_  an,  _n 

i\i(e-i2)  dv  ’  “  c^e-n2)  ou’ 


On  the  surface  u  —  0: 


h.  -  fr-r*' . - !  a  m#**.^,* 

c|sin  J  -  /  nt^o  |Q„  Re’JXy,  !) 

If  the  longitudinal  dipole  lies  on  the  strip  (w0  =  0)  both  the  electric  and  the  magnetic 
fields  are  zero  everywhere.  If  the  longitudinal  dipole  is  at  (wc,  v0,  z0  -  0),  the  total 
far  field  (<5  ->  oo)  is: 


_ «> 

Ee  =  -2yj2n  k2  sin  0  £  (  — i)* 
kr  m-o 


Rel!  *(c  sin  0,  {„)- 


Rem)(('  Sin  0,  1)  n  (3)/ 


Re(m3)(c  sin  0,  I) 


Re„(c  sin  0 ,  f0)  Sem(c  sin  0 .  rj0)Sem(c  sin  0 ,  r})  + 


+  yiCo j  Ro^c  sin  0 ’  £o)Som(c  sin  >70)Som(c  sin  0,  if)  , 


(4.290) 


where 


_  ro<«M°n 

—  L^m  Jy  =  c  sin  fl  » 


(4.291) 


and  r  and  0  are  spherical  polar  coordinates:  r  is  the  distance  from  the  origin  to  the 
point  of  observation  and  0  the  angle  measured  from  the  positive  z-axis  to  the  line 
between  the  origin  and  the  observation  point.  Radiation  patterns  in  the  azimuthal 
plane  0  =  Jtt  have  been  published  by  Lucke  [1951  ]  for  a  longitudinal  dipole  at  v0  = 
\7 1  and  by  Kocherzhevski  [1955]  for  longitudinal  dipoles  at  v0  =  0  and  v0  =  in 
and  special  values  of  c  and  u0 .  [There  appears  to  be  a  discrepancy  between  Lucke’s 
figure  and  Fig.  8  of  Kocherzhevski;  the  source  of  the  error  can  only  be  determined 
by  computation  of  eq.  (4.290).] 

The  total  electromagnetic  field  components  for  an  electric  dipole  parallel  to  u 
(radial  dipole)  or  to  v  (transverse  or  circumferential  dipole)  can  be  derived  from  eq. 
(4.277).  The  far  field  patterns  may  also  be  obtained  by  using  the  reciprocity  theorem. 

The  shape  of  the  far  field  amplitude  pattern,  \H2\  as  a  function  of  v,  in  the  azimuthal 
plane  0  =  jtt  has  been  computed  by  Lucke  [1951]  for  a  radial  dipole  with  u0  =  0, 
r0  =  \n  and  c  =  0.2,  1.0,  2.5  and  4.5.  The  shape  of  the  far  field  amplitude  pattern, 
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\EV\  as  a  function  of  v ,  in  the  azimuthal  plane  0  =  has  been  computed  by  Ko- 
cherzhevski  [1955]  for  a  transverse  dipole  with  u0  =  0  and  |7i,  and  special  values  of 
c  and  u0 . 

4.4. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  low  frequency  expansions,  however,  can  be  derived 
from  w  .e  results  of  the  previous  section. 

4.4. 1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available  although  geometrical  and  physical  optics  approxi¬ 
mations  are  derivable  by  standard  techniques. 

4.4.2.  Magnetic  dipoles 
4.4.2. 1.  EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  magnetic  dipole  located  at  r0  =  (w0,  v0>  z0)  with  mo¬ 
ment  (4n/k)c,  the  total  magnetic  vector  at  r  =  (w.  v ,  z)  is: 

H(r)  =  4nk& m(r\r0)  •  c,  (4.292) 

where  #m(r|r0)  is  the  magnetic  dyadic  Green’s  function  for  the  strip,  and  is  related 
to  the  electric  dyadic  Green’s  function  of  eqs.  (4.278)  and  (4.279)  by  (Tai  [1954]): 

VJr\r0)  =  i  V  a  {[V0  a  ^.(r|r0)]T} ;  (4.293) 


here  V0  a  operates  on  r0  and  T  indicates  the  transposed  dyadic. 

In  particular,  for  a  longitudinal  magnetic  dipole  at  (u0,  v0 ,  z0)  with  moment 
(4 n/k)z,  corresponding  to  an  incident  Hertz  vector  ( cikr/kr)z ,  the  total  electromag¬ 
netic  field  components  can  be  derived  from  the  total  magnetic  Hertz  vector 


?i  f +  00  00  /  1 

nm  =  nmz  =  t  -  drei,(=-J”»  l  --  RtfXy,  £>) 

k  J  -  r  mM>lflLc) 
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X  Re'n  i<)Se„{y,  ti0)Sem(y,  >])+  —  Ro'm  '(y,  £>) 


KoL,"(y.«<)- 

L  Ro'J'ic,  I)  J 


Som(y,  r/0)5om(y,  rj)\  (4.294) 


by  the  relations: 
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On  the  surface  u  ---  0: 


H„  =  -  - 


cjsin  v\J 


tdteU(z-: £ 


X  Sem(v,  IJ0)  -  Sem(y,  cos  v)+  -- 


?  (_L  Rtgfa  Co) 

=0  (Qm*  (dldu)Re{*Xy,  cosh  u)|B=0 
x,  1  «oL3|(y^0) 


G|L0>  (d!du)Ro^(y,  cosh  u)|..0 


x  So„(y,  %)  -  Som(y,  cos  t>)  , 


(4.296) 


fcJ  -*  Iflif*  (5/3w)ReL3,(y.  cosh  u)|u=0 

x  Sem(y.  fj0)Sem(y.  /;)+  j  _  v.0^  Som(y,  »/0)Som  (y,  ij)j . 

flJr*  (#)RolJ,(y.  cosh  B)|..0  V  '  m  ) 

(4.297) 

If  z0  =  0,  in  the  far  field  (£  -*  oo): 

i*r  x  /  i 

t\,  =  2^2nk2}.  sm  0  X  (-0  "!  .  -  Re*  V  sin  0,  {„) 
kr  m  =  o 

x  Se„(f  sin  0.  no)Sem(c  sin  0,  ij)+  —  j^o^c  sin  0,  {„)- 

_  Roj;  V  sm  (),  1)  RouYc  $jn  {  )]  SOm(e  siR  0t  no)SoJc  sin  0j  ,)j ,  (4.298) 

Ro„  (c  Sin  0%  1)  J  ) 

where  ftjj),(0)  are  given  by  eq.  (4.291)  and  r  and  0  are  spherical  polar  coordinates: 
r  is  the  distance  from  the  origin  to  the  point  of  observation  and  0  the  angle  measured 
from  the  positive  z-axis  to  the  line  between  the  origin  and  the  observation  point.  If 
the  longitudinal  dipole  is  on  the  surface  (u0  =  0): 


nm  =  -  ‘  d/c1'12-"’  I 

K  J  —  x.  m  ~ 


y  M  _  «eL3)(y,  4) 

to  Is2^'  (V/dnJReifVy,  cosh  u)|„.0 

Roi,3'(y,c) 


Sem(y,  9o)Se„(y,f|)  + 


W'ICu)Ro(2)(y,  cosh  «)|„=0 


Som(y,  >]0)So„(y,  i/)  .  (4.299) 


and,  in  particular,  in  the  far  held  (£  oo)  with  z()  =  0: 

=  ,;n  n  c'kr  V/iyl  Sejcsin  0,  r/ojSeJc  sin  0,  t}) 

N  kr  m  =  o  \Qiz)(dldu)R^\c  sin  0%  cosh  i/)|H, () 

+  So„(c  sin  0,  q0)SoJc  sin  0,  q)  \  (4  300) 

&:'m,)Ro'>\c  sin  0,  cosh  u)|„=0i 

The  total  electromagnetic  held  components  hr  a  magnetic  dipole  parallel  to  u 
(radial  dipole)  or  to  v  (transverse  or  circumferential  dipole)  can  be  derived  from  the 
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genera!  result  of  eq,  (4.292).  The  far  field  patterns  may  also  be  obtained  by  using  the 
reciprocity  theorem. 

4.4.2. 2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  low  frequency  expansions,  however,  can  be  derived 
from  the  results  of  the  previous  section. 

4.4.2. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available  although  geometrical  and  physical  optics  approxi¬ 
mations  are  derivable  by  standard  techniques. 


4.5.  Point  sources 

4.5.1.  Acoustically  soft  strip 

4.5.1. ) .  EXACT  SOLUTIONS 

For  a  point  source  at  (m0,  v0%  r0),  such  that 

‘ikR 


V'  - 


kR 


(4.301) 


then 


‘"+F- 


S12V’!!^LJ,(y.i<)l  Sejy,  i/0)Se„(y,  ij) 
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+ 


+  1  Ro"'(V-  s<)S<U7,  >io)Som(y,  »,)) ,  (4.302) 

where  ^e),(0)  and  y  are  given  by  eqs.  (4.281)  and  (4.282). 

On  the  surface  u  --  0: 

!  (f/i  +  l ■•)  =  \  f  'd'e'"*--  i  (  |e)  R':l^fsen(y,no)s*M+ 

(U  kj-f  m* c  1(2;°  Rc„](y,  1) 

(4J0J) 

If  the  point  source  is  at  (t/0,  r0,  ;.0  -■=  0),  the  total  far  field  (£  ->  oo)  is: 
l  I  '  =  2n  2tt  *'*'  -  if  j  [KeL1  \c  sin  0,  {„)  - 


ReJ,1  '(<■  sin  0,  I) 


Rc'J\c  sin  0 
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where  fl£),(0>  are  given  by  eq.  (4.291)  and  r  and  0  are  spherical  polar  coordinates:  r 
is  the  distance  from  the  origin  to  the  observation  point  and  0  the  angle  measured 
from  the  positive  z-axis  to  the  line  between  the  origin  and  the  observation  point. 
If  the  point  source  is  on  the  surface  (u0  =  0),  the  total  field  is  identically  zero  every¬ 
where. 

4.5. 1.2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  low  frequency  expansions,  however,  can  be 
derived  from  the  results  of  the  previous  section. 

4.5.1. 3.  HIGH  FREQUENCY  APPROXIMATIONS 

No  specific  results  ;:re  available  although  the  geometrical  optics  approximation  is 
derivable  by  standard  techniques. 

4.5.2.  Acoustically  hard  strip 
4.5.2. 1 .  EXACT  SOLUTIONS 

For  a  point  source  at  (w0,  i^o,  zo)>  such  that 

v'  =  7-  .  (4.305) 

k.R 

then 


►■'+  ^  =  r— >1  RC\y,  ZJRC i"(y.  {<)Se„(y,  •/o)Se„(y, »/)  + 

tft 

+  «>)  [  /?o”  >(r,  {«)-  ^°"’(/’  {«)]  Sojy,  no)Som(y,  n)\ . 

L  Ro„(y,  1)  J  I 

(4.306) 


where  and  y  are  given  by  eqs.  (4.281)  and  (4.282). 

On  the  surface  u  =  0: 


r  +  r=-2f  die1'15"101  y  (  1  Rem(y-^o) 

k)  -  ,  m-  o  If#1  (<’/cV)Re^’(y,  cosh  i/)iu„0 

x  Scjy.  noVkJLy,  n)  +  J  io)  Sojy.  ,h)SoJy.  „))  . 

Qm  U^u)Ro{^(y%  cosh  i/)|tt,0  I 


(4.307) 


If  the  point  source  is  at  (m„,  r0.  z0  =  0),  the  total  far  field  (£  -*  ?j)  is: 
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ikr  ao 


r-i  V"  =  2n  2rt  y-  X  Ur;.  Re'j'fc  sin  0,  <^0)Sem(c  sin  0.  ri0)Sem(c  sin  9,  rj)  + 
kr  m  =  o  IflU' 

+ s » [Ro-"<<' ,in  *• «-  S»vSrrJ  R°- v  sin  •• «] 

x  Som(c  sin  0,  rj0)Som(c  sin  0,  >j)j ,  (4.308) 


where  f2(m*),<0>  are  given  by  eq.  (4.291)  and  r  and  0  are  spherical  polar  coordinates:  r 
is  the  distance  from  the  origin  to  the  observation  point  and  9  the  angle  measured 
from  the  positive  r-axis  to  the  line  between  the  origin  and  the  observation  point. 
If  the  point  source  is  on  the  surface  (w0  =  0): 


0 


r  +  r  =  -  -  f  tdrei,,=---“>  l  ‘T”--’- - Stjy,  ,„) 

kJ  -  v  m=o  Ifii,'1  (d/eu)Re^'(  y,  cosh  u)|u=0 

x  Se„(y,  q)  +  Som(y,q0)SoJy,r,)'  (4.309) 

QJ,  (ci^u)R°m’()''  COSh  l()lu  =  0  » 

and,  in  particular,  in  the  far  field  (^  -»  oo)  with  z0  =  0: 
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(4.310) 


4.5.2.:.  LOW  FRt  ?UENCY  APPROXIMATIONS 

No  specific  results  «re  available;  low  frequency  expansions,  however,  can  be  derived 
from  the  results  of  the  previous  section. 

4.5.2  3.  HIGH  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available  although  the  geometrical  optics  approximation  is 
derivable  by  standard  techniques. 
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THE  HYPERBOLIC  CYLINDER 

P.  L.  E.  USLENGHI 


The  only  exact  result  presently  known  for  the  hyperbolic  cylinder  is  for  the  field 
produced  by  a  line  source  parallel  to  the  generators  of  a  convex  hard  cylinder.  A 
few  high-frequency  approximation  formulas  are  available;  numerical  data  are  non¬ 
existent. 

The  hyperbolic  cylinder  becomes  a  wedge  in  the  limiting  case  of  an  interfocal 
distance  equal  to  zero. 

5. 1 .  Hyperbolic  cylinder  geometry 

The  elliptic  cylindrical  coordinates  have  already  been  introduced  in  Chapter  3, 
and  are  sho  in  Fig.  3.1.  The  reader  is  referred  to  Section  3.1  for  the  definitions  of 
the  coordinate  systems  and  of  the  primary  sources,  and  for  definitions,  notation  and 
bibliography  on  the  Mathieu  functions.  However,  the  only  Mathieu  functions  needed 
in  this  chapter  are  non-periodic  in  the  angular  variable,  and  their  definitions  and  nota¬ 
tion  are  explicitly  given  in  Section  5.3.2. 1. 

The  scattering  body  is  the  hyperbolic  cylinder  of  one  sheet  with  surface  =  rj ,  ^  0. 
The  primary  source  is  usually  located  on  the  convex  side  of  the  cylinder  ( rj0  ^  rjt); 
thus,  in  the  case  of  plane  wave  incidence  one  has  that  i>j  <  (fiQ  s'  nf  where  <t>  =  v t  is 
the  angle  that  the  asymptotes  to  the  hypcrboia  tj  =  rjt  form  with  the  x-axis.  An 
exception  is  made  for  the  case  of  a  concave  hyperbolic  mirror  with  a  line  source  at 
the  focus  (x0  =  }*/,  j'o  -  0).  Without  loss  of  generality,  it  will  be  assumed  that 
v0  ^  0.  We  shall  depart  from  this  notation  only  in  Section  5.3.2. 1. 

5.2.  Plane  wave  incidence 

5.2.1.  E-polarization 

No  exact  results  are  available.  For  incidence  at  an  angle  <f>0  with  respect  to  the 
negative  x-axis,  such  that 

E !  =  z  exp  (-ik(xcos<£0  +  y  sin<£0)},  (5.1) 

the  geometrical  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region  is 

(£!)f  0  =  -  f  I  +  ^P,P*1  exp  {ifc[(P,  P)-  v,  cos  <Po~yt  s,n  #o]}‘  (5.2) 

L  Dcos0,J 
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where  (Pt  P)  is  the  distance  between  the  reflection  point  P,(*, ,  yt ,  z)  and  the  obser¬ 
vation  point  P(jr,  y%  z), 

(P,P)  =  (5.3) 

the  reflection  angle  </>!  of  Fig.  5.1  is  given  by 

X-*!  =  (P|  P/ cos  (</>„  + 2<£,),  y  —  v ,  =  (P,  P)  sin  ($0  +  2^,),  (5.4) 

and  D  is  the  radius  of  curvature  of  the  scatterer  at  Pt: 


D  =  id 


•hy/0-ni) 


(5.5) 


Fig.  5.1.  Geometry  for  the  reflected  field  with  plane  wave  incidence. 


Formula  (5.2)  is  applicable  if  kD  2>  1.  In  the  shadowed  region,  (£.)g.0.  =  0.  If 
(j>o  ^  7C  — 1?1 ,  there  is  no  shadowed  region. 

In  particular,  for  incidence  along  the  positive  x-axis  (</>0  =  n)  the  back  scattered 
field  (r  =  0)  is 


L»+i»?+(4  n,mi 


exp  ( -i/;x  +  2iti/,). 


(5.6) 


In  the  physical  optics  approximation,  the  total  magnetic  field  at  the  surface  i)  =  q, 
is 


(fl. 


p.o. 


,  (±S\  1-fJl  cos  \'{:-l  sin  <^>o) 

I) 

x  exp  1-ic'O/,  cos  <t>o±\'(i2-  I )( 1  —  ^)sin  </>0] } . 
in  the  illuminated  region,  (±  if  y,  0), 
C,  in  the  shadowed  region. 


(5.7) 
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A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  in  the  shadowed  region  is  retained,  can  be  derived  from  the  results  of  Keller 
[1956].  The  total  electric  field  at  a  point  P(x,y,  z)  located  in  the  shadowed  region 
away  from  the  surface  rj  =  is: 


El  ~  T/TT/tTou  — 77; — Itl  [(£?-'/?)(£2-'fi)]* 

V(2it/c(P2P))  L2n„/(l-»f?)J 

xexp  jTl2in+ifc[(P2P)-jCi  cos  sin  </>0]+icJ  df 
*  Z  [Ai'(-«,)]“2  exp  |a,(ic)*(if,  V(l-fi))4  exp  {fiir}J  ^ 


(PlP2)  \  {({' 2  _  1)(£2  “  *1  1 )} * 
(5.8) 


where  Pi  s  (*1,^1,  z)  &  ({,,if,,  2)  and  P2  s  (*2>.V2,z)  s  ({2(>f,,z)  are  the 
points  of  Fig.  5.2  at  which  the  incident  ray,  and  the  diffracted  ray  passing  through  P, 


Fig.  5.2.  Geometry  for  the  diffra  cted  field  with  plane  wave  incidence. 


are  tangent  to  the  scatterer  tj^rj i ;  oc„  are  the  zeros  of  the  Airy  function  (Ai(-a„)  =  0), 

(P2P)  =  [(*-*2),+G'-y2)1]*,  (5.9) 

and 

,  if  y,  and  y2  have  the  same  sign, 

-hi  ,  if  y,  and  v2  have  opposite  signs, 
i  J  i 

where  £<({>)  is  the  smaller  (greater)  of  {,  and  £2-  A  correction  to  the  leading 
term  (5.8)  that  depends  upon  the  derivative  of  the  curvature  has  been  found  by 
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Keller  and  Levy  [1959].  The  total  field  in  the  shadowed  region  near  the  surface 
rj  =  jjj  is  of  the  order  kk  greater  than  the  field  of  eq.  (5.8)  (see  Keller  [1956]). 


5.2.2.  H-polarization 

No  exact  results  are  available.  For  incidence  at  an  angle  (f)0  with  respect  to  the 
negative  .v-axis,  such  that 

H'  =  z  exp  {-i k(x  cos  <t>0+y  sin  <£0)},  (5.10) 

the  geometrical  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region 
is 


(/*:),.  o. 


"1+  2(f.p r 

Dcos^j. 


exp  {iAr[(P,  P)— cos  <j>Q-y{  sin 


(5.11) 


where  the  distance  (Pt P)  between  the  reflection  point  P,(jt, , yx ,  z )  and  the  observa¬ 
tion  point  P(x,  y,  z),  the  angle  of  Fig.  5.1  and  the  radius  D  of  curvature  of  the 
scatterer  at  P,  are  given  by  eqs.  (5.3),  (5.4)  and  (5,5),  respectively.  Formula  (5.11) 
is  applicable  if  kD  »  1.  In  the  shadowed  region,  (//!)g.0i  =  0.  If  (j)0  ^  n  -vlt  there 
is  no  shadowed  region. 

In  particular,  for  incidence  along  the  positive  x-axis  (</>0  =  n)  the  back  scattered 
field  (y  -  0)  is: 


m 


=  r _ i  , 

Ll  +(4»j,/</) |x|J 


exp  (-ifc.\  +  2it7/,). 


(5.12) 


In  the  physical  optics  approximation,  the  total  magnetic  field  at  the  surface  //  =  rjt 
is 

( 2  exp  {  -  ic[$ri ,  cos  <p0  ±  v/  {({ 2  - 1 )( 1  -  tj] )}  sin  <£<,] } , 

(H:)po  =  in  the  illuminated  region,  (  +  if  y,  ^0),  (5.13) 

'0,  in  the  shadowed  region. 


A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  in  the  shadowed  region  is  retained,  can  be  derived  from  the  results  of  Keller 
[1956].  The  total  magnetic  field  at  a  point  P(x,  y\  z)  located  in  the  shadowed  region 
away  from  the  surface  rj  =  r\t  is: 


H. 


,,  !p  P1,  L  ,,c.  2,1 

\  !2rtA(P,P)}  L2iflv/(l-ifI)J 

x  exP  [  I’ii^+iACtPi  P)— x,  cos  0o— sin  ^0]  +  ic  f  d{  j/<’  1,1  j 

1  "  (P|P;>  '  S  -11 

„  V  ’  \  {(C 


IW-P.)V 


(5.14) 
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where  Pi  =  =  (4i>  tfi.z)  and  P2  =  (x2,yl9z)  &(t2,*il9z)  are  the 

points  of  Fig.  5.2  at  which  the  incident  ray,  and  the  diffracted  ray  passing  through  P, 
are  ungent  to  the  scatterer  r>  =  i/,;  are  the  zeros  of  the  derivative  of  the  Airy 
function  (Ai'(-/?„)  =  0),  (P2P)  is  given  by  eq.  (5.9),  and  J(PjPj)  must  be  computed 
as  indicated  in  Section  5.2.1.  A  correction  to  the  leading  term  (5.14)  that  depends 
upon  the  derivative  of  the  curvature  has  been  found  by  Keller  and  Levy  [1959]. 
Information  on  the  damping  of  the  diffracted  waves  on  the  scattered  surface  can  also 
be  obtained  from  the  general  results  that  Franz  and  Klante  [1959]  derived  for  an 
arbitrary  convex  cylinder.  In  addition  to  the  well-known  damping  factor  depending 
on  the  radius  of  curvature  Z),  a  first-order  correction  term  yields  an  amplitude  factor 
D~\ while  the  second-order  correction  term  results  in  a  change  in  damping  depending 
on  Z),  dD/dZ  and  d2Z)/d£2.  The  results  of  Franz  and  Klante  are  valid  if  (ikD)*  >  -jlT, 
and  if  the  relative  variations  of  I/Z)  and  (<9/d£)(l/Z))  are  small  within  an  arc-length 
of  the  order  D. 


5.3.  Line  sources 

5.3.1.  E-polarization 

5.3. 1.1.  EXACT  SOLUTIONS 

Although  a  method  similar  to  that  used  by  Bloom  [1964]  for  the  hard  cylinder  is 
applicable  to  this  case,  r  o  specific  results  are  available. 

5.3. 1.2.  HIGH  FREQUENCY  APPROXIMATIONS 


For  an  electric  line  souice  parallel  to  the  z-axis,  located  at  (£0,  rj0)  on  the  convex 
side  of  the  cylinder,  such  that 

E'  =  zH{0'\kR),  (5.15) 

and  so  far  from  the  surface  if  =  that  at  the  surface 

E‘  ~  z]/-2- e11*-11',  (5.16) 

»  nkR 


the  geometric  optics  scattered  lie  Id  at  u  point  P  located  in  the  illuminated  region  is 


]/  "  2 

>  «KP.P.) 


rl+,w>) 

L  Dcos0, 


+  (p.p)' 

(PoP.)- 


«p{ifc[(P0P,)+(P,P)]-ii«}. 


(5.17) 


where  (P0  P, )  and  (P,  P)  are,  respectively,  the  distances  between  the  source  P„  and  the 
reflection  point  P, ,  and  between  P,  and  the  observation  point  P;  D  is  given  by  eq. 
(5.5),  the  coordinate  by  the  relations 

0  [(P„P,)+(P,P)]  =  0,  !’2,[(PoP,)  +  (P,P)]>0. 

>ii,  IV  f 


(5.18) 
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and  the  reflection  angle  (pi  by 

sin  f  - 


d>, -arcsinj  -  -Ajv- -UKolo'fi  siK/^H)  U'iV^  >)(t  -'Jo)(l->/?)}lj. 

'2(PoPi)v(ii-W  > 

(±  if  y,  §  0).  (5.19) 

Formula  (5.17)  is  applicable  if  kD^>\.  In  the  shadowed  region,  (£r)8.0.  =  0.  If 
the  line  source  is  in  the  angular  sector 

x0  ^  0,  |>>0j  g  |x0|  tan  u, , 

there  is  no  shadowed  region. 

For  a  line  source  of  strength  (5.15)  located  at  the  focal  line  (x0  =  -\d,  y0  =  0), 
the  scattered  electric  field  is  given  by  the  Luneburg-Kline  expansion  (Keller  ev.  al. 
[1956]): 

«-•* i «**,- (-'■») 

v(/c(QP)w)  »=o  j= o  Lk(QP)wJ  r=o 

where  QP  is  the  distance  between  the  focal  line  ({d%  0)and  the  observation  point  P 
(see  Fig,  5.3), 

7 


Fig.  5.3.  Geometry  for  the  reflected  field  with  a  line  source  av  P0(~F/t  0). 

W  =  1+  ,2n'  j(»f,-cos0),  (5.21) 

•-'ll 

0  is  the  angle  that  the  reflected  ray  Pt  P  forms  with  the  positive  x-axis, 

°jtn  =  +  +  + 

+  2  \  +n[  (j+t-iXl+jfcj- 

l-^Ii  J 

(1  g)  g  n;0  g  t  g  2n-j).  (5.22) 
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a0f  H 


V 


2  [(2 n)!]2 
it  25"(n!)3 '  ' 


t+  I 


(0  g  *  g  2n;  n  £  1), 


(5.23) 

(5.24) 


and  the  binomial  coefficients  (J)  in  eq.  (5.23)  are  understood  to  be  zero  unless 
0  g  p  g  a.  The  first  few  terms  of  the  expansion  (5.20)  are: 


£: 


'  ‘  Vs 


nfe(QP)vt- 


exp{i[fc(QP)+2ci/,-ijr]} 


x  r, + _l  /,  _  - 1)  -  -l_  (4 1±2| .  i)  + . .  i . 

16^!  \  w/  \  1  —  w/  8/c(QP)w  \  1-vrf  vv  J 

(5.25) 

In  the  physical  optics  approximation,  the  total  magnetic  field  at  a  point  on  the 
illuminated  portion  of  the  surface  t]  =  rj{  is 


(H{) p.„.  =  — 2iy/f<11)(/c(P0P ,))  cos  <t>, ,  (5.26) 

where  </>j  is  the  angle  of  incidence;  on  the  shadowed  portion  of  the  surface,  (tf$)p.0.  =  0. 

A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  in  the  shadowed  region  is  retained,  is  easily  obtained  from  the  results  of  Keller 
[1956].  For  the  lino  source  (5.16),  the  total  electric  field  at  a  point  P  located  in  the 
shadowed  region  away  from  the  surface  q  =  rjl  is: 


£‘"~nfeV{(p»P|)(P2P)}  U.VO-rfJ  C(?1  n')ii2  ',)]i 

xexp(-^in  +  i*[(P0P,)+(P2P)]  +  ic  f  d^l/^Ci'-J 


*  i[Ai'(-«„)]-2expj«„(ic)\,lv'(l-»;?))iexp  {{-in}  J 


if 


(plpJ,V{(^-')«2-^)}r 

(5.27) 


where  the  various  quantities  have  the  same  meaning  as  in  eq.  (5.8).  A  correction  to 
the  leading  term  (5.27)  that  depends  upon  the  derivative  of  the  curvature  has  been 
found  by  Ken.lr  and  Levy  [1959].  The  total  field  in  the  shadowed  region  near  the 
surface  t]  =  is  of  the  order  k*  greater  than  the  field  of  eq.  (5.27)  (see  Keller 
[1956]). 

Finally,  a  line  source  of  strength  (5.16)  located  at  P0(x0  =  i d,  y0  =  0)  on  the 
concave  side  of  the  cylinder  originates  a  geometric  optics  scattered  field: 


(e; 


g.o. 


-j/  2 

r  7:k(P0\ 


.)  L 


r,_  2<p,p) 

D  cos  (j)] 


(p.  p) 

(p 


\P)1  cxp{iA[(P0P,)+(P,P)]-lin}. 

0  *  1  ) -J 

(5.28) 
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where  P|  is  the  reflection  point  and  4>x  is  the  angle  of  incidence  at  ?x  (see  Fig.  5.4). 


Fig.  5.4.  Geometry  for  the  reflected  field  with  a  line  source  at  P 0). 


5.3.2.  H-polarization 
5.3.2. 1.  EXACT  SOLUTIONS 

In  this  section,  the  notation  of  Bloom  [1964]  is  used.  We  introduce  the  angular 
variable 

^  _  (i>>  for  0  ^  v  7i, 

\v-2n,  for  n  <  v  g  27r, 

and  the  scatterer’s  surface  \p  =  ±\pt ,  with  {n  <  \j/x  <  7t,  as  shown  in  Fig.  5.5. 


Fig.  5.5.  Geometry  for  exact  solution  >vith  a  magnetic  line  source. 


F:or  a  magnetic  line  source  parallel  to  the  z-axis  and  located  at  (t/0,  i^0) on  the  con 
vex  side  of  the  cylinder,  such  that 


H1  =  zHo'(kR), 


(5.29) 
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the  total  magnetic  field  in  the  region  (k^O,  ”^i  ^  ^  ^  tM  is  (Bloom  [1964]): 

=  -4i  I  Ti(w)P*,,(i«< :  t,(w)) "" 

«->  t(5/a«)ff  («;Ti(m))],.=0 

„  r  t)  1  dUV./,  .  ,  / iu\\  d(  i )/ «/i .  ~ 


(d2ld\l/  dx)PiU(\j/ 


;  t)_L=*, 


-4  X  T2(m)P<2,(iu<;T2(m)) 


H(  1  ’(«  >;  x2(m)) 
W<T,(0;  Tj(m)) 


\(m)p('_Xt'x)  1 

T  =  T2(m) 


Pl2\^o^2(m))P^^2(m)y  (5.30) 


The  equality  in  eq.  (5.30)  is  valid  in  the  sense  of  L2(-\lix  ,  i^).  The  angular  functions 
PU)(^;t)  and  P{2)(ip; t)  are,  respectively,  the  even  and  odd  principal  solutions  of 


normalized  as  follows: 


-2  +(t2-c,2cos2  ^)P  =  0 


p-(0;v)  =  1,  =,. 

L  #  j^o 

The  eigenvalues  t,(w)  and  t 2(m)  are  the  roots  of  the  transcendental  equations 


~  pU)('l1’  T|(m))l  =  0.  [ ^  r 2(m)) 

L#  J*«*.  Uty 


0,  (m  =  1,2,...). 


(5.31) 


The  functions  //(1)(w,  t)  are  those  solutions  of  the  associated  Mathieu  equation 


+  (c2  cosh2  u-x2)H  =  0 


which  are  analogous  to  Hankel  functions  of  the  first  kind. 

The  total  magnetic  field  of  eq.  (5.30)  has  the  following  integral  representations 
(Bloom  [1964]): 


H.  =  -  ^  f  TP(±in< :  t) 
njc 


y  H(,‘(m>;t)P(±^.  :t)P(i/(>:t)  dT  ^ 

x )]ll.i,1[(r/^)P,,‘(^;  x)(?M)Pi2'W:  r)], 

where  either  both  upper  signs  or  both  lower  signs  must  be  chosen, 


(5.33) 
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P(ij/ ;  t )  =  P‘ ' ’(i h ;  r)  i" ^  P(2|(^ ;  t)l  -  P{2)(<P ;  t)  I"—  p>  1  'W  t)l  .  (5-34) 

and  the  path  C  of  integration  is  either  a  straight  line  running  parallel  to  the  real  t-axis 
and  just  above  it  from  minus  infinity  to  plus  infinity,  or  a  contour  that  encircles  the 
positive  real  r-axis  in  the  clockwise  sense. 

If  source  and  observation  points  are  both  on  the  surface  (i/>0  —  ij/  =  i/^), 
the  total  magnetic  field  is 


dt,  (5.35) 


H  =  _2(  H("(u>;t)  _tP(±i'u<  ;  t)  dr  3J. 

=  nJc[(dlCu)H"'{u;T)UHl  [(5/#)P,,,(^; t)(a/#jp,i'(^ 

which  has  the  residue  series  representation  (Bloom  [1964]): 

H  =4yt(||l)  H"*(  +  M<;t(m))  Hn\u> ;  z(m))  //("W, ; t(m)) 

[(5/(')»)H<"(u;  T(m))]„=,  H{"(0\z(m))  [(d2ldudx)Hiu(u\ t)]„Wi  ’ 

t  =  T(m) 

(5.36) 


where  r(m)  are  those  roots  of 


-  H("(«;t)l  =o 

vM  Jusli/., 


(5.37) 


that  lie  in  the  upper  half  of  the  r  plane.  The  series  (5.36)  was  derived  under  the  as¬ 
sumption  that  the  roots  t(m)  are  all  simple;  it  is  uniformly  convergent  with  respect 
to  w0  and  u  in  every  closed  region  0  ^  (w0,  w)  ^  M  <  oo,  |w-w0|  ^  S  >  0. 

If  source  and  observation  points  are  not  both  on  the  surface  ±i the  residue 
series  representations  for  Hz  do  not,  in  general,  converge  to  Hz\  however,  they  are 
asymptotic  expansions  of  Hz  as  c  -*  oo  in  the  geometrical  shadow  (for  details,  see 
Bl(X)M  [1964]). 

5. 3.2. 2.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  magnetic  line  source  parallel  to  the  z-axis,  located  at  (£0,  t]0)  on  the  convex 
side  of  the  cylinder,  such  that 


//'  =  2H'0"(kRy 

and  so  far  from  the  surface  t]  -  >/,  that  at  the  surface 


/ 

H  -  i  J/ 


(5.38) 


(5.39) 


the  geometric  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region  is 


2  F,+  2<PiP>  +  (P'P> 

rtA;°)P1)  L  I)  cos  ij> |  (P„P,) 


exp  J i/c[(P0 P, )  +  (P,  P)]-JinJ. 


(5.40) 
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where  (P0Pi)  and  (PiP)  are,  respectively,  the  distances  between  the  source  P0  and 
the  reflection  point  Pt ,  and  between  Pj  and  the  observation  point  P;  D  is  given  by 
eq.  (5.5),  the  coordinate  by  eqs.  (5.18),  and  the  reflection  angle  <j>i  by  eq.  (5.19). 
Formula  (5.40)  is  applicable  tikD  »  1.  In  the  shadowed  region,  (//2)g.e.  “  0*  If  the 
line  source  is  in  the  angular  sector 

*0  ^  °.  M  ^  l*ol  tan  v{ , 
there  is  no  shadowed  region. 

For  a  line  source  of  strength  (5.38)  located  at  the  focal  line(x0=  -  .Vo  =  0), 
the  scattered  magnetic  field  is  given  by  the  Luneburg-KIine  expansion  (Keller  et  al. 
(1956]): 


H‘  ~  ex2l^Qpl±lcJ'-M  y  (2ic»,)-"Y 

2  Kt/r\  r*\  >  Ld  V  La 


vW  QPM 


A  U(QP)wJ  r  =  o 


J  In-j 


(5.41) 


where  (QP)  is  the  distance  between  the  focal  line  (id,  0)  and  the  observation  point 
P  (see  Fig.  5.3),  w  is  given  by  eq.  (5.21),  0  is  the  angle  that  the  reflected  ray  forms 
with  the  positive  x-axis,  ajtn  is  given  by  eq.  (5.22)  for  j  £  1,  whereas 


not  n  =  (-O' 


")  {^2n)p2  +32(/i-i)^2(”  -*)}-!^j  2"5" 
<l\  (m!)3  [(m  —  l)!]3  I 


I  71 


n  2n  -j 


n  -  I  2n-  j  -  2 


-I  (:J(-TS+I  I 

J-  1  s-0  V  V  jr  0  a  =  0 


1  +y>  (  j 

\-ni  V-s, 


J 

t-S-  1 


fl000  ~  +  ^/2/tC. 

The  first  few  terms  of  the  expansion  (5.41)  are: 


(0  s  t  g  2 n;n  £  1),  (5.42) 

(5.43) 


HI  ~  l/~ 
f  nk 


nk(  QP)w 


exp{i[/c(QP)  +  2c^-^]} 


i  /5-3 iff  ,  lftjf-2  3 


[l  — *  P- 

16(7/,  \  1  - 


»)?  w(l-'jf) 


-  1)  -  J  -  /4I+"1  -  ‘V  •  •  ’ 

w V  8A:(QP)w  \  1  —  fjf  w! 


(5.44) 


In  the  physical  optics  approximation,  the  total  magnetic  field  at  a  point  P,  on  the 
surface  t]  =  tu  is 


(//,) PC  - 


nH[}\k( P0P,)),  in  the  illuminated  region, 

,  in  the  shadow. 


(5.45) 


A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  in  the  shadowed  region  is  retained,  is  easily  obtained  from  the  results  of  Kllllr 
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[1956].  For  the  line  source  (5.39),  the  total  magnetic  field  at  a  point  P  located  in  the 
shadowed  region  away  from  the  surface  t]  =  iu  is: 


H t 


:exp(-im+i*[(P0P,)+(P,P)]+lc  f  d^l/^j 


k*V{(PoPi)(P2P)} 


O0 

xl 

«  =  1 


exp  (MWWO-rf))1  exp 


(P1P2)  \l{(£ 2  -  0(f2  -  )} 


MAi(-«]a 


(5.46) 


where  the  various  quantities  have  the  same  meaning  as  in  cq.  (5.14).  A  correction  to 
the  leading  term  (5.46)  that  depends  upon  the  derivative  of  the  curvature  has  been 
found  by  Keller  and  Lev/  [1959]  (see  also  Franz  and  Klante  [1959]). 

Finally,  a  line  source  of  strength  (5.39)  located  at  P0(*0  =  W  yo  =  0)  on  the 
concave  side  of  the  cylinder  originates  a  geometric  optics  scattered  field: 


(«!U 


r;  _  2<p»p)  +  (_p.  pn 

r  n^(P0P,)  L 4  D  cos  <t>x  (PoP,). 


+  (P.P) 

cos  (j> ,  (P0P,). 


cxp{ife[(P0P,)+(P1P)]-iiir}, 

(5.47) 


where  Pj  is  the  reflection  point  and  0,  is  the  angle  of  incidence  at  Pj  (see  Fig.  5.4). 


5.4.  Point  and  dipole  sources 

Although  geometrical  and  physical  optics  approximations  are  easily  obtainable, 
no  explicit  results  are  available. 
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Chaptbr  6 


THE  WEDGE 

J.  J.  BOWMAN  and  T.  B.  A.  SENIOR 


The  boundary  value  problem  for  the  wedge  of  arbitrary  angle  can  be  analysed  in  a 
variety  of  coordinate  systems  including  hyperbolic  (elliptic)  cylinder  coordinates, 
but  the  consideration  of  the  wedge  as  the  limit  of  a  hyperbolic  cylinder  as  the  inter- 
focal  distance  shrinks  to  zero  proves  to  be  of  little  use.  The  solution,  originally  ob¬ 
tained  as  a  generalization  of  that  for  the  half-plane  (see  Chapter  8),  has  many  appli¬ 
cations  to  problems  involving  edge  phenomena  and  other  diffraction  effects. 

6. 1 .  Wedge  geometry  and  preliminary  consideration:' 

The  wedge  is  defined  in  terms  of  the  rectangular  Cartesian  coordinates  (x,>\  z) 
by  the  equation  |>^|  =  x  tan  0,  a  >  0,  where  2 0  is  the  closed  angle  of  the  wedge. 
The  edge  is  therefore  coincident  with  the  z-axii.  The  wedge  is  also  defined  in  terms  of 
both  the  circular  cylindrical  coordinates  (p,  <f> ,  z)  and  the  spherical  coordinates 
(r,  0,  (j,)  by  the  equations  <j>  =  0  (upper  surface)  and  <p  -  2n~Q  (lower  surface). 
It  is  convenient  to  introduce  a  parameter  v  related  to  the  open  angle  of  the  wedge  and 
defined  by: 

V7T  =  271-20.  (6.1) 

The  primary  source  is  a  plane  wave  propagating  in  the  plane  perpendicular  to  the 
z-axis  and  in  a  direction  making  an  angle  tt  +  $0with  the  positive  A-axis(and  therefore 
making  an  angle  n  +  <j>()  -  Q  with  the  upper  face  of  the  wedge),  or  a  line  source  pa¬ 
rallel  to  the  z-axis  and  located  at  (p0,  <£0),  or  a  point  or  dipole  source  located  at 
(p0,  -o)-  These  configurations  are  illustrated  in  Fig.  6.1.  In  each  case  both  £- 

and  //-polarized  excitations  are  considered,  and,  in  addition,  the  dipole  source  may 
be  of  arbitrary  orientation.  For  convenience,  and  without  loss  of  generality,  it  is 
assumed  that  0  ^  (j>0  £  n. 

The  distance  from  the  point  of  observation  io  the  source  is  denoted  by  /?,  so  that, 
for  a  line  source, 

*  =  \  !/*!  +  />£-2m)cos(^-0o)}  --  N  !(.v-.v0)2  +(.v- Vo)2!.  (6-2) 

whereas  for  a  point  or  dipole  source. 

K  =  s  !/'*’  + rij-2;>p„  cos  (<J» -$„)+('- -o)'  ! 

=  s  !  (.V  -  v„ ):  + <  r-  >  „ )-’  + !  r  -  r0 )  ’ ! . 


(6.3) 
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the  form 


/, 


Ci+Ci 


G(a)s(a-f0)d 


a 


(see,  for  example,  Tuzhilin  [1963]),  where  Ci  andC2  are  known  as  the  Sommerfeld 
contours  in  recognition  of  the  original  contribution  of  Sommerfeld  [1896].  In  the 
integrand  j(a  +  <^)  is  proportional  to  the  sum  (or  difference)  of  two  cotangents,  and 
the  kernel  G(a)  is  determined  by  the  source.  The  contours  C,  'nd  C2  ire  shown  in 
Fig.  6.2,  where  the  shading  indicates  those  regions  where  G(a)  vanishes  exponentially 


Fig.  6.2.  Sommerfeld  contours. 


as  |Ima|  oo  on  the  upper  Riemann  sheet.  When  the  source  is  at  a  finite  distance, 
the  kernel  has  branch  points  at  a  =  (2^4-  l)rc  ±ic,  n  =  0,  ±  1,  ±2 . where 

c  =  2  cosh" 1  — i™  . 

2>JpPo 

Except  in  the  case  of  plane  wave  incidence  (when  c  =  oo),  the  a-plane  then  has  branch 
cuts  extending  to  infinity  as  shown  in  Fig.  6.2. 

For  wedge  angles  such  that  v  =  l/#i,  where  n  is  a  positive  integer,  the  above  contour 
integral  can  be  evaluated  as  a  sum  of  2 n  residues.  The  resultant  field  is  a  superposition 
of  the  field  due  to  the  primary  source  and  its  In-  1  images,  and  therefore  consists 
entirel>  of  geometrical  optics  contributions.  An  experimental  verification  of  this  fact 
has  been  provided  by  Grannemann  and  Watson  [1955]. 

6.2.  Plane  wave  incidence 

6.2.1.  E-polari?.ation 

For  incidence  at  an  angle  </>0  with  respect  to  the  negative  .v-axis,  such  that 

£'  =  £  exp  {-\kp  cos  (</>-$0)},  (6.6) 
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a  contour  integral  representation  of  the  total  electric  field  is  (Macdonald  [1902]; 
Wiegrefe  [1912];  Carslaw  [1920]): 


4i7iv 


qjkp crvs « (cot  *z_«-A±h  _co,  da> 


where  Cj  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2.  An  alternative 
representation  of  the  total  field  as  an  eigenfunction  expansion  is: 


£,,’£\sln"(fc£)sl„"»o_-?)S. 

V  n-0  V  V 


where  (Macdonald  [1902]): 

Sr  =  c-*l«7#p).  (6.9) 

For  Q  =  22i°  with  0O  =  67}°  and  112i°,  and  Q  =  45°  with  0O  =  90°  and  135°, 
Hedgecock  and  McLay  [1959]  have  given  schematic  presentations  of  IEJ2  as  mea¬ 
sured  using  probes  moving  along  8  trajectories  7.5  A  in  length  spaced  X  apart  in  the 
direction  of  propagation.  The  region  of  space  probed  is  approximately  rectangular 
in  shape  with  the  upper  right  hand  corner  of  the  rectangle  at  the  vertex  of  the  wedge. 
Additional  data  has  been  obtained  by  Watson  and  Horton  [1950]  for  the  case 
Q  =  lli°  and  (j)0  =  78J°  with  p  -  11.9  A  (approx.),  and  the  measured  pattern  is 
reproduced  in  Fig.  6.3. 


Fig.  6.3.  Measured  amplitude  of  the  total  electric  iicid  Es  for  .0  -  Ilf  and  < f>{)  78  f  with  p  - 

1I.9A  (Watson  and  Horton  [1950]). 


Expressions  for  the  surface  field  Hp  are  trivially  obtainable  from  the  above,  and 
simplified  forms  of  the  contour  integral  representation  are  possible  for  certain  values 
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of  v.  la  particular,  for  a  right-angled  wedge  (v  =  j),  the  field  on  the  upper  surface, 
<p  =  t,  is  (Lebedev  and  Skal’skaya  [i960]): 


Hp~-  -  2  sin  (<■  0  -  •  in)  exp  { -  ikp  cos  (t/>0 — i^)}  - 

-  4e~11'  [sin  |(0o- W  ["cos  (<t>0-in)H(i"(kp)+ 


+  s\n2(<t>0-in)j^  sin  {(£- kp)  cos  (<t>0 - (x)}  - 

~  1  c°s  i(<t>o~in)  sin  (<t>o~in)  f  cos  {(£  -  kp)  cos 

J*p  ( I 


(6.10) 


and  on  the  lower  surface,  <t>  =  Jtc, 


H„  =  -2q(<t>o-  Jk) cos (<^0  —  |rt) exp {ifcp sin (<j>0 - in)}  —  ---..e'11*  cos  i(<£0  -  in) 


x  [sin  (^o-inJ/Zi’ffcpJ  +  cos2  (<j>0-ix)  f  sin  {(Z-kp) sin  ((/>„- in)}H[l\()di  - 
L  J  kp 

—  i  sin  i(<^0  —  in) cos (0O  —  Itt)  cos  {(£-fcp)sin(0o-±7i)}Hy\{)yJ  •  (6.11) 

For  grazing  incidence  on  the  lower  face  (that  is,  for  <j>0  =  }rc),  eqs.  (6.10)  and  (6.1 1) 
reduce  to 

H.=  (6.12) 


r^xs)-- 

d*p  £ 

(6.12) 

H\"(kp), 

(6.13) 

respectively. 

If  kp  <  1,  a  small  argument  expansion  of  the  Bessel  functions  in  eq.  (6.8) gives: 

E.  =  4  — (ifcp)l/,c'li"/,sip  sin  — +0[(fcp)min,2/v  J  +  l/”],  (6.14) 

r(i/v)  v  v 


which  makes  explicit  the  edge  behavior. 

For  kp  >  I  a  convenient  decomposition  of  the  field  is 

£.  =  £!°  4  Ej,  (6.15) 

where  £?c  and  £*  are  the  geometrical  optics  and  diffracted  fields  respectively.  The 
geometrical  optics  field  is 

£!  °-  £  exp  (ikp  cos  *„,)-  £  exp  (ikp  cos 

m  ^  2 


(6.16) 
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where 

=  r.-<l>  +  4>0-2niVn, 
a  „  =  n-(t>-4>0  +  2Q-2n2vn, 

and  the  summations  extend  over  all  integers  n{  and  n2  satisfying  the  inequalities 

!^-^0+2n,vn|  <  n, 

\(t)  +  4>0-2Q  +  2n2v7i\  <  7i. 

respectively.  The  diffracted  held  E\  can  be  written  as  (Oberhettinger  [1956, 1958]): 

E?  =  {K,(-,T-^H-^o)-V'd()t-^  +  0o)}- 

-{VJ-n-4>-<t>o  +  2(i)-\ ~<I>-<1>0  +  2 fl)},  (6. 19) 


(6.18) 


K (fl)  =  -  f  exp  (ifcp  cosh  () 
2;rvJo 


sin  (j 8/v) _ ( 

cosh  (l/v)— cos  (/J/v) 


(6.20) 


For  p  near  2«v;r  where  n  is  an  integer  (Tuzhilin  [1963];  but  see  also  Ober¬ 
hettinger  [1956],  for  the  case  n  =  0): 


Kill)  ~  I  Mm(0.  v)~'am{P  “  2nvir)}/m + sgn  (/? — 2mn)I,  (6.21) 


where 


_  iT(m  +  {) 

>  m  ~  .  ...  +  L  C  ’ 

V'2(fcp)'  * 


(6.22) 


/  =  — exp  {iA'p  cos  (/?— 2nvir)}F[v/2fcp|sin  I(/?-2nvn)i],  (6.23) 

\/ 7T 


and  F(t)  is  the  Fresnel  integral 


r(t)  =  j*  el,l2< 


(6.24) 


whose  properties  are  described  in  the  Introduction.  The  coefficients  am((i-2nvn)  are 

tijii-2nvn)  =  ^  ^  (6.25) 

2m  1 7r {sin  ](/J  — 2m’7r)}2m 

and  the  coefficients  Am(li,v)  are  (Tuzhiun  [1963]): 

Ajp.  r)  =  ‘  cot  1  1  ( sin  *  )“ “  £  CT. ,  V (6.26) 
2rrv  2v*-o  \  2v'  /  *. 

where  the  expression  for  the  C  ™,  given  by  Tuzhiun  [1963]  can  be  further  reduced  to 
_  (-1/2/  -A  / 2k\  -!  \  (4s  +  2/)! 

x  y  (-1)"  2  "  (->)'  Ul-2r)2’*- 

2.v  +  2/  +  </  (2s--</)!(2.v  +  </)!  ,■“(!  r!  (<;-/■)! 


(6.27) 
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Explicitly,  the  first  coefficients  A^p.v)  are  (Oberhettinger  [1956]): 


v)  -  cot !-  , 
2  ttv  2v 


-4 ,(/?>  v)  •-=  -  -  —  cot  P- +  \  [ sin  £)  |  , 

4ttv  2v  12  v2  \  2v!  ) 

,2(/;,v)=  i-cot/LP  +  (i. __!_)(*  ^2+-Wsi„  ?n. 
8/rv  2v  18  \6v2  3vV\  2v/  v4  \  2v/  ) 


V)  = - ■;  COt 


P  \  5  /  259 


7  2 

•  + 


16;rv  2v  116  \360v2  18v4  45  v6 


.in'1 

2v 


2  W  .  P 

■,  II  sin 


6v2  3vV\  2v 


(6.28) 


+  .sin 


The  representation  given  in  eq.  (6.21)  describes  the  asymptotic  behavior  of  Fd(/i) 
in  the  vicinity  of  the  geometrical  optics  boundary  p  =  2nvn,  and  displays  the  dis¬ 
continuity  in  Vd(P)  necessary  to  compensate  for  the  corresponding  discontinuity  in 
£?,0\  Of  the  four  values  of  p  implicit  in  eq.  (6. 19),  not  more  than  two  can  correspond 
to  a  geometrical  optics  boundary.  An  alternative  but  less  convenient  desciption  of 
the  diffracted  field  in  the  vicinity  of  a  boundary  has  been  given  by  Pauli  [1938]  using 
confluent  hypergeometric  functions. 

For  values  of  p  away  from  a  geometrical  optics  boundary  such  that  the  argument 
of  the  Fresnel  integral  in  eq.  (6.23)  is  large  compared  with  unity, 


W)  ~  I  Am(p,  v)/„. 


(6.29) 


and  from  the  leuJing  term  in  this  expansion, 


+  ±it) 


1  .  n  (/  n  0-0o 
-  sin  cos  -cos 


Jill  I  ■  VVJ 

s  (27tkp)  v  v  \\  v 


/  71  2tt  —  0  —  0O\  \ 

-  I  cos  +  cos  \  j . 


(6.30) 


This  has  the  appearance  of  a  cylindrical  wave  with 


_  ■  I /  * .*-*o 


i  .  n  / 
=  sin 
2v  v  \\ 


COS - COS 

V  V 


* +cM2*-*-+°Y'\  (6.30 


COS  +COS 
V 


emanating  from  the  edge.  Computed  values  of  \P\  for  >’  -•  $  and  three  different  0O 
are  shown  in  Fig.  6.4. 

On  the  geometrical  optics  boundaries  the  total  electric  field  has  the  following 
asymptotic  representations  where,  for  simplicity,  it  has  been  assumed  that  ft  <  }7r. 

(i)  0  =  /r- 0O  + 2ft  with  ft  <  0O  <  7i  (boundary  for  geometrical  reflection  from 
the  upper  face): 
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4>,  degrees 

Fig.  6.4.  Far  field  amplitude  of  the  diffracted  wave  for  <t>0  —  55  '  ( — -),  <f>n  =  135°  ( - )  and  <f>0  — 

180°  ( - ). 


E:  ~  exp  {ikp  cos  2(</>o -ft)}  -  Jelfcp  + 


I  gi<  kp  +  in) 


sin  (tt/v) 


^  i  cot  -  .  (6.32) 


v  yj(2nkp)  Icos  (7t/v)  +  cos  [(3tt-20o)/v]  v) 

(ii)  0  =  37t-0o -2ft  with  n-Q  <  (f)0  <  n  (boundary  for  geometrical  reflection 
from  the  lower  face): 


E.  ~  exp  {i kp  co:  2(0O  +  ft)}  -  }el*p  + 


»i(M+  i«) 


sin  (rr/v) 


v  N/( 2nkp )  Icos  (tt/v)  +  cos  [(zr  —  20o)/v  ^ 


+  \  cot 


(6.33) 


Eqs.  (6,32)  and  (6.33)  are  also  valid  when  0O  =  n  provided  ft  >  0. 

(iii)  0  =  7H-0O  with  ft  <  0O  <  n -ft  (boundary  of  the  geometrical  shadow): 


i  J / 

1  L  I 


sin  (n/v) 


Er  -  le’*'J-  ’  w  +  }cot  .  (6.34) 

v  N  ( 271  kp)  Icos  (tt/v)  +  cos  [(tt-20o)/v]  vl 

For  the  particular  case  of  a  right-angled  wedge  (v  =  j)  an  expression  for  E? 
alternative  to  that  given  in  eqs.  (6.19)  and  (6.20)  has  been  provided  by  Reiche 
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[1912],  and  can  be  written  as 

fA  =  i,d(<p  ~4>o)~  ''AA +4io~  i*0> 


(6.35) 


where 


=  - 


e—  j^sin  p  sin  J/J  £  cos  {(^  — fcp)  cos  P)H\'XZ) d{  + 

+cosj/?f  sin  {(£-kp)  cos  ’(f)* 


(6.36) 


The  function  ud(/f)  is  discontinuous  at  the  geometrical  optics  boundaries  in  order  to 
compensate  for  the  discontinuities  in  E\°\  and  its  behavior  on  the  boundaries  fi  =  i r, 
2ti  is  determined  by  the  relations 

+ «)  =  i  sgn  ({)el‘'>  +  0(e),  . 

ud(2n+e)  =  -}  sgn  ({)e“',  +  0(e). 

6.2.2.  H -polarization 

For  incidence  at  an  angle  <j>0  with  respect  to  the  negative  x-axis,  such  that 

=  2  exp  { - ikp  cos  (<j)  -  0O)}  (6.38) 

a  contour  integral  representation  of  the  total  magnetic  field  is  (Macdonald  [1902]; 
Wiegrefe  [1921];  Carslaw  [1920]): 

H.  =  _L  f  —  [cot  *-*-*.++•  +cot  *-*-+-+0+ 2flj  da<  (6.39) 
4i7rvJCl+Cj  l  2v  2v  ) 

where  Ct  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2.  An  alternative 
representation  of  the  total  field  as  an  eigenfunction  expansion  is 


H.  =  2f£„cos"(^-fl)cos"(^-Q)S„/v. 

V  11  =  0  V  V 


(6.40) 


where  (Macdonald  [1902]): 

st  =  r"nJHkp).  (6.4i) 

Watson  and  Horton  [1950]  have  measured  |A/.|2  for  ft  =  ll£°  and  <t>0  =  78J" 
with  p  =  1 1.9 A  (approx.),  and  their  data  is  reproduced  in  Fig.  6  5. 

Expressions  for  the  total  magnetic  field  on  the  surface  are  trivially  obtainable 
from  the  above,  and  simplified  forms  of  the  contour  integral  representation  arc  pos¬ 
sible  for  certain  values  of  v.  In  particular,  for  a  right-angled  wedge  (v  -  j),  the 
field  on  the  upper  surface,  (f>  =  Jtt,  is 

r 

//.  =  2  exp  \-\kp  cos (</>„- \n))-  “  eliK  I  sin  — Irr)  sin  \(<f>{)-ln) 

\  3  L 

x  I  *  cos  {({  —  kp)  cos  (</>„  ~  \n)} I l\u(Z)dt  + 

*  k,> 

. r . dci  _ 


+  tos  ]tt)  sin  \(i  —  kp)  cos  {<l>o- \r.)}H\u(Z)  s 


(6.42) 
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and  on  the  lower  surface,  <t>  =  ^tc, 

H.  =  2tj((t>0 -  J/r)  exp  {\kp  sin  ((j>0 - |7t)}  —  -7.ekl*  ("cos  (4>0-kn)  cos  \(<t>0- i«) 

V  3  L 

X  I  cos  {(i-kp)  sin  (to- in)}H\[)(t)dZ- 
J  kp 

-sin  s'"  {({-M«n  (^o~i«)}H* ’(^“j  •  (6.43) 

For  grazing  incidence  on  'he  lower  face  (that  is,  for  <j>Q  =  J/r),  eqs.  (6.42)  and 
(6.43)  reduce  to 

H.  -  2-  1  e"'  f  (6.44) 

v;3 

and 

H.  =  1+  1  e11"  TsinU'-MWV’U)- •  (6.45) 

V  3  •’**  ( 

respectively,  where,  in  the  derivation  of  eq.  (6.4i>),  the  “jump"  discontinuity  of  the 
first  integral  in  eq.  (6.43)  must  be  taken  into  account. 

If  kfi  <  1,  a  small  argument  expansion  of  the  Bessel  functions  in  eq.  (6.40)  gives: 


vl  V^-  {iff  v 


4>-Q  <j)0- 

cos  cos 


+  0[(A;/] 


tmin  <  2  V.  2)1 


(6.46) 


which  makes  explicit  the  edge  behavior. 
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For  kp  »  1  a  convenient  decomposition  of  the  field  is 

Hz  =  HT+Hf  (6.47) 

where  H\'°'  and  H\  are  the  geometrical  optics  and  diffracted  fields  respectively. 

The  geometrical  optics  field  is 

H\°'  =  £  exp  (ikp  cos  #„,)+  £  exp  (i*P  cos  a,,),  (6.48) 

»1  "2 

where 


aBl  =  7r-0  +  (Po-'2n1v7t, 

=  r.-$-(l>0+2Q-2n2V7it 
and  the  summations  extend  over  all  integers  nx  and  n2  satisfying  the  inequalities 

|</>-  </>o  +  2rtlV7r|  <  7T, 

|<£  +  <£o“2(2  +  2n2  wt|  <  7T, 

respectively.  The  diffracted  field  //J  can  be  written  as  (Oberhei  hnger  [1956, 1958]): 


(6.49) 


(6.50) 


^  =  {Fd(-7r-^  +  ^o)-Fd(7r-0  +  ^o)}  + 

+  {Kd(-7r-^-0a  +  2r2)-Kd(7r--0-0o-h2ft)},  (6.51) 

with 


d». 


(6.52) 


,up  cosh  t _ sinj/f/v) 

cosh  (f/v) — cos  (/?/v) 

For  ft  near  2nvn  where  n  is  an  integer  (Tuzhiun  [1963];  but  see  also  Oberhettingfr, 
[1956],  for  the  case  n  =  0): 


W)  ~  I  {dm(^,  v)-flm(^-2nvjt)}/„+sgn  (P~2nvn)l  (6.53) 

m  =  0 

where  fm  and  /  are  as  defined  in  eqs.  (6.22)  and  (6.23)  respectively,  and  am(P~2nvn) 
and  Am(P,  v)  as  defined  in  eqs.  (6.25)  through  (6.28).  The  above  representation  describes 
the  asymptotic  behavior  of  Fd(/?)  in  the  vicinity  of  the  geometrical  optics  boundary 
p  =  2rtv7r,  and  displays  the  discontinuity  in  Fd(/?)  necessary  to  compensate  for 
the  corresponding  discontinuity  in  H\°\  Of  the  four  values  of  p  implicit  in  eq. 
(6.51),  not  more  than  two  can  correspond  to  a  geometrical  ootics  boundary.  An 
alternative  but  less  convenient  description  of  the  diffracted  field  in  the  viciirty  of  a 
boundary  has  been  given  by  Pauli  [1938]  using  confluent  hypergeometric  functions. 

For  values  of/?  away  from  a  geometrical  optics  boundary  such  that  the  argument  of 
the  Fresnel  integ  ral  in  the  expression  for  /  (see  eq.  (6.23))  is  large  compared  w ith  unity. 


W)  ~  I  A„(p,  »■)/„. 


(6.54) 


m  -  0 


and  from  the  leading  term  in  this  expansion. 


//:  ^  sin  cos  -cos  f  cos  cos  |  . 

‘  N ( 2nkp)  v  v  I \  v  v  *  '  v  v  -  I 


(6.55) 
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Ht  ~  exp  {i kp  cos  2(<£0  +  G)}  +  ieu*  + 


+ 


1  +  | 

v  J(2nkp)  Icos(tt/v)+cos  [(7r-2^0)/vl 


sin  (nlv)  .  n 

v  - icot  - 


(6.58) 


Eqs.  (6.57)  and  (6.58)  are  also  valid  when  <t>0  -  n  provided  Q  >  0. 

(iii)  <t>  =  n  +  (l>0  with  Q  <  <j>0  <  n-Q  (boundary  of  the  geometrical  shadow): 


1  +  / 
H ,  ~  leik>+  I  6  1 


sin  (7r/v) 


,  —  “icot-j. 

v  sj{2nkp)  (cos  (7t/v)-rCOi>  [(7E  —  20o)/v]  v) 


(6.59) 


When  <t>o  =  n-Q  (grazing  incidence  on  the  lower  face)  and  <f>  =  2n-Q  (observa¬ 
tion  point  on  the  lower  face)  the  last  two  equations  are  replaced  by: 


H ,  -  eikp— 


e‘  {kp+in)  1  n 

- - cot  -  , 

j{2nkp)  v  v 


(6.60) 


and  this  is  also  valid  when  Q  =  0.  By  reciprocity  it  is  further  valid  for  (j>0  =  Q  and 
<l>  =  n  +  Q. 

For  the  particular  case  of  a  pght-angled  wedge  (v  ~  $)  an  expression  for  H\  al¬ 
ternative  to  that  given  in  eqs.  (6.51)  and  (6.52)  has  been  provided  by  Reiche  [1912], 
and  can  be  written  as 

H?  =  ^d(0“0o)+^  +  ^o-i^)»  (6-61) 

wh^re 


<’d (P)=  -7;  ["sin  /i  sin  $/?  f  cos  {(i~kp)  cos  V£)d{  + 

V 3  L  Jkp 

+  cos  J/?  (  sin  {(?  -  kp)  cos  P}H\'  ’({)  ->-]  .  (6.62) 

•>kp  C  J 

The  function  vd(ft)  is  discontinuous  at  the  geometrical  optics  boundaries  in  order  to 
compensate  for  the  discontinuities  in  H f*°‘,  and  its  behavior  on  the  boundaries  p  - 
7i,  2n  is  indicated  in  eq.  (6.37). 


6.3.  Line  sources 
6.3.1.  E-polarization 

For  an  electric  line  source  parallel  to  the  edge  and  located  at  (p0»  <t>o)  such  that 

E1  =  tH(0l)(kR),  (6.63) 

a  contour  integral  representation  of  the  total  electric  field  is  (Macdonald  [1962]; 
Wiegrefe  [1912];  Carslaw  [1920]): 


£-  =  •,'  f  (cot  * 

4l7TVjC|+Cj  ( 


-*-  +  +  +0- co(K-a-*-*0  +  2GU  (6.64) 

2v  2v  1 
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where 


R( a)  *  (p2  f  Po  +  2pPo  cos  a)* 


(6.65) 


and  Ci  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2.  An  alternative  repre¬ 
sentation  of  the  tOval  field  as  an  eigenfunction  expansion  is 


‘‘•V'  • 

E,  =  2-  e* s,n  — ■ - 

V  n  =  0  V 


n(<l>-Q)  .  n(<l>0-Sl) 


sin  — — --  S, 


n/v> 


(6.66) 


where  (Macdonald  [1902]): 

S,  =  JAkpjHt'Xkp,). 

which  may  also  be  written  (Tuzhilin  [19631): 

s  =y  + 

s=o  s!£(s4-T+l)  [N/(p2Tpo)j2s  +  t 

Using  a  simulated  line  source  and  wedge  angles  Q  =  22i°,  45°,  Row  [1953]  has 
measured  |£.|  along  a  trajectory  parallel  to  the  upper  face  of  the  wedge. 

Expressions  for  the  surface  field  Hp  are  trivially  obtainable  from  the  above;  no 
simplified  forms  of  the  contour  integral  representation  are  available. 

I f  £p<  <  1  the  eigenfunction  expansion  (6.66)  is  rapidly  convergent.  In  particular, 
for  kp  <  1 : 


(6.67) 

(6.68) 


£r  =  _i_ (i^ppo),/v  ^sin^2  +0[(Mmin<2/v'2+',v’], 

r(i/»)  I\/(p2 +Po)l*  v  v  J 

(6.69) 


which  makes  explicit  the  edge  behavior. 

For  kppJRi  >  J  (sourr;  and  observation  point  far  from  the  edge),  a  convenient 
decomposition  of  the  field  is 


E:  =  £J°+£?  ,  (6.70) 

where  £*°*  and  E\  are  the  geometrical  optics  and  diffracted  fields  respectively.  The 
geometrical  optics  field  is 


Er  =  i  H'0u\_kR(*j}- 1  (6.7i> 

ni  m 

where 

*n,  =  «“0  +  0o-2w,  vn. 
a„,  =  n-(l>-<l>o  +  2Q-2n2VK< 


and  the  summations  extend  over  all  integers  //,  and  r ,  satisfying  the  inequalities 


+  VTrJ  <  7T, 

104-  212  +  vti|  <  7t, 

respectively.  The  diffracted  field  E*  can  be  written  as 


(6.73) 
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with 


W)  = 


—  f*H(0n[feR(i()] - sin_(ftv) - 

2ttvJo  cosh  (f/v)- cos  (/J/v) 


dr. 


For  p  near  2wvti  where  n  is  an  integer  (Tuzhilin  [1963]): 


(6.74) 

(6.75) 


y* (P)  ~  I  iAm(P>  v)-am(^-2nvn)}/m+sgn  (p-2n\m)l. 


m  =  0 


where  am(P-2nvn)  and  /lm(/?,  v)  are  defined  in  eqs.  (6.25)  through  (6.28),  and 

_n~irn«+i)(Rt  r+V» 

/m - 72  ~”W  /WfeK,)’ 


j  __  _  gii/i(^-2BV») 

n 


/, 


J/i2 


r2 


|M|  v/{/i2  +  2^R(j?-2nv7c)} 


with 


M  _  2y/(Mf>Po)  sin  j(p—2nvn) 
x/{Ri+R(f-2nVn)}  ' 


(6.76) 
I 

(6.77) 

(6.78) 

(6.79) 


Eq.  (6.76)  describes  the  asymptotic  behavior  of  Fd(/?)  in  the  vicinity  of  the  geometrical 
optics  boundary  specified  by  the  integer  n ,  and  display:  the  discontinuity  in  Kd(/?) 
necessary  to  compensate  for  the  corresponding  discontinuity  in  E\°\  For  |/Vf|»l, 
i.e.  away  from  the  boundary, 

Va(fi)  ~  l  AJfi.  v)/„  (6.80) 

m  -  0 


and  from  the  leading  term  of  this  expansion, 

c»*w  ei4p  1  .  n 

Ez  -v  — - - - -  sin  - 

slink po)  yj(nkp)  v  v 

(/  n  <j)  0q\  ~ 1  /  71  , 

X  I^COS  — -cos  —  I  -  ^cos  -  +  COS 


2ji  —  <A  — 

”7  I  I ' 


(6.81) 


This  has  the  appearance  of  a  cylindrical  wave  diverging  from  the  edge. 

On  the  geometrical  optics  boundaries,  the  total  field  has  the  following  asymptotic 
representations,  where,  for  simplicity,  it  has  been  assumed  that  ft  <  in. 

(i)  <j>  =  7i  + 2ft  with  ft  <  0O  <  7r  (boundary  for  geometrical  reflection  from 
the  upper  face): 


E,  ~  H'0"(kR)-lH"\kRl)+  1 

V 


I  “<»M  +!».'!. 

nk^(ppo)  Icos(tt/v)  +  cos  f(37t  —  2<^0)/v]  v; 


(6.82) 
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(ii)  0  -  37r-0o*-2G  with  n-Q  <  0O  <  n  (boundary  for  geometrical  reflection 
from  the  lower  face): 


E,  ~  Hi0'\kR)-\H\),)(kR,)+ 


»i*(p  +  Po) 


sin  (tt/v) 


v  nkJ(pp0)\cos(nlv)  +  cos  [(tt~20c)/v] 


+  i  cot 


(6.83) 

Eqs.  (6.82)  and  (6.83)  are  also  valid  when  0O  —  71  provided  0  >  0. 

(iii)  0  =  7r  +  0o  with  Q  <  0O  <  7r-0  (boundary  of  the  geometrical  shadow): 


Ez  ~  Wo'XkR,)- 


Jk(p  +  po) 


sin  ( 7r  /  v) 


V  nkj(ppo)  Icos  (n/v)+cos  [(it— 2<£0)/v] 


+*cot-'  .  (6.84) 


6.3.2.  H-polarization 

For  a  magnetic  line*  *"’ircc  parallel  to  the  cd&u  aue  iocated  at  (p0,  0o)  sucb  that 


=  ZH(0l)(kR), 


(6.85) 


a  contour  integral  representation  of  the  total  magnetic  field  is  (Macdonald  [1902]; 
Wiegrefe  [1912];  Carslaw  [1920]): 


Hz  = 


4i7tvJci+c2 


H{0l)[kR( a)]  cot 


7T-a-0  +  0o  7T-a-0-0o  +  2O 


where 


/?(a)  =  (p2  +  Po  +  2pp0  cos  a)* 


-  da,  (6.86) 


(6.87) 


and  C,  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2,  An  alternative  re¬ 
presentation  of  the  total  field  as  an  eigenfunction  expansion  is 


V  11*0  V  V 


where  (Macdonald  [1902]): 


st  -  JUkpjHi'Xkp,), 


which  may  also  be  written  (Tuzhilin  [1963]): 


s  =  f  (i<W>o)2l+t  l&UW  +  p D) 
'  A>s!f(s  +  T+1)  [V(p2+pJ)]2l  +  t 


(6.88) 


(6.89) 


(6.90) 


Expressions  for  the  total  magnetic  field  on  the  surface  are  trivially  obtainable 
from  the  above;  no  simplified  forms  of  the  contour  integral  representation  are  avail¬ 
able. 

If  Arp  <  i  the  eigenfunction  expansion  (6.88)  is  rapidly  convergent.  In  particular, 
for  kp  <  1 : 
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H,  =  2H'0"(kj(p2+Pi))+  A  akpp0)'>' 
v  r(i/v) 

X  H'';^\/(P2  +  Po))cos  ^-?cos^0-"f?  +0[(fcPrln<^-2>],  (6.91) 

[v/(p  +Po)]  V  V 

which  makes  explicit  the  edge  behavior. 

For  kppJRi  »  1  (source  and  observation  point  far  from  the  edge),  a  convenient 
decomposition  of  the  field  is 

Hz  =  H‘z°+Hdz,  (6.92) 

where  H*  0,  r/'j  are  the  geometrical  optics  and  diffracted  fields  respectively.  The 
geometrical  optics  field  is 

Hf  =  I  //<o',[fc«K1)]+  I  '6.93) 


(6.95) 


where 

«„,  =  n-</>  +  </>0-2n,vn,  g 

a„,  =  ic-<j>-(t)0+2[i-2n2vn, 

and  the  summations  extend  over  all  integers  rtj  and  /i2  satisfying  the  inequalities 

l$  —  $o+2n,  vjr|  <  n, 

|$  +  <£0-2fl  +  2rt2v7r|  <  n, 

respectively.  The  diffracted  field  //*  can  be  written  as 

Hi  =  {K,(-k-  >  +  *o)-I'i(K-*+*o)}  + 

+  { K,(  -  IT  -  <*>  -  4o  +  2fl)  -  VA(n  -  </> -  <*>„ + 2(2)},  (6.96) 

with 

\/ ( n\  _  ^  f  U(l)n. n/:,vi  sin  (^l/v)  ,  /a  n*7\ 


K#)  =  ---  WWO]  „  d».  (6.97) 

2ttv  J  o  cosh  (r/v)  -  cos  (/?/v) 

For  p  near  2nvn  where  n  is  an  integer  (Tuzhilin  [1963]): 

m)  ~  I  [Am(H  v) - ajfl - 2/t  vn;}/m  +  sgn  (p-2nm)l,  (6.98) 

m  =  0 

where /m  and  /  are  as  defined  in  eqs.  (6.77)  and  (6.78)  respectively,  and  am(p-2nvn) 
and  Am(p,v)  as  defined  in  eqs.  (6.25)  through  (6.28).  The  above  representation  de¬ 
scribes  the  asymptotic  behavior  of  Vd(P)  in  the  vicinity  of  the  geometrical  optics 
boundary  p  =  2nvn,  and  displays  the  discontinuity  in  Vd(P)  necessary  to  compensate 
for  the  corresponding  discontinuity  in  Hi ° \  For  values  of  P  away  from  a  geometrical 
optics  boundary  such  that  the  lower  limit  of  integration  in  the  integral  expression 
for  I  (sec  eq.  (6.78))  is  large  compared  with  unity, 


W)  -  I  Ajp.  <■).;„. 


(6.99) 


I 
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and  from  the  leading  term  of  this  expansion, 


e'*#>0  el*0  I  .  „ 

//:  ^  — -  Sln  - 

\j(nkp0)  yj(nkp)  v  v 


x  j^cos  U  -cos  — j  +  ^cos 71  +cos  ^ n  - 


(6.100) 


This  has  the  appearance  of  a  cylindrical  wave  diverging  from  the  edge. 

On  the  geometrical  optics  boundaries,  the  total  magnetic  field  has  the  following 
asymptotic  representations  where,  for  simplicity,  it  has  been  assumed  that  Q  <  \n. 

(i)  (j>  =  7r-‘-<£0+2G  with  Q  <  <j>0  <  n  (boundary  for  geometrical  reflection  from 
the  upper  face): 

H.~H\s'\kR)+lH(0'\kR,)+-—~-'^{  -  S,"d?/v)  —  i  cot  -j  . 

v  nks/(pp0)  icos  (tt/v) -f- cos  [(3n-2<f>0)lv]  vl 

(6.101) 

(ii)  <j>  =  3n-(j)0-2Q  with  n-Q  <  (p0  <  n  (boundary  for  geometrical  reflection 
from  the  lower  face): 

H.  ~  Ho  \kR)  +  \H(0' \kRi)+  '  **'’*"'  {  Sm  ^  -  loot  -j  . 

v  nkyj(pp0)  Icos  (7r/v)  +  cos  [(n-2(p0)lv]  vj 

(6.102) 

Eqs.  (6. 101)  and  (6. 102)  are  also  valid  when  (j)0  =  n  provided  Q  >  0. 

(iii)  (j>  =  7i  +  (j>Q  with  Q  <  <f>Q  <  n-Q  (boundary  of  the  geometrical  shadow): 

H.  ~  iH(0n(kR,)+  ~  J  sw  (n/v)  ...  _^cot?|.  (6.103) 

V  nksl(ppo)  tcos(7i/v)  +  cos  [(?r  —  2<^0)/v]  v) 

When  <f> o  =  n-Q  (grazing  incidence  on  the  lower  face)  and  (j)  =  2n  - Q  (observation 
point  on  the  lower  face)  the  last  two  equations  are  replaced  by 


+  po) 


1  n 


//,  -  H'o'XkRt)-  cot  , 

v’  v 


(6.104) 


and  this  is  also  valid  when  Q  =  0.  By  reciprocity  it  is  further  valid  for  </>0  =  Q  and 

<f)  =  7T  +  fl. 


6.4.  Point  sources 

6.4.1.  Acoustically  soft  wedge 

For  a  point  source  at  (/)0,  <t>0,  r0)  such  that 


V 


(6.105) 
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a  contour  integral  representation  of  the  total  field  is  (Wiegrefe  [1912];  Macdonald 
[1915];  Carslaw  [1920]): 


I  n-a-j+to  _  n-a-<t>-<f>0+2Q 


4mvJc,+Cj  kR( a) 


J  da,  (6.106) 


where 


R(a)  =  {p2+ pa  +  2pp0  cos  a  +  (z-z0)2}* 


(6.107) 


and  C,  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2.  An  alternative  re¬ 
presentation  of  the  total  field  as  an  eigenfunction  expansion  is 


, .  2  "  .  n(6-0)  .  n(<j>0-{2)„ 

V  =  -  £e„stn~ - 'sin  -  -  S„/v , 

V  n  =  0  V  V 


(6.108) 


where  (Oberhettinger  [1954]): 


S,  =  ~  f  eu(’~t°)Jt(p<  ^(k2 - t1))H['\p>  y/(k2-t2))dt,  (6.109) 

J  —m 


which  may  be  written  as  (Tuzhilin  [1963]): 

s  -  i  y  (ikPPo)2s*'  W+Akjjp2 + pl+jz-  zo)2)) 
i=os!r(s+T+l)  (V'{p2+Po+(z-Zo)2})2,+' 

and  may  further  be  written  (Macdonald  [1915]): 


(6.110) 


S,  =  ie'2l"I  -- (2s+2t+  l))Jt[(kr  Jhl'+Xkr >)PJ'+'t(cos  0)P,+x(cos  0o). 

1=0  S-  (6.111) 

Expressions  for  the  surface  field  dV/c )(j>  are  trivially  obtainable  from  the  above; 
no  simplified  forms  of  the  contour  integral  representation  arc  available. 

I  UcP<  <£  1  the  eigenfunction  expansion  (6. 108)  is  rapidly  convergent.  In  particular, 
for  kp  -ts.  1 : 


V  =  i 


—  (WPPo)'1'  +  °)2})sin  Sin 

/v)  (V{p2+P^(-’--o)2}),/v 


+  0[(kP) . '2"-l+,"»],  (6.112) 

which  makes  explicit  the  edge  behavior. 

For  kppJRx  *  1  (source  and  observation  point  far  from  the  edge),  a  convenient 
decomposition  of  the  field  is 

V  =  Fd  (6.113) 

where  Fgo'  and  J’d  are  the  geometrical  optics  and  diffracted  fields  respectively.  The 
geometrical  optics  field  is 

j-g.o.  =  y  exp  [i kR(xni)\  _  y  exp  {i kR(z„:)} 

~  t  kR(XJ  n:  kR(*n:) 


(6.114) 
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where 


«Wl  =  7C-0  +  0o-2n,  V7T, 

=  7r-0-0o4-2Q-2n2v^, 

vS.llS) 

and  the  summations  extend  over  all  integers  nt  and  n2  satisfying  the  inequalities 

10-00  +  2/lj  V7r|  <  7 I, 

|0  +  0o-2&4'2n2vfll  <  rc, 

(6.116) 

respectively.  The  diffracted  field  Vd  can  be  written  as 

v*  =  (K.(- 

-W-*-*-*0+20)-Kd(K-*--*o+20)}. 

(6.117) 

with 

w).  1  f‘ .  ”«’>  -  d, 

27tvJ0  cosh (f/v) — cos (/?/v) 

(6.118) 

For  P  near  2nvnf  where  n  is  an  integer  (Tuzhilin  [1963]): 

W)  ~  I  {'Uft  v) — — 2n V7i)}/m  +  sgn  (/? — 2nvre)/ , 

m  =  0 

(6.119) 

where  am(P  ■ 

-2/ivtt)  and  Am(P ,  v)  are  defined  in  eqs.  (6.25)  through  (6.28),  and 

2k  l  pp0  \kppQI 

(6.120) 

/Bj r  rf.V+tftf-aiw)] d 

J  |M|  N/{/i2  +  2fcR(/?-2nvi:)} 

(6.121) 

with 

A/  =  h{k.PP?U}^mZ2njK) 
s!{Rt+R(P-2nvx)} 

(6.122) 

Eq.  (6.1 19)  describes  the  asymptotic  behavior  of  Fd(//)  in  the  vicinity  of  the  geomet¬ 
rical  optics  boundary  specified  by  the  integer  //,  and  displays  the  discontinuity  in 
J'd(/0  necessary  to  compensate  for  the  corresponding  discontinuity  in  FK°‘.  For 
|  A/ 1  >  1.  i.e.  away  from  the  boundary, 

W)~i  AJiP,v)fm.  (6.123) 

w  -  0 


and  from  the  leading  term  of  this  expansion, 

,.d  CiaK,Mn‘  1  1  .  77 

1  ^  sin 

\(2zkRl)  ks'(ppit)  v  v 

0  -  " 1 


I  /  r,  0  -  0„\  /  7i  2t,  -  0  -  (/)0  \ "  1 

x  (cos  -cos  I  —  (cos  4  cos  )  .  (6.124) 

I  \  v  v  '  '  v  v  *  » 
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On  the  geometrical  optics  boundaries,  the  total  field  has  the  following  asymptotic 
representations,  where,  for  simplicity,  it  has  been  assumed  that  Q  <  kn. 

(i)  (j)  =  7r-</>0  +  2G  with  Q  <  (j>0  <  n  (boundary  for  geometrical  reflection  from 
the  upper  face): 


V  ~  - 


ikR  i 


1  e  1  1  e 


kR  2  kR{  v  yJ(2nkR{)  kjippo) 

x( - - +icot-j.  (6.125) 

(cos  (tt/v)  +  COS  [(37T  —  20o)/v]  v) 

(ii)  <t>  =  3n-(j)0-2Q  with  7 i-Q  <  <j)0  <  n  (boundary  for  geometrical  reflection 
from  the  lower  face): 


v  „  ikR  _  +  1  1  | _ Sin  («/v)  _ +  ot?l 

kR  2  kRt  v  yJ(2nkRl)  kyj(pp0)  Icos  (tt/v)  +  cos  [(7r  —  20o)/vl 


(6.126) 


Eqs.  (6.125)  and  (6.126)  are  also  valid  when  <j)0  =  n  provided  Q  >  0. 

(iii)  (j)  =  7r  +  0o  with  Q  <  </>0  <  n-Q  (boundary  of  the  geometrical  shadow): 


1  eikRl  1  e*(Wi+**)  j 


sin  (tt/v) 


2  kRr  v  yJ(2nkRl)  kyJ(ppQ)  Icos  (tt/v)  +  cos  [(n-2(j)0)lv 

6.4.2.  Acoustically  hard  wedge 

For  a  point  source  at  (p0,  (/>0,  z0)  such  that 


~+\  cot  -)  .(6.127) 
A  v) 


V'  =  -  , 
kR 


(6.128) 


a  contour  integral  representation  of  the  total  field  is  (Wiegrefe  [1912];  Macdonald 
[1915];  Carslaw  [1920]): 

V  =  -i.  f  !---  (cot  +cot  +  d».  (6.129) 

4i^vJcj  +c2  kR(y)  \  2v  2v  ) 


-  cot 


4i7TV Jc,  fC2  fc/?(a) 


da.  (6.129) 


where 


/?(»)  =  {p*  +  pl  +  2pp0  cos  ot +(-  —  -o)2}*  (6.130) 

and  Cj  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2.  An  alternative 
representation  of  the  total  field  as  an  eigenfunction  expansion  is 


-  Lr«C0S  C0S  \/v 


(6.131) 


where  (Oherheitingir  [1954]): 


2  kj-r 


ci,(:':o)JAp.  N  a'2-  r)]//;n[/>>N(^-t2)]df,  (6.132) 


I 
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which  may  be  written  as  (Tuzhilin  [1963]): 

s  =ly  (i^PPo)2J+I  {p2+Po+(z~ z0)2}) 

'  s-o  s!r(s+v+!)  (Vfp'  +  Po+^-Zo)2})21"’ 

and  may  further  be  written  (Macdonald  [1915]): 

St  =  ie~21"f;  ----2r-+  ^ (2s+2t  +  l)j>4.t(<cr<)ft‘ V,{fcr>)PjVt(cos  6)P~+',(cos  60). 

1-0  i!  (6.134) 

Expressions  for  the  total  field  on  the  surface  are  trivially  obtainable  from  the 
above;  no  simplified  forms  of  the  contour  integral  representations  are  available. 

If  kp<  <  1  the  eigenfunction  expansion  (6. 131)  is  rapidly  convergent.  In  particular, 
for  kp  <  1 
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(6.133) 


v  =  -  M,"(W+Po+(z-zo)2})  + 

V  /  (1/V) 

x  ^^pAtPo+(z~zo)2})  cos  cos  +  0[(fcp)ml"<2/v' 2)],  (6.135) 
(>/{P  +Po+(z-Zo)  })  ,v  V  V 

which  makes  explicit  the  edge  behavior. 

For  kpp0IRt  »  1  (source  and  observation  point  far  from  the  edge),  a  convenient 
decomposition  of  the  field  is 

V  =  V*0-+V*  (6.136) 

where  V10’  and  Vd  are  the  geometrical  optics  and  diffracted  fields  respectively.  The 
geometrical  op^cs  field  is 


=  y  «P  {j +  y  exp  {ifcK(a,,)} 
t  icR(sJ~  it  kR(  aj 

where 

a,t  =  ^-04-00-2/1^^ 
a„2  =  7r~0-0o  +  2f2-2n2v7r, 


(6.137) 


(6.138) 


and  the  summations  extend  over  all  integers  /rt  and  n2  satisfying  the  inequalities 


|<£-</>0  +  2n,  V7T|  <  71, 

|</>  +  </>0-2Q  +  2H2v7r|  <  n , 

respectively.  The  diffracted  field  rd  can  be  written  as 

»'d  =  +  &»)-  +  + 

+  :««(- --^-0l,  +  2Q)-Ii(n-i/i-0<I  +  2»)). 


(6.140) 
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m  = f 

2ttv  J  ( 


•*  ekmt) _ sin  {Ply}_  _  d 

o  kR(it)  cosh  (f/v)  -  cos  (p/v) 


(6.141) 


For  ft  near  2nvn  where  n  is  an  integer  (Tuzhiliw  [1963]): 


UP)  ~  I  {4m(P,  v) -am(P~  2nvn)}f„ + sgri  (/?-2nv7t)/,  (6.142) 

m  =  0 

where  fm  and  /  are  as  defined  in  eqs.  (6.120)  and  (6.121)  respectively,  and 
am(P-2nvn)  and  Am(p,v)  as  defined  in  eqs.  (6.25)  through  (6.28).  The  above  repre¬ 
sentation  describes  the  asymptotic  behavior  of  Fd(/j)  in  the  vicinity  of  the  geometrical 
optics  boundary  p  =  2nvn,  and  displays  the  discontinuity  in  VA{P)  necessary  to 
compensate  for  the  corresponding  discontinuity  in  F8  °*.  For  values  of  p  away  from  a 
geometrical  optics  boundary  such  that  the  lower  limit  of  integration  in  the  integral 
expression  for  /  (see  eq.  (6.121))  is  large  compared  to  unity, 


UP)  ~  I AJLfi,  v)/„. 


(6.143) 


and  from  the  leading  term  of  this  expansion, 

el<*Ri  +  t«)  j  {  n 

V  ^  —  —  — - - sin  - 

v(2 nkR,)  ks'(pp0)  v  v 


x  j  [cos  -  —  cos  — — —  )  +  (cos  n  +cos  —j  j.  (6.144) 

On  the  geometrical  optics  boundaries,  the  total  field  has  *he  following  asymptotic 
representations,  where,  for  simplicity,  it  has  been  assumed  that  3  <  \n. 

(i)  (j)  =  7t-<t>0  +  2Q  with  ii  <  4>0  <  n  (boundary  for  geometrical  reflection  from 
the  upper  face): 


e‘*K  1  e1*''1  1  el(*R,+i,l>  1  I  sin(^/v)  ,  n\ 

\  **  —  + - +  -  - - — - - J  — - - —  -  -  —  ^  cot  -  ] . 

kR  2  kRt  v  v'(2ji**i)  kyj(pp0)  Icos  (tt 'v)  +  cos  [(3ft-2^0)/v)  v) 

(6.145) 

(ii)  $  =  3n-(j>0~2Q  with  it-Q  <  <f>0  <  n  (boundary  for  geometrical  reflection 
from  the  lower  face): 

cu*  1  1  1  |  sin  (tt/v)  ,  7i| 

1  ^  —  4-  —  +  -  —  -  -  i  -  -  — -  ~  1  cot  - .  . 

kR  2  kRt  v  ^(2nkRx)  kjippo)  Icos (7t/v)+ cos  [(tt ~2<f>0) v)  vl 

(6.146) 

Fq>.  (6.145)  and  (6.146)  are  also  valid  when  </>„  -  n  provide  ii  >  0. 

(lii)  </>  =  n  +  0 „  with  Q  <  *j> o  <  n-’Q  (boundary  of  the  geometrical  shadow): 

j  +  *  j  sin(rv)  *1 

F  -  4  -  11  -l  col  .(6.147) 

2  kR,  v  N  (2nkR,)  ksU>,<u)  loslt  v)  t-cos  (<r-  2&,  >.'»•]  *  vl 


sin  (n/v) 
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When  <{> o  =  n  —  Q  (grazing  incidence  on  the  lower  face)  and  (f>  =  2n - Q  (observation 
point  on  the  lower  face)  the  last  two  equations  are  replaced  by 


ei*Ai  i  i  n 

V  - - ; - ; - -  COt  -  , 

kRx  ^(2nkRx)  kyj(pp0)  v  v 


(6.148) 


and  this  is  also  valid  when  Q  =  0.  By  reciprocity  it  is  further  valid  for  (j>0  =  fi  and 
<p  = 


6.5.  Dipole  sources 
6.5.1.  Electric  dipoles 

For  an  arbitrarily  oriented  electric  dipole  at  (p0.  $0,  r0)  with  moment  (4nejk)£y 
corresponding  to  an  electric  Hertz  vector 


where 


kR 

nl  =  t— 

kR 


(6.149) 


t  -  St  sin  <9  cos  <P  +  j>  sin  G  sin  <P  +  2  cos  <9,  (6.150) 

a  contour  integral  representation  of  the  total  electric  Hertz  vector  is  (Malyuzhinets 
and  Tuzhiun  [1963]): 


1  f  pi**(<0  (  - 

fl  =  —  — —  e(7r-a-</H-0o-^)cot  - 

4iv^Jci+c2  kR( a)  l 


tc-x-^  +  ^o 


-  e(n  -  a  -  $  -  <p0  +  <P)  cot n  -- *  -  -- — da, 

2v  I 

where 

K(a)  =  {p2  +  Po  +  2pp0  cos  a  H-  (r  —  z0)2}*, 
e(a)  =  St  sin  0  cos  a-^  sin  G  sin  a  +  S  cos  6), 


(6.151) 

(6.152) 

(6.153) 


and  Cj  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2.  Expressions  for  the 
total  electric  and  magnetic  fields  can  be  obtained  from  eq.  (6.151)  by  application  of 
the  usual  differential  operators  in  Cartesian  coordinates  to  /7  (Malyuzhinets  and 
Tuzhiun  [1963]).  Alternative  expressions  for  the  fields  have  also  been  given  by 
Teisseyre  [1955a.  b,  c;  1956].  In  the  case  of  a  2  oriented  dipole,  II  reduces  to  i  V\ 
where  V *  is  the  point  source  solution  for  an  acoustically  soft  wedge  (see  Section  6.4. 1 ). 

A  representation  for  the  total  electric  field  as  an  eigenfunction  expansion  is 


E(r)  =  4nk$t(r\r0)  •  c*.  (6.154) 

where  #«(rjr0)  i>  the  electric  d>\.  tic  Green  function  for  the  wedge.  In  circular 
cylindrical  coordinates  (T\i  [1954]): 


> 
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*.(*0)  i)[^  i-  -<?0  ,-)0  + 

lp  d<p  cpi\p0  d<p o  dp0J 

+  I'aTS  +  »  4s  +!  &  +t’)i!'"  a^S; + 

♦*■)!?•  (61H) 


l  uPqVZq 


where 


o,iz,.coS'Hiz«)m"lhz°)T'l„ 


iT  2  £  .  n((j>-fi)  .  n(<t>Q-Q)  _ 

V  =  -  I>Bsin-^ - 'sm-^ - -  T*/v , 

V  »»  =  0  V  V 


(6.156) 


(6.157) 


t,  =  ~  f  rr~i *''u~l0)J,[p<^1-'1W')[p>^1-t1)l  (6.»58) 

2k  J  -«  Jr-r 


(S +‘*) u  - i/’- 


(6.159) 


the  solution  for  a  £  orie  ited  dipole  (that  is,  6  =  £)  again  follows  immediately  from 
the  point  source  solution.  On  the  other  hand,  in  spherical  coordinates  (Tilston 
[1952]): 

<*>  /  i  \  I  &  $  i  d  1  i  d  t  d  \  A 

k  isin  0  d(j>  cWJlsin  60  d(t>0  660i 

iA/c2  1 1\  6  e2  0  c2  w&  ie2  , 2\ 

+  r  fa +A' ) + ;  we +  77^o  *far°  fa +* ) + 

+  ^o.X.+.Jo___i!_]^,  (6,60) 

r0  crod0o  r0s\n  0o  dr0d<j>0)  k 

where  0  and  £/  are  as  given  in  eqs.  (6.156)  and  (6.157)  respectively,  but  with  eq. 
(6  158)  replaced  by 

T  .  -2it*Vl  f  (s  +  2t+  1)  25  -f  2t  +  1 

s!  (s  +  t)(s  +  t  +  1) 

*  is  ^,{ki'<)h(,  [\{k  r  ,  )P~J  ,(cos  0)P^,(  cos  (»<,).  (6.161) 


ro  (  ! +fc2W„l/)=  I  s. 

\(  rr,  I 


(6.162) 
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the  solution  for  a  radial  dipole  (that  is,  t  =  P0)  now  follows  immediately  from  the 
point  source  solution. 

If  kr  <  1  and  kr0  >  1,  the  representation  in  equation  (6.160)  is  rapidly  convergent 
and  leads  to  (Felsen  [1957]) 


E  =  -**-  sin  gji-*  \p  sin  tl°  ++  cos 

v.r(l /v)  r0  i  v  v  ; 

x  |(0O  •  t)  cos  dc  fin  — — -  +(0O  •  t)  cos <^— 
l  /  v 


+  O[(/cr0)-,(^)min(2/v“1’ 1/v*  ”  (/cr0)“2], 
exp  (ikr0-liitlv)(lho 

vf(l/v) 


(6.163  ) 


2i/cT  exp(i/cr0~ii7t/v)/t  .  .  m/v-i  0-G  i  •  </>-& 
H  =  — _  2 — - — —  Qfcp  sin  d0)  '  j/1  cos  - 0  sin  - 


r0 


j(d0  ’  £)  sin  — —  +(0O  •  6)  cos  d0  cos  — |  -  —  - —  f(0o  *  *)sin  0o  + 


\  v  v 

+  0  [(/cr0)-1(/cr)m,n(2/v'1’ 1/v*  *>,  (fcr0)”2], 


v  r0 


(6.164) 


where 


0O  t  =  cos  0O  0  cos  (0O -$)- sin  0O  cos  0, 
0o*2=  -sin  0  sin  (0o~#). 


(6.165) 


The  above  equations  make  explicit  tae  behavior  of  the  electromagnetic  fields  near  to 
the  edge. 

For  kppo/Ri  >  1  (source  and  observation  point  far  from  the  edge),  a  convenient 
decomposition  of  the  total  electric  Hertz  vector  is 


U  =  U,0+!7d  (6.166) 

where  J7g,°  and  /7d  are  the  geometrical  optics  and  diffracted  contributions  respective¬ 
ly.  The  geometrical  optics  contribution  is 


n*°  = 


i 


exp  {ifcflfa,)} 


e(—<P  +  2nl  V7i)~ 


kR(a”J  (6.167) 


where 


afl|  =  7t-0  +  0o-2nlv^, 

«»,  =  «-0-0o  +  2fl-2n2vff, 


(6.168) 


and  the  summations  extend  over  all  integers  and  satisfying  ‘die  inequalities 


I0“0o  +  2n,  v;r|  <  7T, 

|0  +  0o-2Q  +  2n:v7r|  <  it. 


(6.169) 
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respectively.  The  diffracted  contribution  /7d  can  be  written  as  (Tuzhilin  [1964]): 

-n(d2)(n-<t>-<p0  +  2Q)}y  (6.170) 

where 

1  /•«  pikR(iO  r  a 

W'iP)  =  --  —  Sin1'  W-*)+( cosh  l-l)[*  a  e(P-*)  a  £]}- 

2/rv J0  A/?(if)  L  v 


—  sinh - sinh  »[f  a<0-#)]|  p - —  (6.171) 

v  J  cosh  (f/v)  —  cos  (p/v) 

ard  n{d2)(p)  is  obtained  from  n(d\p)  by  replacing  e(P  —  <P)  by  e(P+<P—2Q).  For  p 
near  2nvn  where  n  is  an  integer  (Tuzhilin  [1964]): 

nil)(P)  ~  Z  y>)—o„(p—2n\'n)£(2nvit—4>)}fm+£(2n\n—4>) sgn  (fl—2nvn)I, 

m  =  0 

(6.172) 

with 

=  A0(p,v)e((l-<P),  (6.173) 

and,  for  m  S  I, 

n<!>  =  /!„(/?,  v)e(p-'P)  +  Am^(p.  v)[f  A«(.0-<f>)  a  2]  + 

+  — —  [I  ac(/?— <£)].  (6.174) 

2m  - 1  dp 

In  the  above  equations  am(p  -  2  nvrt)  and  Ajfi ,  v)  are  as  defined  in  eqs.  (6.25)  through 
(6.28),  and  fm  and  /  are  as  given  in  eqs.  (6.120)  and  (6.121)  respectively.  Similarly 

i 

nd2W  ~  Z  {“m’O?.  v) - ajfi - 2nvn)e(2nvn  +  <t>- 2Q)}fm  + 

m- 0 

+  e(2rtV7t  +  <P-2Q)  sgn  (p-2nvn)I,  (6.175) 

where  n{„2)(p,  v)  is  obtained  from  v)  by  replacing  e(p-<P)  by  e(P  +  0-2Q). 

Eqs.  (6.172)  and  (6.175)  describe  the  asymptotic  behavior  of  ndl)(p)  or  n{d2)(p)  in 
the  vicinity  of  the  geometrical  optics  boundary  specified  by  the  integer  n,  and  dis¬ 
play  tnc  discontinuity  in  fIdl)(P)  or  Fld2)(p)  necessary  to  compensate  for  the  corre¬ 
sponding  discontinuity  in  /78°  .  Assay  from  the  boundary  such  that  \M\,y  l  in  the 
expression  for  /  given  in  eq.  (6.121), 


(6.176) 


and  from  the  leading  term  in  this  expansion, 


+  j»i) 


nd  V  i  I  a 

^  sin 

s>{2nkRl)  A\  (/>/)0)  v  v 

v  I  +  _  e{n~  </>-</><,  +  </>)  \ 

1  cos  ( n  v )  -  cos  [( (j>  —  <;>«,  I  v  ]  cos  ( z ‘ v )  f  cos  [( 2rr  —  0  —  (j>0 )' v  ]  I 


(6.177) 
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6.5.2.  Magnetic  dipoles 

For  an  arbitrarily  oriented  magnetic  dipole  at  (p0.  0O,  r0)  with  moment  (4tt/A')£ 
corresponding  to  a  magnetic  Hertz  vector 


JkR 


W  =  t 


where 


kR 


t  =  $  sin  0  cos  <P  +  $  sin  0  sin  &  +  2  cos  0, 


(6.178) 


(6.179) 


a  contour  integral  representation  of  the  total  magnetic  Hertz  vector  is  (Tuzhilin 
[1964]): 

e« kR(a)  ( 


1  C  eiKKW  i 

n=.—  \  ——\S(it-a-<t>+<t>o-^)cot 

4i7rvjc,+cj  A:R(a)  l 


7r-a-0  +  0o 


2v 


+ 


+e(7r  -  a  -  0  -  0O  +  4>)  cot 


n  -a-0- <j>0 +2(2] 


2v 


where 


K(a)  =  {p2+Po+2pp0  cos «+("- 20)z}*> 

e(a)  =  sin  0  cos  a— $  sin  0  sin  a  +  £  cos  0, 


da,  (6.180) 

(6.181) 

(6.182) 


and  Cj  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  6.2.  Expressions  for  the 
total  electric  and  magnetic  fields  can  be  obtained  from  eq.  (6.180)  by  application  of 
the  usual  differential  operators  in  Cartesian  coordinates  to  77.  Alternative  ex¬ 
pressions  for  the  fields  have  been  given  by  Teisseyre  [1955a,  b,  c;  1956].  In  the  case 
of  a  £  oriented  dipole,  77  reduces  to  l  Kh,  where  Vh  is  the  point  source  solution  for 
an  acoustically  hard  wedge  (see  Section  6.4.2). 

A  representation  for  the  total  magnetic  field  as  an  eigenfunction  expansion  is 

H(r)  =  4nk&m(r\r0)  ■  c.  (6.183) 

where  #m(r|r0)  is  the  magnetic  dyadic  Green  function  for  the  wedge.  In  circular 
cylindrical  coordinates  (Tai  [1954]): 


4k 

k 


K  ym(r\r0)  =  l?-  -0  -■  ]{??  ~  -0o  /  ]  ^  + 

:  \p  c(j>  cpnpo  £0O  cp0) 

L  d2  0  c2  Jd2  |2\W.  d2 

■  \PW: +  p  Wz +' 1 3? +*  )ir  fl7»aT0  + 

?L 

Po  C(f>Qcz0  Vr.Q  /) 

where  0  and  L’  are  defined  by  eqs.  (6.156)  through  (6.158).  Since 


U 

k2 


(6.184) 
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the  solution  for  a  i  oriented  dipole  (that  is,  t  -  t )  again  follows  immediately  from 
the  point  source  solution.  On  the  other  hand,  in  spherical  coordinates  (Tilston 
[1952]): 


Wo)  =  j A-  l  A  -*0  u+ 

k  (sin  Odd  doWsm  6,  d<bn  80  J 


+ 


84 ) 

'82 


Hp+-)  +  ; 


0  ^00 
0  82 


4>  81 


^!M!H 


8r80  r  sin  0  8r84> 


+ 


On 


_ _ <P_\  rro0 

r0  8ro80o  *0  sin  0o  8r084>0l  k2 


+  fo  $ 


+ 


*0 


(6.186) 


where  0  and  U  are  as  given  in  eqs.  (6.156)  and  (6.157)  respectively,  but  with  eq. 
(6.158)  replaced  by  (6.161).  Since 


(6.187) 


the  solution  for  a  radial  dipole  (that  is,  t  =  P0)  now  follows  immediately  from  the 
point  source  solution. 

If  kr  <  1  and  kr0  »  1,  the  representation  in  eq.  (6.186)  is  rapidly  convergent  and 
leads  to 


H  =  “2 sin U  cos^  _*si„£zO) 

v/’(l/v)  rn  l  V  V  j 


(l/v) 

x  j(0o  •  i)  cos  0O  cos  — — —  ~  (<p0  ■  c)  sin  ^ 


2k  e^° 

v  r0 


i(&0  ■  i)  sin  0O  +  O[(kr0)~  ,(kr)m"‘<2,v~  ’• ,/v- ",  (fcr0)'2],  (6.188) 


2ikZ  exp(ikr0-jin/f)  .  .  .  <fr-Q  ,  <f>-(2 \ 

E  =  — --  - 5 - (ikp  sin  00)"”  \p  sin  r  —  +<l>  cos  --  - 

vT(  l/v)  r0  I  v  v  I 

x  [(0o  •  H) cos  — — -  -(^0  •  i)  cos  0O  sin  --  -~)  + 
tv  v  1 

+  O[(Jtr0)-,ar)min,2/v-|-,/v>".(/tr0)';!],  (6.189) 


w'here  (0o*£)and  (0O  *  %)  are  given  in  cq.  (6.165),  The  above  equations  make  explicit 
the  behavior  of  the  electromagnetic  fields  near  the  edge. 

For  kppJRy  •  1  (source  and  observation  point  far  from  the  edge),  a  convenient 
decomposition  of  the  total  magnetic  Hertz  vector  is 

fl  =  JF°  +/7d  (6.190) 
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where  /71'0,  and  J7d  are  the  geometrical  optics  and  diffracted  contributions  respec¬ 
tively.  The  geometrical  optics  contribution  is 


n*°  =  IixPii^^^-2Q+2w2vn), 

«■  kR(ani)  kK(ix„2) 


(6.191) 


where 


a„,  =•  n-(j>+(l>a-2nlvn,  ^ 

a„,  =  n-<l)-<l>0+2(l-2n1vn, 

and  the  summations  extend  over  all  integers  nx  and  n2  satisfying  the  inequalities 

|^-^0+2n,vn|  <  it,  (6l9i) 

!<£  +  </>0-2ft-f  2n2V7r|  <  n, 

respectivelv.  The  diffracted  contribution  I7d  can  be  written  as  (Tuzhiun  [1964]): 

nd  =  {nM-n-t+hy-nVXri-t+M}* 

+  {n(i2\-n-cl>-<t>0  +  2C2)-nti2>(ii-(l>-<l>0+2Q)},  (6.194) 


(6.193) 


where 


n't'iP)  =  —  sin  !  {«(/*—<£)+ (cosh  r-l)[iAW-*)Afl}- 

2ttvJ0  fcK(ir)  L  v 

-sinh-sinh/[2Aa(/;_4»)]l  — — -d( - —  (6.195) 

v  J  cosh  (*/v)-  cos  (plv) 

and  /7J2)(/?)  is  obtained  from  nlAl)(p)  by  replacing  £(/?-$)  by  e(p  +  <P-2Q).  For  (i 
near  2nvn,  where  n  is  an  integer  (Tuzhilin  [1964]): 

ndl)(P)  ~  Z  {nmXP,v)-am{ff-2nvn)e(2nvn-<I>)}fm+e(2nYn-<P)sgn(P-2nvK)I, 

m  =  0 

(6.196) 


4°  =  A0(p,  v)e(P -<!>). 


(6.197) 


and,  for  m  ^  l, 


«»*  =  AJ3-  >'V(/? -#)+/!„- i(/J,  v)[«Ae(/3-0)  a  £]  + 

+  -1--  ('Am\'^~\iAe(P-<P)].  (6.198) 

2m  -1  cp 

In  the  above  equations  tfm(/f- 2// vti)  and  Am{p.  v)  are  as  defined  in  eqs.  (6.25)  through 
(6.28),  and  fm  and  /  are  as  given  in  eqs.  (6.120)  and  (6.121)  respectively.  Similarly, 

n'J'ili)  -  l  {n{2)(p.v)-am(lt-2nvn)e(2nvn  +  <t>-2i}\\lm  + 

m  -  0 

+  e(2wv/r  +  0-  2H)  sgn  (p-2nvn)L  (6.199) 
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where  it J,2)(/?,  v)  is  obtained  from  it(JI\p,  v)  by  replacing  e(P~<P)  by  e(/?  +  #-2fl). 
Eqs.  (6  196)  and  (6.199)  describe  the  asymptotic  behavior  of  n^l)(P)  or  /Ij2)(/?)  in 
tne  vicinity  of  the  geometrical  optics  boundary  specified  by  the  integer  //,  and  display 
the  discontinuity  in  n^l)(P)  or  n(d2)(p)  necessary  to  compensate  for  the  corresponding 
discontinuity  in  J7g0\ 

Away  from  the  boundary  such  that  \M\ »  1  in  the  expression  for  I  given  in  eq. 

(6.121), 


(6.200) 


and  from  the  leading  term  in  this  expansion. 


eum,+i«)  j  i  n 

U  ~  , - - - sin  - 

V(2s kRt)  fcV(PPo)  v  v 


e(n-ij)-<t>()  +  <l>) 


cos(n/v)-cos  [(<p-<Po)h]  cos  (n/v)+cos  1(2k-4>-4>0)Iv] 


.  (6.201) 
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THE  PARABOLIC  CYLINDER 

P.  L.  CHRISTIANSEN 


The  parabolic  cylinder  is  the  simplest  shape  of  varying  curvature  for  which  the 
exterior  and  interior  boundary  value  problems  for  the  two-dimensional  wave  equation 
can  be  solved  by  separation  of  variables.  As  a  consequence*  the  parabolic  cylinder 
has  been  used  for  testing  approximation  techniques  applicable  to  smooth  cylinders  of 
arbitrary  shape.  For  low  frequencies  where  the  wave  length  is  large  compared  to  the 
focal  distance,  no  specific  results  are  available.  The  limit  of  the  parabolic  cylinder  as 
the  latus  rectum  tends  to  zero  is  the  half  plan  . 

7.1.  Parabolic  cylindrical  geometry 

The  parabolic  cylindrical  coordinates  (£,  >/*  r)  shown  in  Fig.  7.1  are  related  to  the 
rectangular  Cartesian  coordinates  (.v,  y\  z)  by  the  transformation 

x-Ht’-n’b  y-in.  -  =  (7.i) 

where  -  •/>  <  {  <  0  g  rj  <  oo  and  -  c  <  z  <  oo.  The  r-axis  is  the  focal  line 

for  all  the  parabolic  cylindrical  surfaces  |£|  =  constant  and  rj  =  constant. 


Fig.  7.1.  Parabolic  cylindrical  geometry. 


The  scattering  body  is  the  parabolic  cylinder  with  surface  >/  ~  >/, .  and  the  primary 
source  is  either  a  plane  wa\e  propagating  in  the  plane  perpendicular  to  the  r-axis  and 
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in  a  direction  making  an  angle  n  +  (f>0  with  the  positive  x-axis,  or  a  line  source  parallel 
to  the  z-axis  and  located  at  (£0,>j 0  ^  *h)-  Interior  plane  wave  incidence  occurs  when 
0o  =  0-  In  this  case  the  high  frequency  approximation  can  be  obtained  by  appli¬ 
cation  of  the  reciprocity  theorem  to  the  high  frequency  approximation  of  the  solution 
for  a  line  source  placed  at  the  focal  line.  Although  the  primary  field  due  to  a  point 
source  be  expressed  in  terms  of  parabolic  cylinder  functions  (Magnus  [1941-42]), 
the  scattered  field  has  not  been  studied  in  this  case. 

For  convenience  the  following  notation  is  introduced: 


V 

II 

o 

for 

Ifol  >  1(1 

(7.2) 

for 

1(1  >  l(ol  ’ 

fo 

for  |«0I  <  1(1 

r  _  j  Is  >  1 

4<  =  1  , 

> 

(7.3) 

(— 

{ 

for  |(!<|(„l 

l(»i 

*>-{' 

for 

i  >  no 

(7.4) 

\rj0 

for 

no  >  n' 

i<  =  \n 

for 

n  <  no 

(7.5) 

■'lo 

for 

%  <  n’ 

The  results  are  given  in  terms  of  the  Weber-Hermite  function  Dv(z)  (Erd£lyi  et  al. 
[1953]).  If  v  =  n  is  a  non-negative  integer 

D„(2)  =  2-*"e-*:X(2-*z),  (7.6) 

where  H„(x)  is  the  Hermite  polynomial  of  nth  degree.  If  v  =  -/i-l  is  a  negative 
integer 

D.,.  ,(=)  =  v^e’1"  (-7  -  e'1:1  [e‘s:f(2'Vi'z)]l  (7.7) 

n !  dr 

where  F(t)  is  the  Fresnel  integral  defined  in  the  Introduction.  For  r  =  0: 

rn  2*v 

v  ■ o:(o)=-s  “ — . 
r(i(i-v))  r(-h) 

Numerical  tables  for  Weber-Hermite  functions  l/(a,  v),  V(a%  .v)  and  W(a,  x)  are 
given  by  Abraniowitz  and  Stegis  [1966].  The  relationship  between  these  functions 
and  Dv(z)  is  also  found  in  this  reference. 

7.2.  Exterior  plane  wave  incidence 

7.2.1.  E-polarization 

7.2.  U.  EXACT  SOLUTIONS 

For  incidence  at  an  angle  0o(O  <  </>0  ^  ;:)  with  respect  to  the  negative  .v-axis. 


DA  0)  =  - 


(7.8) 
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such  that 

E'  =  l  exp  {— ik(x  cos  <j>o+y  sin  (j>0 )}, 
a  contour  Integra1,  representation  of  the  total  electric  field  is: 

ez = .1=  _l_  ,-‘V2fc)- 

o7r  s\n  j(pqJ c-ixi  L 


_  D_,_  ,(„e-*'V2fe)l  — . 

D_v_ j^c  *l\/2 k)  J  sin  vrc 

where  - 1  <  c  <  0.  An  alternative  representation  of  the  total  electric  field  n 


(7.10) 


£r  =  — t=-  exp  {-ikp  cos(<t>-(j}0)}F(-^2kp  cos  i(<t>-<t>0))- 


i  1  r+ix 

-  —  (cot  ^o)v 

J$n  sini<p0Jc-‘® 


>/87c  sin 

xO,(-{e-*iV2k)D.>.;(ne-*i \/2k)  '(r  'J-l^irT  ~~  •  (7-u) 

D^.^e  *  \/2k)  sin  vtt 

where  F(t)  is  the  Fresnel  integral  defined  in  the  Introduction.  The  circular  cylindrical 
coordinates  of  the  observation  point  are  denoted  by  p  and  0.  On  the  surface  q  =  rj{: 


e~iinY 


Jc-i»v  2yo'  D.v.1(iJle-i,V2fc) 


V2Jisini</»0  v/WS* +1?)} 

In  the  far  field  (p  -»>  x): 


(7.12) 


8  sin  i0o  sin  i<£ 


r+‘a(-cot cot  °"~l(  n' -  .  (7.13) 

J*— i*  £>_v- ,(p|, e  *  V2k)  sin  vtt 


For  i/r  <  (f>Q  ^  tt  the  total  electric  field  can  be  written  as  a  harmonic  series  I F  anov 
[1963]): 


£  =  1  £  (i  cot 

sin$</>0*  =  o  n! 


I‘j(-«e'*,V2fc)  [o.(,c*‘\/2fc)- 


0...,(,le-*‘\-2t) 

and,  in  particular,  on  the  surface  rj  =  >u. 

=  >2e“'V-  1  y  ( - coiJ^oT  .i>.(z>5;.“\2*). 


V 

sinj^o  N  +»/;)}  «=0  n!  D. e"  2A) 
For  axial  incidence  (0O  =  /r)  eq.  (7.14)  reduces  to  (Lamb  [1906]): 


D _..,(*■*'%  2fc)1.  (7.14) 


(7.15) 
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where  x  ~  V(£2-/;2);  in  particular,  on  the  surface  tj  =* 

H  _  ycxp{jifc(;2  +  ^ 

*  vw  e+timniy/i) 

and  in  the  idi  field  (p  -►  oo)  (Keller  et  al.  [1956]): 

_  e-*«*  | 

P  =  iN/rc - -  , 

s»n  i<j>  F(tjlyJk) 


(7.17) 


(7.18) 


where  F(t)  is  the  Fresnel  integral  defined  in  the  Introduction.  Keller  et  al.  [1956] 
have  plotted  a  function  related  to  the  far  field  of  eq.  (7.18). 

For  0  <  <t>0  <  \n,  or  <f>0  —  in  with  —  {  >  >/,  the  total  electric  field  can  be  written 
as  (Rice  [1954]): 

E*  =  -  - £n-»rX-icot«0rD^(-{e-*",VS) 

sin  i<p o  r- 1 

*  (u,) 


where  v,  (r  =  1,2,.. .)  are  solutions  of 

D.Vr.l(nit-ii\i2k)  =  0. 

On  the  surface  rj  =  : 


(7.20) 


H  _  >’ _ L  y  n  -  v  v cot  u  V-  _ 

1  sini^o  (d/ev)D.,.t(nie-i'\/2k)Ur 


(7.21) 


In  the  limiting  case  ^  =  0: 

(Ez)„-o  =  -=  {DoK  sin  cos  iMe'i‘\/2k] 

\;2« 

xD-i[(-(  cos  i<pQ-rj  sin  i</>0)e_  1  iK ^2^]  - 

-D0[({  sin  i^0+»;  cos  i^>0)e 

x  D  - 1 [( —  C  cos  \<l>0+tj  sin  $<t>0ic'iin^2k]},  (7.22) 

which  is  identical  with  the  total  electric  field  of  eq.  (8.10)  for  the  half  plane.  For 
]?:  <  4> o  ^  n.  the  total  electric  field  can  be  written  as  a  harmonic  series: 


(£\,0=  .  .  ■  y  (~cot  t0o)"Dn(-^e"Ji\/2A:) 

N  2/T  Sin  ]<p0  n  = 


and  on  the  surface  >/  -  0: 


(»;)„  o  = 


x[D.m.l(-ne-l\'2k)-D.,,-t(n'-i\2k)].  (7.23) 


-  COt^Vj"Dn(„=e-ti«N/2/t).  (7.24) 


N  A'  U;|  sin  J0oi.~>  /*(j(w+l))  V  x2 


288 


THE  PARABOLIC  CYLINDER 


7.2 


For  0  <  (j>0  <  J7r,  or  </>0  =  with  —  {  >  t],  the  total  electric  field  can  be  written  as 
a  harmonic  series: 

(£,)„=o  =  \I-~t  I(cotW‘,,D-:.(-Is’li’#)02.-1('|e'*lV2*)  (7-25) 

r  7TSin  i<t> o  n=  I 

and  on  the  surface  t]  -  0: 

(«<).,-<>  =  —  £r("  +  i)(-4cotWl  V^-fc^'V^).  (7.26) 

V^lil  sm  i^o  "=i  V2  / 


7.2.I.2.  HIGH  FREQUENCY  APPROXIMATIONS 

The  complete  asymptotic  expansion  of  the  scattered  electric  field  for  incidence  in 
the  direction  of  the  positive  x-axis  ((/>0  =  n)  is  (Keller  et  al.  [1956]): 


where: 


(7.27) 


=  iO-iK-i,«-i .  O'  >  o,  R  >  0);  (7.28) 


^O.n  ^  ^  j,  n  » 

i 


(«  >  o); 


00, 0  ~ 


(7.29) 


p  =  i (£2+>/2),  and  the  focal  length  p{  -  fy],  Explicitly,  the  first  few  terms  of  the 
series  are 


-I' 


/pi  i 

p  sin 


[l+  ---  (l-  ^  (7.30) 

L  4 kpx  \  p  sin 1  \(p!  J 


of  which  the  first  term  is  the  geometric  optics  approximation.  Keller  et  al.  [1956] 
have  plotted  a  function  related  to  the  far  field  which  can  be  derived  from  eq.  (7.30) 
when  p  -*  X).  The  case  of  arbitrary  incidence  (<j>0  n)  has  been  examined  by 
Hochstadt  [1959]. 

For  arbitrary  incidence  and  on  the  illuminated  portion  of  the  surface  rj  =  rjly 
such  that  (£  sin  <p0-q ,  cos  (j>0)  >  (/j,/A)*  (Ivanov  [1963]): 


H.~2Y  cos  «//  exp  {-i k{d0\}+  . . .,  (7.31) 

where  the  angle  of  incidence  »//  antRhc  distance  (d0),  in  the  exponent  of  the  incident 
plane  w  ave  at  the  point  of  incidence  are  given  by 


and 


cos  tp  ~ 


>/.  cos  0O  -  c  sin  (j)u 


'c2+-/;) 


(7.32) 


(Jo),  =  ill  iin  </>0  +  i(s ’  —  ) COS  </>„. 


(7.33) 
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On  the  shadowed  portion  of  the  surface  tj  =  q such  that  (-{  sin  <£0+pji  cos  (j>0)  > 
(j\xlk)i£  (Ivanov  [I960]): 

H<  ~  W4c^-(4),1M,  J) 

k\sin  <t>0(Z  +rhY 


X  J  — - — -  exp  (exp  {{i7t}(fcp,)*ar  log  (— +',‘^ cot  +  •  •  •. 

(7.34) 

where  Ai(t)  «s  the  Airy  function  defined  in  the  Introduction.  The  phase  of  the  incident 
plane  wave  at  the  point  of  tangential  incidence  is  -k(d0\iCOi^Q  am*  arc  len8th 
from  the  point  of  incidence  to  the  observation  point  is  jJ,  As  a  consequence 

^,co,^-(rfo)„c„,*0  =  Pi  log  Wcj  +  (?-35) 

In  eo.  (7.34),  p/f  log  [^r1(‘"^  +  v/(42  +  p;f))cot  is  the  radius  of  curvature  to 
the  power  —  J  integrated  along  the  path  An  alternative  representation, 

which  is  also  valid  in  the  transition  region  about  the  shadow  boundary  (pj  =  p;^ 
|£  sin  </>0-p/  1  cos  (f>0 1  ^  k~*  tj\),  is  (Ivanov  [1963]): 

H{  ~  (D  "  exp  ~.*,-(rfo)„  ««*,)} 

w  v  sm  <t>o(i  +ni)* 

x/  [(kPl)*  log  (-*-+ cot  W0)j  +  . . (7.36) 

where  the  modified  Fock  function /(r)  is  described  in  the  Introduction. 

Near  the  cylinder  surface  (\rj2  -px  ^  (pjk2)*)  and  in  the  shadow  region,  such 
that  (-£  sin  0o  +  /j  cos  </>0 )  >  (p/,/A)*,  the  total  electric  held  is  (Ivanov  [I960]): 

Ez  '  ;/sin>o(^+'/t)‘CXP 


y  I  [Ai'(-a,)]*J  exp  |exp  {{i n}(kp,)'ur  log  ( 
xAi  {-*r+e-"’(k2lpl)Htf-pl)}  +  .... 


"■{  +  %  (s2  +  Vi) 


(7.37) 


An  alternative  representation,  which  is  also  valid  in  the  transition  region  about  the 
shadow  boundary  { U; 2 - />,  ^  (/p|A2)\  U:  sin  0o-p/  cos  </>0|  £  (>;,  A)*),  is  (Ivanov 
[1^3]): 


x  1  exp  , \k(stll COi ^0  (^o)ifj coi 

\  sm  </>«,(  •;+ VI ) 


xF  1  (Af>,)*  log  | 


-;  +  N  (4‘4-p/;) 


V  )  CS*|2“ Pi)*  X1  +  •  ■  •• 


Vi 


(7.38) 
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where  the  function  Vt(<r ,  t,  q)  is  described  in  the  Introduction. 

At  observation  points  not  asymptotically  near  the  surface  in  the  umbra  region 
(p/  +  s/{(s;2+>;2)(*f2 -^i)}  <  til  cot  <t> o),  the  total  electric  field  is  (Ivanov  [1963]): 

exp  {-&*}  (kptf _ exn  _(d  v  .  (d)  33 

-  /;rr  /“ — T7r/E 2,  2\/  2  2\ni  eXP  cot  l“0 hi  cot  +o  +  \akd)i 

yj;.nk  yJSlTi  <t>'o[(Z  +*1iM  -*1i)y 


X  £  [Ai'(-a,)r2  exp  exp  {^(kp^ot. 


(7,9) 


\  >t+>/(«»2-'»?)  />  '  ' 

The  phase  of  the  incident  plane  wave  at  the  point  of  incidence  is  -&(</<))„  cot^  anc* 
the  arc  length  from  here  to  the  point  where  the  diffracted  ray  leaves  the  surface  is 
sS?  cot  *0  where  the  ^-coordinate  of  the  diffraction  point  is 


>u 


(7.40) 


The  distance  from  the  diffraction  point  to  the  observation  point  is 

(4.  =  n? 2M2 +nW -n\)W(e  -n\)\  (7.4i) 

As  a  consequence 

‘Si  col  ^0  K^o\i  cot  lo  (*0{d  = 

=  Pl  log  cot  ^°)  “ 2  +  'll) + i'/vV  - n\)-  (7.42) 


In  eq.  (7.39), 


'if  log  (-  ~rr  +-?;  -  cot  i<£c 
\  n 


"  °W  +  V(72-4?)  "V 

is  the  radius  of  curvature  to  the  power  -$  integrated  along  the  path  s** cot^.  An 
alternative  representation,  which  is  also  valid  in  the  penumbra  region 
(c>/  +  V{(£2  +  7i)('/j-'?i)}  *  n2  cot  <j>0),  is  (Ivanov  [1963]): 

-^TTrMrv  Tn* exp ««♦.+ WU> 
i  k  v sm  <Po[(s  +tu)(*i  -m)r 

X  p  [  (kPlY  log  ( -(tv(f!jl4ji  cot  w  \1  +  ...  (7.43) 

L  \  >, +v' («r— if?)  /J 

whe.e  the  function  />(t)  is  described  in  the  Introduction  (see  eq.  (1.278)). 

7.2.2.  H -polarization 

p.xact  solutions 

For  incidence  at  an  angle  </>„  (0  <  </>„  <  x)  with  respect  to  the  negative  .v-axis, 


(7.43) 
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such  that 

Hl  =  i  exp  {-i k(x  cos  0o  +  y  sin  <£0)}, 
a  contour  integral  representation  of  the  total  magnetic  field  is: 

H:  =  ~  f+'  Vt  rD.,-I(-fle-*to>/S)+ 

\lo7l  Sin  7(PqJ  c~ix>  L 


(7.44) 


+  ,(fle-*Vwl  ~  •  <7-45) 

D_v_j(^,e  *x\j2k)  J  sin 


where  —  1  <  c  <  0.  An  alternative  representation  of  the  total  magnetic  field  is 
e-*i* 

ti  =  exp  { -  i kp  cos  (<j>  -  4>0)}  F(  -  2 kp  cos  i(<j>  -  (j>0))  + 
yjn 

i  1  fc+1Q0 

+  7T  — IT  (cot^)V 

J%n  sin+ipovc-iw 


V'8n  sini^o* 


,-ii«  /TMP-y-i(-7ie":“\;2<:)  _dv 
Dlv_,(r|1e"i5\/2^)  sin  vtt 


where  ^(r)  is  the  Fresnel  integral  defined  in  the  Introduction.  The  circular  cylindrical 
coordinates  of  the  observation  point  are  denoted  by  p  and  (j>. 

On  the  surface  rj  =  rjt: 


Hz  « - ! - f  ,X(coti0o)v  —  r(-v)dv.  (7.47) 

2n sin  WJc-iJ  Y°  DL^^e^yJlk) 

In  the  far  field  (p  oo): 

p.  -  1  —  rvc«  ».».w  jt.. 

8  sin  sin  '  D'_,_IfoIe"i,\/2*)  sin  vs 

(7.48) 

For  3tt  <  (/i0  g  s  the  total  magnetic  field  can  be  written  as  a  harmonic  scries 
(Ivanov  [1963]): 

H,  =  .  '  f  --0t  -  D„(  -se_i‘\/2fe)  |’z),(»,eliV2l)- 

sin)p0n^o  tt! 


L 

_i  -  D-n- ,(uc-‘",>/2ft)].  (7  49) 


D-.-.Or.  c-*‘V2k) 

and,  in  particular,  on  the  surface  1/  =  1/,: 

,,  =  _  I  v  {~cotJhl  . 

sin)<£0i.“o  n!  2A> 


(7.50) 
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For  axial  incidence  (0O  =  n)  eq.  (7.49)  reduces  to  (Lamb  [1906]): 


Hs  =  eik* 


1- 


n*jk) 


(7.51) 


Hhs/k)-  exp('^f) 
where  a:  =  i(£2->|2):  in  particular,  on  the  surface  tj  —  t]t: 

H:  =  ~ exp{iifc(£2  +  t/?)}|  F(nlyJk) - -  exp(ito/J)]  (7.52) 


in,slk 


L 


and  in  the  far  field  (p  -+  x)  (Keller  et  al.  [1956]): 

P  =  iVir  4—  [ Hi  i  yfk) - ~7  exp(i^f)!  . 

s\n\6L  tjiJk  J 


(7.53) 


Keller  ct  al.  [1956]  have  plotted  a  function  related  to  the  far  field  of  eq.  (7.53). 

For  0  <  <f)0  <  in:,  or  <£0  =  \n  with  —  £  >  ij,  the  total  magnetic  field  can  be 
written  as  (Rice  [1954]): 


—  i 


H-  =  IH-  ■'-;)(  -  i  cot  Dt,(  -  {e  ^k) 

sin  i0 o  r=  1 


D^e^y/ik) 


{d/dv)D’.y.,(„lri,^2k)U..r 

where  vf,(r  =  1,  2,  •  •  •)  are  solutions  of 

J>'-vV-,(»fle-*iy  2t)  =  0. 

On  the  surface  >}  =  t;,: 


-D_y.r.,(ne-"\/2k), 


(7.54) 


(7.55) 


Hz  =  -  —  £/-(-v;)(coti0o),V - M_le__.''vifc)L  _  (7  56) 

«nW.--i  (5/c'v)D'_t_ ,(»/,  e"*'\/2k)|,.(-. 

In  the  limiting  case  i/,  =0: 


(W.-)„=0  =  {£>o[(c  sin  cos  />_,[(-{  cos  M0- 

n2k 

~1  sin  t$o)c~*iV2fc]+D0[(<S;  sin  \<t>0+l  cos  J0o)e“ li’,v'2A.) 
xz>.,[(-{cos^0+<isin  Wo)e‘“%'2k]}.  (7.57) 


which  is  identical  with  the  total  magnetic  field  of  eq.  (K.28)  for  the  half  plane.  For 
1 7t  <  </>0  ^  7t  the  total  magnetic  field  can  be  written  as  a  harmonic  series: 


-  H-col\<t>o)nDn[-ic-"\2k) 
v  2.T  sin  10O  n  0 

X  [O. . . ,( -  qe  *  * *\  2t)  +  o .. .  ,(»JC ‘ 1  )]  (7.58) 
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and  on  the  surface  tj  -  0: 


{^jr1 ?)"D-(-^e'1,V2fc)-  (7-59> 


sin  i</>o  n=o  T(in  + 1)  \  yj 2 

For  0  <  (j)0  <  or  0O  =  with  -£>>;,  the  total  magnetic  field  can  be  written 
as  a  harmonic  series: 


(ff,)„=o  -l/-  -7-7-7-  I(cot^o)"2"+1i>-J.+  .(-^'liV2fc)D2„-J(.-,e-*iV2fc) 

r  7t  sin  i<p0«=i 

(7.60) 

and  on  the  surface  ^  =  0: 


(«,)„=<»  =  -r1—  I  C(«-i)  (-1,  cot  i0o)  1*HD_j„+1(-«e'i,V^).  (7.61) 

7rsinj<p0«=i  \N/2  / 


7.2. 2.2.  HIGH  FREQUENCY  APPROXIMATIONS 

The  complete  asymptotic  expansion  of  the  scattered  magnetic  field  for  incidence 
in  the  direction  of  the  positive  .v-axis  (< p0  -  rc)  is  (Keller  et  al.  [1956]): 


where: 


HI  ~  (ikpi)~ 

n  -  0 


«/,»  =  iO-iK'-i.n-i  •  0  >  o,  n  >  0): 

.1 

‘'o.»  =  I<0.n.  (»>0);  <>0.0  =  1. 


(7.62) 

(7.63) 

(7.64) 


P  =  Ks2  +  >J2)  and  <he  local  length  /),  =  Ji/f.  Explicitly,  the  lirst  few  terms  of  the 
series  are 


"l  - 

(i+ f-'  -4  -)  +  • 

'  p  sin  \(j) 

4A-p, 

\  p  sin*  \<t> ' 

_ 

(7.65) 


of  which  the  first  term  is  the  geometric  optics  approximation.  Keller  et  al.  [1956] 
have  plotted  a  function  related  to  the  far  field  which  can  be  deri\ed  from  eq.  (7.65) 
when  p  -♦  X'. 

For  arbitrary  incidence  and  <.  the  illuminated  portion  of  the  surface  >/  =  tjl% 
such  that  (.Sin  </>,>-  tj{  cos  <t>u)  >  (>/t  A)*  (Ivanov  [1963]): 


II :  -  2exp{-i A(</0).}  +  .  ..,  (7.66) 

where  the  distance  (*/„).  in  the  exponent  of  the  incident  plane  wave  at  the  print  of 
incidence  is  given  by 


(c/u).  ---  C»/,  sin  </>0-r  {(^-'/ilcos^u. 


(7.67) 
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On  the  shadowed  portion  of  the  surface  tj  =  th,  such  that  ( —  £  sin  60  -j-  cos  <p0)  > 
Oh/*)*  (Ivanov  [I960]): 


~  co.  J) 

\/sm  *o({ 

x  I  rrr exp  lexp  {lin}(fcPi)ift  io«  (z£±a/lL±2!}  cot  Wo))  +  •••> 

r=l  /?,Al(-/ir)  i  \  n ,  /) 

(7.68) 

where  Ai(r)  is  the  Airy  function  defined  in  the  Introduction.  The  phase  of  the  inci¬ 
dent  plane  wave  at  the  point  of  tangential  incidence  is  —  c©t  an<*  arc 
length  from  the  point  of  incidence  to  the  observation  point  issJlCOt^0.  As  a  consequence 

4.  «.*-(<«,.  co,*,  =  p,  log  (~g±^.t?«)  cot  Wo)  o-») 

In  eq.  (7.68),  log  (-{  +  V(£2  +  *Ii))  cot  i$  the  radius  of  curvature  to  the 
power  -  i  integrated  along  the  path cot^0.  For  (p0  -  ±7i  (Keller  and  Levy  [1959]). 

H:  ~~  j"jrSl  exp  {i<:(s5, -(</,,)„)}  J 

U  +IJIJ  r=l  /?rAl(-/?f) 

xexp  [exp  !|m}(Ap  ,)*/?,  log  ±5^  + 

1  »li 


(7.70) 


An  alternative  representation,  which  is  also  valid  in  the  transition  region  about  the 
shadow  boundary  (tj  =  sin  ^0  — rft  cos  (f>0\  ^  (q, Ik)*),  is  (Ivanov  [1963]): 


^  ,  .cxp[iA(5jlCol#0-(J0),|Co«J} 

N  sin  (j) 0{s‘  +  ifir 

.Ja-ott  u„/-€  +  N/(«J+«»i), 


(*■#>,)*  log  ( 


cot  Wo  I  +•••.  (7.71) 


where  the  modified  Fock  function  </(r)  is  described  in  the  Introduction. 

Near  the  cylinder  surface  (\*}2  -f>\  ^  (/> i  A 2 )' )  and  in  the  shadow  region,  such 
that  { -  v  sin  4>u  +  >/  cos  0O)  >  (fj,/A)*,  the  total  magnetic  field  is: 


.1  ■*  1  CXP  |i^(*Sh  Co«  *0  (do)if,  cot^o)> 

\  sin  0„U“  +  t/,) 

*£  or.-/1  .lV«p[exp(’i^Pi)VUog( 
r  I  /(, [Ai( -',)]•  (  \ 

y\il-llr+c-"’{k2;,>,)W~p,)}+  .... 


f-i+V^'+^cot  Wo 


(7.72) 
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An  alternative  representat:on,  which  is  also  valid  in  the  transition  region  about  the 
shadow  boundary  (in2-Pi  5  (Pi/£2)*>  li  sin  <t>0-t]  cos  (f>Q\  ^  (>h/A')*),  is  (Ivanov 
[1963]): 


~  2\i  eXp  WS5,cot*,  (^o)ifi  cot^o)} 

vsin  Mi  +m) 


xVt  (kpl)i  log  | 


*  u„  /  “f+VC^+ii) 


cot 


)-©! 


(il2-Pi).0  +•••» 


(7.73) 


where  the  function  K,(<r,  r,  q)  is  described  in  the  Introduction  (see  eq.  (1.287)). 

At  observation  points  not  asymptotical!4'  near  the  surface  in  the  umbra  region 
(£^  + V{(£2  +  ^i)0r->?i)}  <  cot  (j) 0),  the  total  magnetic  field  is  (Ivanov  [1963]): 

xl  m  exp  lexp  {mkpM  '0i  "•)} + •  ■ 

(7.74) 

The  phase  of  the  incident  plane  wave  at  the  point  of  incidence  is  ~  k(do)ixcoi+o  a»d 
the  arc  length  from  here  to  the  point  where  the  diffracted  ray  leaves  the  surface  is 
.v^cot^o  where  the  ^-coordinate  of  the  diffraction  point  is 


Cd  =  -(f7  +  V{(lS2  +  ’/t)(72-'/?)})- 
n  i 


(7.75) 


The  distance  from  the  diffraction  point  to  the  observation  point  is 

(<<){..  =  'jrV{(^2+'J?)(72-'J?)}{W(,52'i-'I?)+is('J2-'li)}-  (7.76) 

As  a  consequence 

»i?cn ,*,-(dX<«*o+(d)id  =  P,  log  [±^|l±|.pcot^o)  - 

’  *i+v(i  -it)  ’ 

-XyllV+nD+Mr-rt)-  (7.77) 


In  cq.  (7.74). 


'it  log  (— ' •*> ; -v — ~  col  {(j}0 
\  »;  +  N  ('f-'/i) 


is  the  radius  v>f  curvature  to  the  po\ur  -5  integrated  along  the  path  .vJ;’col^o.  An 
alternate e  representation,  which  is  also  valid  in  the  penumbra  region 
(in  +  \  t(s:  *  n\)(nz-n2\)}  -  '/I  cot  <;>„),  is  (Ivanov  [1963]): 

H;  -  -c»«  I'  —  exp 

'  k  V  Sill  (>o[(‘  +'/T)(” 

x./  f(A>*,n  log  I  df-l^cot  (</.„)  !+....  ( 7 . 7 X. ) 

1-  '  >/*-\('r-'ia  -! 
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where  the  function  q(x)  is  described  in  the  Introduction  (see  eq,  (1.279)). 


7.3.  Exterior  line  sources 

7.3.1.  E-polarization 

7.3. 1.1.  EXACT  SOLUTIONS 

For  an  exterior  electric  line  source  parallel  to  the  axis  z  of  the  cylinder  and  located 
at  ({0  ci  0,  q0  >  j/t),  such  that 

£'  =  iHi'XkR),  (7.79) 

a  contour  integral  representation  of  the  total  electric  field  is  (Robin  [1964]): 

E,  =  - 

Jtjc-i®  v  D_¥_,(if,e  *  \/2k) 


x[D.>.1(^e'iiV2fe)0-.-,(-»f<e-‘lV2A:)- 


-0.v.l(-»/1e"il\/2A:)D_v.l(^<e  ~ 

sin  V7i 


(7.80) 


where  - 1  <  c  <  0.  On  the  surface  t\  =  qx: 

2eU*  Y  /*c  +  ioo  _ 

>  (7.81) 

D_v_,(^ie  «'V2kj 

The  far  field  amplitude  for  the  total  electric  field  can  be  obtained  from  eq.  (7.80) 
upon  letting  p  -+  x.  The  result  is  identical  to  the  plane  wave  solution  given  in  eq. 
(7.10)  with  tj  and  cos  W/>0  replaced  with  (<t  //0  and  |cos  U/> |,  respectively. 

In  the  particular  case  |^>|-{<  <  the  total  electric  field  can  be  written 

as  a  harmonic  series: 

E,  =  -2‘  f  (-n,D.(kMe"*iV2*)D.ll.1(if>e-‘'V'2*)  D*(~i<C 

7t.=o  D...1(»,1e-‘,V20 

x[D...,(«fle-‘,\2k)D...1(-i|<c-‘,V2k)  - 

-D.,_ ,( -  if ,  e"  *" \;2k)  D. „.,(>!<  e-  V  2*)].  (7.82) 

and  on  the  surface  >/  =  tjt: 

“i  =  *  V,  L  (_'f  »JI{»|c-1,\  2k)D-'.,(n0c-"\  2k) 

O.I-i.c',,\2k) 


x 


(7.83) 
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Alternatively,  in  the  case  |{>|-£<  >  rj>+rj<-2 rji9  the  total  electric  field  can  be 
written  as  the  series  (Robin  [1964]): 


D-.,-i(~>>ie~*'V2fc)  1 


r  =  1 


xD.Vr-l(n<e~ii*yf‘2lc): 


(5/5v)D-v-,(ij,e"*,'\/2fc)|v.,r  sin  v,ji  ’ 


(7.84) 


where  vr  is  defined  in  eq.  (7  20).  On  the  surface  rj  = 

=  -jrbjrr^  I^(l«>le‘liV2^)0-..-l(7oe-*iV^) 

V{nfc(r+»;t))r=i 

x  f(  , 

(a/av)D.,.1(,1e-*lV2*)l,=„ 

In  the  limiting  case  ijj  =  0  (Robin  [1964]): 


(7.85) 


(Ex)„= o 


i  pc+i» 

Pv(li>|e'1,V2*)P-.-.('l>e'i'V^)D»(  -«<e"*‘V2 *) 

7t  Jc-loo 

x[D.,.I(-it<e-*taV2E)-D-,-,(v<e-*toV2E)]-^-.  (7-86) 

sin  V7T 


which  is  an  alternative  representation  of  the  total  electric  field  of  eq.  (8.46)  for  the 
half  plane.  On  the  surface  q  =  0: 


(#*)„  =  <)  - 


2  e*iKY 

l«f 


1/4  f  ’^|{>|e-*,Va>.>-,(i»oe-1,V2*) 

f  nkJc- too 

2~*v 


xDv(-i<e"iiKyj2k)  - 


dv 


f(i(v  + 1))  sin  vtt 


(7.87) 


In  the  particular  case  -//<  ,  the  total  electric  field  can  be  written  as 

a  harmonic  series: 


(EX-  o 


-  2‘  i(-l)"P,(l«>|e-iiV2fe)D.„.,(t/>e-11V20 

It  «  =  0 

(7.88) 


and  on  the  surface  tj  =  0: 


("A,  = 


Jc'11')’ 


1 2  £ 

'  7TK  ».  -  0 


( _  \  2) 


D„(kMe-‘’\2A) 


ni(«  +  D) 

xU,n.lUn,e-y'\2k)0,(-crc-i\2X  (7.89) 


Altcrnatiu-K .  in  the  case  jc  . !  - i .  >  >/>  the  total  electric  Held  can  he  written 
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as  the  harmonic  series  (Robin  [1964]): 


7t  n  =  1 


xD.J,(-c<c-liV2i)02.-,(»I<e-“V2i).  (7  90) 


and  on  the  surface  rj  —  0: 


v  ,  r*y  t  y*  _ 

(«<)•„  =o  -  -  V-t  I  -f- 

'  7ik  n=  i  r(i-n) 


m-«)  _ 


7.3. 1.2.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  line  source  off  the  surface  and  in  the  umbra  region 

£o9o ± %/{('»o  +  9i)(9o  —  9 1)}  5  Zn  +  s,{(Z'  +  ri])(nl-ri2i)}-  for  £o  5  {. 

the  total  electric  field  is  (Keller  [1956]): 

7  i7T7~m  2  :-2v~ 

nfe  [(Co + 9  1  )(t/o  -  9 I X4  +  »7T)(*I  -  9 7 )J 


X  I  [Ai'( -*,)]■ 


xexplexp  {|ijr}(Jrp1)**,log 


+io+v(«o+r,r)\/±^+V«2+rfO 


fio+yJ(nl~i])  A  9+V(92-9?)  /J) 


+ . . . 


(7.92) 


with  the  upper  or  lower  signs  according  as  so  5  s  respectively.  The  focal  length  is 
Pi  =  The  Airy  function  Ai(r)  is  defined  in  the  Introduction.  The  arc  length  from 
the  point  of  incidence  where  the  incoming  ray  strikes  the  surface  tangentially  to  the 
point  where  the  di'~racted  ray  leaves  the  surface  is  where  the  ; -coordinates  of 
the  point  of  incidence  and  the  diffraction  point  aie 


Si  =  -({o»fo±\/{(€o+*f?K»fo-*ii)}) 
'll 


(7.93) 


O  =  L(in+M2+n1,)(nz-ri1i)})'  (7.94) 

9! 

respectively.  The  distance  from  the  source  point  to  the  point  of  incidence  is 

(<fo)j,  =  9i"2\  {({o+9i)(9o  — 9i)}{9o\  (?o  +  9i)± •»(>%  (9o~ 9i)}-  (7.95) 

This  distance  from  the  diffraction  point  to  the  observation  point  is 

(‘Oj,  =  9."\  +  (»f*  —  rjT >1  - 


(7.96J 
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As  a  consequence 


**m**'k.  -  e<  *»  T 

L\  '(o+VO/o-'/i)  'V  -'ll)  'J 

In  eq.  (7.92). 


I,t  log  I  I 

8  L\  'lo  +  y/inl-'l])  A  7  +  vV-7?)/J 

is  the  radius  of  curvature  to  the  power  —  j  integrated  along  the  path  5^*. 

7.3.2.  H-polarization 
7.3.2. 1.  EXACT  SOLUTIONS 

For  an  exterior  magnetic  Jin'*  source  parallel  to  the  a.-*s  z  of  the  cylinder  and  located 
at  ({0  §  0,  i;c  >  iit)9  such  that 

Hl  =  tH(0lXkR),  (7.98) 

a  contour  integral  representation  of  the  total  magnetic  field  is  (Robin  [1964]): 

H,  =  -  rt‘"l?^>|c-*V^)P-t-l(^>e-*iV^|!M^-riryS: 

njc-ioo  £>',(».  e  il\f2k) 


(7.97) 


rrjc-ioo  "  - - -  "  '  DL'.^c-^Jik) 

x[D'.v.1(^,e-*,'V^)D.v.1(-^<e-*i*V2^)+D'.v.1(-f;ie-*1V  2*) 

xD_,_,(ij<e"*1’\/2fc)]  . 

sin  V7T 


(7.99) 


where  - 1  <  c  <  0.  On  the  surface  r\  -  x\ 

H,  =  -l/-f+'\(|i>ie-*,V2*)D.v-.(»|0e-i,V2^) 

nf  7Tjr.Jo 

x  2£z!l<L?*'®-r(-v)d-..  (7.100) 

D'.,_.(1»le-*,V2*) 

The  far  field  amplitude  for  the  total  magnetic  field  can  be  obtained  from  eq.  (7.99) 
upon  letting  p  ->  oo.  The  result  is  identical  to  the  plane  wave  solution  given  in  cq. 
(7.45)  with  £,  t]  and  cos  replaced  with  ( < ,  rj0  and  |cos  ±<j> |,  respectively. 

In  the  particular  case  |{>|-{<  <  *]>->!<,  the  total  magnetic  field  can  be  written 
as  a  harmonic  series: 


H,  =  --  I(-l)'D„(K>|e-*,V2A:)D-.-I(>?.e-*iV2A) 

*  »-o  _  _  D-.-i(lie  *  V2*) 

X  [O’-  n-  l(7lc”ll,V2A)£)  „.,(-(j<c‘i,V2<.)  + 

+D'...1(-i»1c-*,*v^*)D_..l(i,<e-|,V2*)].  (7.101) 
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and  on  the  surface  rj  =  »/,: 


H,  =  ”  J-  I  (-^  D„(U>|e-*lV2fe)D-.-,(»foe-i,V^)  ^  • 

'  it  n=o  n!  DL„_  e  *hy2A;) 

(7.102) 

Alternatively,  in  the  case  |£>|-£<  >  n>  +»;<  —  2rj| ,  the  total  magnetic  field  can  be 
written  as  the  series  (Robin  [1964]): 


H.  -  2i  VDvV(|?>|e-1,V2Ar)D.>v.1(t!>e-*,V2*)0.v(-«<e"1,V2*) 


xD.,.  .I(tj<e~il'\j2k)  — —Zi'lzA  111  V^L-  — 5 —  , 

(dl8v)DL,.i(tile  i'V2^)lv-vv  si" 

where  v'  is  defined  in  eq.  (7.55).  On  the  surface  t\  —  qt: 

Hz  =  2i ]/- 

f  TC  r=l 


(7.103) 


x - —  r(-v;).  (7.104) 

(a/dv)D'_v.1(^e'*'V2A:)|v=vV 


In  the  limiting  case  t]t  =  0  (Robin  [1964]): 


1  /*C+I<t 

OU.-0  =  -  Dv(|£>  |e"}i\/2<r)D_J_|(>j>e~li\/2fc)Dv(-£<e”li’V2A;) 

7t  J  c  -  i  ao 


x  [^-v-i(~*/< e~*l"\j2k)+D-v.  ,ti|<c-*lV2^)] 

sin  V7i 


(7.105) 


which  is  an  alternative  representation  of  the  total  magnetic  field  of  eq.  (8.68)  for  the 
half  plane.  On  the  surface  t]  =  0: 


(».),. -o  - 


Dv(l^>|e'JI\/2*)D.v.1(»;0e-*iV2fc) 


x^-(<e-‘h^)--~~.  (7.106) 
r(iv  +  l)  sin  vtc 

In  the  particular  case  |{  >!-;;<  <  n>  ~*1<  *  the  total  magnetic  field  can  be  written 
as  a  harmonic  series: 


(W.)„  =  0  =  -  I(-l)"D„(kMc-‘iV2*)D-.-,(7>e-liV2fc)D.(-«<e-liV2*) 

It  It  -  O 


x[D_..1(-u<c-“V2*)+D-.-i(i|«e-*,V2*)].  (7-107) 


and  on  the  surface  »;  =  0: 


=  -2i|/2  I  ‘"'■\>JK>k-*,V2it)D-.-,(,0e-»,-V2*) 

r  7T »  / 1 1  n  +  1 1 


7T.,%  /•(}/!+ I  ) 


xl)J-:<c',l\;21|.  (7.108) 
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Alternatively,  in  the  case  |£>|  -  4<  >>/>+>/<,  the  total  magnetic  field  can  be  written 
as  the  harmonic  series  (Robin  [1964]): 

7C  n  —  » 

xD.JltI(-c<e-llV2*)fl!,.!(-|<e'"V2*),  (7.109) 

and  on  the  surface  t]  ~  0: 

(Wz)„-o  =-7^  £  ~ — vD-2,+i(IS>le'iiV2*)D2.-j('/oe"ilV^) 
yjn  n= 1  r(j-n) 

xD.2„+1(-{<e-*‘V2*)-  (7.110) 


7.3. 2. 2.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  line  source  off  the  surface  and  in  the  umbra  region 

£o'/o±v/{(£o+'/?)('!o-';?)}  $  <to+VU<;:+fiX»JJ-'ii)}.  for  £0  § 

the  total  magnetic  field  is  (Keller  [1956]): 


(fcp.)* 


H'  ~  FT  F*x  7V'»  Sr i»  2  iv5«P {ife[.^+(^,+WJ} 
L(«+'ii)('io-»?i)(«  +I1X1  -'ll)? 


with  the  upper  or  lower  signs  according  as  £0  £  {  respectively.  The  focal  length  is 
Pi  ~  i*7i-  The  /  iry  function  Ai(r)  is  defined  in  the  Introduction.  The  arc  length 
from  the  point  of  incidence  where  the  incoming  ray  strikes  the  surface  tangentially  to 
the  point  where  the  diffracted  ray  leaves  the  surface  is  5^;*,  where  the  ^-coordinates 
of  the  point  of  incidence  and  the  diffraction  point  are 

{.  «  -KoitolVfKo+liXri- -I?)})  (7-112) 

'/l 

and 

«d--‘  «<l  ?>/{(«* +1?X»l,-1?)}).  (7-113) 

respectively.  The  distance  from  the  source  point  to  the  point  of  incidence  is 

M)){,  =  fll-  Vttto  +  iJiXlo  V(«o + 1?)±  «o  M  - 1?)}.  (7.114) 

The  distance  from  the  diffraction  point  to  the  observation  point  is 

(<0{,,  =  '»rV{uJ+iiX»»l  -'!?)}{';%  (i,+'if)+{  vV-'i?)}. 


(7.115) 
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► 


l 


As  a  consequence 

+Uo\(Z!oMtl2i)+i*loyJ{*lo-*l\)±tfs/(S2  -H/i)+W(lJ -'??)•  (7.1 16) 

In  eq.  (7.111), 

„*  loe  r 

1  L\  +  A  /J 

is  the  radius  of  curvature  to  the  power  -  J  integrated  along  the  path  jj*. 

7.4.  Interior  line  sources 

7.4. 1 .  E-polarization 
7.4  1.1.  EXACT  SOLUTIONS 

For  an  interior  electric  line  source  parallel  to  the  axis  z  of  the  cylinder  and  located 
at  (£0  ^  0,  tj0  <  t]{),  such  that 

E‘  =  £H(o\kR),  (7.117) 

a  contour  integral  representation  of  the  total  electric  held  is  (Hochstadt  [1957]): 

i  pci  +  ioo 

E.  =  -  E>v(l£>|e~ii\/2^) 

71 J  c  j  —  i  oo 

x[D.v.1(»>e-llV2*)0-v-,(-»l1e"liV2(-)-D-v-l(-»l>e'liV2*) 

xD.t. ,(,, e*'V2*)]{[fi— . (>hc  11 V2*) 4  "  - .(■ -«f,e-*'V2*)] 

x  [E>-v-  iOj,  e_li\/2fc)— D-,_  i(-»/i  e_li\/2fc)]}~ 1 

x{D^<c"*‘V»)[i>-,-i(-i»<e'*to>^*)D.>.1(ifIe-*'V2*)“ 
-D.v_1(f;<e-1,V2A;)D-.- .(-»/,  e-*‘V2*)]  + 

+  Dy(-i<e~i \'2k)[D  . |  (»j  <  e_  1  '\/2S ) 

xD.v.l(,|t-‘V2iVO-,-,(-^e-liV2()0.v.^i|,c'1'V2*)]!  . 

sm  v/r 
(7.118) 


where  —  i  <  ct  <  0.  On  the  surface  tj  =  >/, : 

//.  =  ?!?:*  V’  f,  +  ' V(IUe-1'\12*-){[D-,-.(i»,c-*V2it)+ 

+D-v-l(-f,1c-1VA)][»-«-.(v,c-liV2A)-D.v.1(-f,le-‘iV2A)]}'' 

x{D^<e-‘,V2*)[i>->-1(-»foe_*'V2*)®-r.|(ille-“V2*)- 
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+Dv(-J<e-liV2A:)[D.>.1(f,0e-*,"VU)D.t.l(»,1e-1,V2fc)- 
-D_v.I(-»,oe-i:VU)D.v.1(-,1e-*iV^)M-v)dv.  (7.119) 

In  the  particular  case  where  the  two  conditions  |£>|  +  £<  <  t\>  +ti<  and 
I  £>!-{<  </;>-/;<  are  both  fulfilled,  the  total  electric  field  can  be  written  as  a 
harmonic  series: 

=  —  f  (-im,(l£>  |e-*'*V2fcM[i>—  ,(»/1e-ilV^)+0-n- ,(-!»,  e“*'\/2*)] 

7T  n  =  0 

x[D_„.1(»,1e-liV2*)-2)-,-1(-»jIe-iiV2*)]}'' 

-D-.- ,(-!!>  e-*“>/2fc)D.._l(i,1e-1,*V2*)] 

x  {D...  ,(ij<e~ii*yj2k)D-„. ,(„, 

-D.„.,(-lI<e-‘iV2*)0-,-I(-<l.e’liV2A)]}.  (7.120) 

which  is  a  generalization  of  a  result  by  Grfnberg  et  al.  [1957],  and  on  the  surface 

H<  =  -  ■  /7T^yrru  f  L-|)-i>,(!^>|e-liV2A;){[D-),-,('),e-liV^)+ 

N/{«*(^  +»?!)}  »=o  n! 

+D.„-1(-^1e-^V2A■)][D.n.,(^he-1V2^)-D-^-,(-'/,e-1^/2A:)]}-, 

-D.n.1(^0c-liV2l)D.,.,(-f!,e-1,V2^)]  +  O„(-c<e-li\/2fc) 
x  [D_„.  I(if0e-“V»)D.._  ,(i»,  c-*'V2*)  — 

-D-..1(-iloe-1,V2fc)D.,_1(-ifle-1,V»)]}.  (7.121) 

An  alternative  representation  of  the  total  electric  field  of  cq.  (7.1 18)  is: 

£:  =  I^I^I'"*'V2*)[B.(1,-1(i»>e-*,\/»)+D.fc_1(-(j,e-*,\'2*)] 

^  71 K  I 

X  [DJ^c-i^/Ikt+DJ - i<C-‘'\/2k)] 

x  (^e-^v  2  *)+D.fr.,(— if<e-1,V2*)] 

x  j  |  J[D-„,-i(i/e'li'N'2A')+D_)1,_1(— »|c'li”N/2A')]Jd»/|  V(-/ir).  (7.122) 

where  nr  (r  =  1,2,...)  are  solutions  of 

c-“\  2A)  +  D_llr.t(-f,1e-*lV2A:)  =  0; 


t 


(7.123) 
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all  solutions  have  Re  pr  =  — ±  (Magnus  [1940,  1941-42]).  On  the  surface  rj  - 


x  [D^{ < e-*" V») + 0„,( - { <  e"  **  %/2*)]  e' «y ») 


X  [D./ir_,(?;e"il\/2^)+D./<r_1(-^e”iiV2^)]2d^ 


r(i+/v) 


(7.124) 


7.4. 1.2.  HIGH  FREQUENCY  APPROXIMATIONS 


The  complete  asymptotic  expansion  of  the  scattered  electric  field  when  the  line 
source  is  at  the  focal  line  (£0  =  fj0  =  0)  has  been  examined  by  Keller  et  al.  [1956]. 
Explicitly,  the  first  term  of  the  series  is 


r:  -  - 


**  v'{r/(4/’, )+/>,} 


gik(x  +  2/m  )  _|_ 


(7.125) 


which  is  the  geometric  optics  approximation.  The  focal  length  is  pt  =  jrrf.  The 
more  general  problem  of  a  line  source  in  the  focal  plane  off  the  focal  line  has  been 
considered  by  Hochstadt  [1957]  and  Epstein  [1956]. 


7.4.2.  H-polarization 
7.4.2. 1.  EXACT  SOLUTIONS 

For  an  interior  magnetic  line  source  parallel  to  the  axis  r  of  the  cylinder  and  located 
at  ((J0  ^  0,  <  >;,),  such  that 

H'  =  ZH<0l)(kR ),  (7.126) 

a  contour  integral  representation  of  the  total  magnetic  field  is  (Hochstadt  [1957]): 

H:  =  -  1  f'  +  ”,D>(K>|C-iiV'2*)[D-,-,(»J>e-iiV2fc)D'.v.1(-t,1e-liV2fc)+ 

71 J  Ci  -  i  x 

+  >e-*l*V»)®-.-i('liC‘“V2fc)] 

x{[D'.v_1(fllc-*i\/S)-D'.,_l(-i|1e-*,V2*)] 
x[DLv.^ie-i\/2k)+DLy.,(-,hc-i,y'2k)-]}-' 

x  {D^{<e-‘“>/»)[D-v-1(-i»<e',,V»)®-»-1(flie'1,\  W  + 

+  D.,.l(n<e-^2k)DLv.l(-nle-l>\!2k)]  + 

+  D,(-^<c-*,V2ifc)[D_v_1(,,<c-*i\'2A)D'.,.1(,;lc-li\2A)+- 

+  D.v_1(-^<c-‘lV2A.-)f>Lv.,(-»,1c-li\2A)]}  dv  . 

sin  vn 


(7.127) 


7.4 


INTERIOR  LINE  SOURCES 


305 


I  -  I 


where  —  i  <  Cj  <  0.  On  the  surface  t)  =  tj 
1  /?  /*<•>  +  !» 

H--  =  -  -  F  D.(l«>|e-*‘V2A:) 

n  I  rtjcri®  v 

x{[£»'.v.,(,,e-*iV2l)-D'.v.i(-,1e-ilV  2*)] 
x[D’-v-,(ij,e-liV2fc)+D'_v.l(-ifle-*'V2f)]}' 

*  *  'V  2A)[D f/0 e ' 1  *\/ 2k)D'_ v  _  ,  (t; ,  e  ' 1 1  \/2A)  + 

+D.v.,(t,0e-li\/20D'.t.  ,(-7l 

+Dv(-^e-llV2i:)[D.».1(%e-1V^)DLv-1(»/,e-i\'2l)  + 

+  D-v-  i(-«Joe-*,V2jf)D'.v. e"11  V2*)]}r(- v)dv.  (7.128) 

^  In  the  particular  case  where  the  two  conditions  |{,|  +  {<  <  n>  +,u  and 

■  s>i  s<  <  '/>  -»;<  are  both  fulfilled,  the  total  magnetic  field  can  be  written  as  a 
harmonic  series: 


x 1(»;. e"Ji'v/'2A)+0'_„. ,(—//, e  ,|’'V/2A)]}_  1 

x[D.„.,(t/>e-li\'2A;)D'.n.,(-^e-^V^)  + 

+D-„.l(-//>e-J|Y2A)D'.,1_,(f,1e-liV2A:)] 

><{D„(^e"J,\.2A-)[f)_„.J(-,/<e-li''v'2A)D'_„.|(,,|e-li\,2A)+ 

+  D-„.  ,{,< ,( e-“V«)]  + 

+  D„(-^e  2A')[D.n_ l(»;< e" JI,\'’2A)0'_„_ e" ;i"N  2A)  + 

+D"«- «( ~ '! <  c  ‘ "v  2A )D'-„ e"  il"v/2A)']},  ( 7. 1 29) 

and  on  the  surface  9  = 


-*v\ 

i ( 

n  -  0 

-1)" 

.-■  *>.«{»  1 
»! 

|c“ * 

‘V2A) 

*  m. 

-.('it1 

e"u\'2A)- 

D'_ 

« - 1  (  — »/ 1  c 

_liV2A)] 

X 

1 — 1 

1  " 
3 

1 

|('/|C 

_JiV2  *)+/>'-, 

-t(-<f|C 

“V2A)]}- 

:  e“Ji" 

'v'2*)[D-,- 

+  0-.-, 

JiV2A)D_n 

-i( 

/2*)]  + 

+i>„(  y<e  1"n/2A-)[D.„.,(»;0c  1'\'2A-)D'.11_,(i/lc_li\'2A)  + 
+0-.-1(-//(,e-ii\2A-)D:„_l(-,,|e-li\'2A-)]}. 

An  alternative  representation  of  the  total  magnetic  field  of  eq.  (7.127)  is 


(7.130) 
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«-i<*  «  _ 

w- =  - T  ZMl«>lc"*'V») 

y  71K  r-  1 

x[D-,v-.(»/>e'*‘V2*)+i)-,v-i(-'I>e"1‘V2)t)] 
x  [M«<e"4‘V2fe) 

*  [*>  -» v  -  ifa  <  e~  *N/^) + D  -*v- 1(  “  •!  <  e  ~il’j2k)] 

x  j£[D.^_l(^-*teV2k)+D.(,,.I(-i|e-*ta>/2fc)],di,j  V(-/0.  (7.131) 

where  /r  (r  =  I,  2, . . .)  are  solutions  of 

D'-,r.t(ntcVxy/2ic)-Dl.lf'.l(-i ,,e-*taV2*)  -0;  (7.132) 

all  solutions  have  Re  /t'  =  — i.  On  the  surface  tj  =  #|t: 

Hz  =  -e-*tel/?  iD^l^le-^V^) 

I  k  r  =  l 

x[D.(1,.1(»)oe-liV^)  +  D-,v-.(-'loe-liV^)] 
x  f'[D.,v.1(.,e-*‘\m)+^-,v-.(-^*liV^)]2^]  ‘  £-rr;,\  •  (7-133) 

Jo  )  l(nr  + 1) 


7.4. 2.2.  HIGH  FREQUENCY  APPROXIMATIONS 

The  complete  asymptotic  expansion  of  the  scattered  magnetic  field  when  the  line 
source  is  located  at  the  focal  line  (<;0  =  t/0  =  0)  has  been  examined  by  Keller  et  al. 
[1956].  Explicitly,  the  first  term  of  the  series  is 


h: 


%-\in 


\{r/(4/>i)+pi} 


gifc(.v  +  2/jO  _|_ 


(7.134) 


which  is  the  geometric  optics  approximation.  The  focal  length  is  />,  =  >//f.  The  more 
general  problem  of  a  line  source  in  the  focal  plane  off  the  focal  line,  has  been  consider¬ 
ed  by  HonisTADr  [1957]. 


7.5.  Point  and  dipole  sources 

No  explicit  results  arc  available. 
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Chapter  8 


THE  HALF-PLANE 

J.  J.  BOWMAN  and  T.  B.  A.  SENIOR 


The  half-plane  is  the  limit  of  a  parabolic  cylinder  as  the  latus  rectum  tends  to  zero 
and  is  also  the  limit  of  a  wedge  as  the  interior  wedge  angle  vanishes.  It  was  one  of  the 
earliest  structures  for  which  an  exact  solution  of  the  boundary  value  problem  was 
obtained,  and  has  since  been  subject  to  a  variety  of  analytical  treatments.  The  solu¬ 
tion,  notable  for  the  comparative  simplicity  of  its  representation  in  terms  of  the 
Fresnel  integral,  has  formed  the  basis  for  many  studies  of  edge  phenomena  and  dif¬ 
fraction  effects  in  general. 

8.1.  Half-plane  geometry  and  preliminary  considerations 

The  half-plane  is  defined  in  terms  of  the  rectangular  Cartesian  coordinates 
(.v,  v,  z)  by  the  equation  y  =  0,  .v  ^  0.  The  edge  is  therefore  coincident  with  the  z- 
axis.  The  half-plane  is  also  defined  in  terms  of  the  circular  cylindrical  coordinates 
( P .  0,  z)  by  the  equations  </>  =  0  (upper  surface)  and  </>  =  2 n  (lower  surface),  and  in 
terms  of  the  parabolic  cylindrical  coordinates  (£,  >/,  z)  where 

{  =  N  2 p  cos  J0,  —  oo  <  f  <  oo, 

t}  =  N  2p  sin  \(j),  0  ^  rj  <  oo; 

the  half-plane  is  the  complete  coordinate  surface  t)  ~  0.  This  last  coordinate  system 
is  not  employeu  in  this  chapter,  out  in  addition  to  the  rectangular  and  circular  cylin¬ 
drical  coordinates,  we  shall  also  use  the  spherical  coordinates  (r,  0 ,  (/>),  where  p  = 
r  sin  0  and  z  =  r  cos  0. 

The  primary  source  is  a  plane  wave  propagating  in  the  plane  perpendicular  to  the 
:-a\is  and  in  a  direction  making  an  angle  tH l-0o  with  the  positive  .v-axis,  or  a  line 
source  parallel  to  the  z-axis  and  located  at  (/>0 ,  </>(>),  or  a  point  or  dipole  source  located 
at  (/>0,  </>0,z0).  These  configurations  arc  illustrated  in  Fig.  8.1.  In  each  case  both 
and  //-polarized  excitations  are  considered,  and,  in  addition,  the  dipole  source  may 
be  of  arbitrary  orientation.  For  convenience,  and  without  loss  of  generality,  it  is 
assumed  that  0  ^  tj>u  £  n. 

The  distances  from  the  point  of  observation  to  the  source,  and  to  the  image  of 
the  source  in  the  plane  y  -  0.  are  denoted  by  R  and  R’  respectisely.  Thus,  for  a  line 
sou  rce. 

R  =  \  [/*2  +  /\:>--m.  cos(4>~</> 0)}  =  N  {(  v-.\0)2-f(y~  Co)2}.  (8.1) 
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R'  =  V(P2 + /’o  -  2pPo  cos  (^  +  0O)}  =  >/{(*“  Jto)2+0'+J'o)2}.  (8.2) 

whereas  for  a  point  or  dipole  source, 

R  =  •J{p2+pl-2ppo^s{<t>-4>0)+(z~  z0)2} 

=  V{(x-*o)2+0-yo)2+(z-zo)2}.  (8-3) 

R'  =  \/{p 2  +  Po  ~  2pp0  cos  (^ + ^0) + (z  -  z0)2} 

=  V{(*“*o)2  +  (>’+.yo)2  +  (z-‘o)2}-  (8-4) 

We  also  introduce  the  parameter  Rt  associated  with  the  edge  diffraction  where,  for  a 
line  source, 

Ki=P+Po.  (8-5) 

and  for  a  point  or  dipole  source 

Ri  =  v'{(p+Po):+(*-*o)2}-  (8-6) 

A  function  of  particular  importance  in  the  sequei  is  the  Fresnel  integral 

F(  t)  =  jV’ty  (8.7) 


whose  properties  are  discussed  in  the  Introduction,  and  we  also  make  use  of  the  Heavi¬ 
side  step  function,  rj(i/(),  where 


»!(«» 


to 


for  <//  >  0 
for  y  <  0 


and  the  signum  function  sgn(^)  --  ±  1  for  i/(  £  0. 

For  any  type  of  source  the  complete  field  car  be  expressed  as  a  contour  integral  of 
the  form 

% 

I  G(x)s(x  +  <£)d2 
•  Ci  : 

(see,  for  example,  Tl/hilin  [1963]),  where  C,  and  C:  are  known  as  the  Sommerfeld 
contours.  In  the  integrand  y(2  +  (/>)  is  proportional  to  the  sum  (or  difference)  of  two 
cotangents,  and  the  kernel  G(j)  is  determined  by  the  source.  The  contours  C,  and  C, 
are  shown  in  Fig.  8.2,  where  the  shading  indicates  those  regions  where  G(x)  vanishes 
exponentially  as  |Im  3tl  -♦  /.  on  the  upper  Riemann  sheet.  When  the  source  is  at  a 
finite  distance,  the  kernel  has  branch  points  at  x  =  (2n  f  1  )n±if,  n  -  0,  rl,  ±2,..., 
where 

t=2  cosh" 1 

\  (PP o> 

Except  in  the  case  of  plane  wave  incidence  (when  c  =  /. ).  the  x-plane  then  has  branch 
cuts  extending  to  infinity  as  shown  in  Fig.  K.2.  Complete  uniform  asymptotic  expam 
sions  of  the  above  contour  integral  may  be  obtained  as  special  cases  of  the  results 
given  in  Chapter  6  and  w,ll  n«  t  he  repealed  in  the  present  chapter. 
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Fig.  8.2.  Sori.mcrfcld  contours. 


8.2.  Plane  wave  incidence 

8.2.1.  E-polarization 

For  incidence  at  an  angle  (j>0  with  respect  to  the  negative  .v-axis,  such  that 

E1  =  £  exp  { -  i kp  cos  (<j>  -  <£0)},  (8.8) 

a  contour  integral  representation  of  the  total  electric  field  is  (Sommerfeld  [1896], 
Carslaw  [1899]): 

Ex  =  —  f  eikPC05«  [Cot  0O)- cot  i(7r-a-0-<£o)}da  (8.9) 

8i7rjci+c2 

where  C{  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  8.2.  The  above  ex¬ 
pression  reduces  to  (Sommerfeld  [1896],  Clemmow  [1951]) 

^  |  _ 

E.  =  — Jexp  {--ikp  cos  {4>-<t>o)}F[-s/2kp  cos  {(<£“  <£<>)]- 

s/*  '  _  I 

-  exp  { -  ikp  cos  ( <j>  +  4>0)}F[  -  v/2/ep  cos  H  <j> + </>0)j  j.  (8.10) 

An  alternative  representation  for  £.  in  terms  of  parabolic  cylinder  functions  follows 
from  the  eigenfunction  expansions  in  Chapter  7,  and  still  another  representation  is 
Macdonald  [1902]): 

E,  =  £  e„  sin  (Intf.)  sin  (\iup0)Sin.  1.8.11) 

n  -  0 


where 


S,  —  e~i'”Jy(kp). 


(8.12) 
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A  symmetry  relation  th;  'olds  is 

£.($)- £z(2tt-0)  =  exp  {-\ko  cos(<£-<£0)}  -exp  {-\kp  cos(<£  +  $0)}.  (8.13) 

Field  calculations  based  on  eq.  (8.10)  are  easy  to  perform  using  tabulations  of  the 
Fresnel  integral.  Typical  of  the  results  available  are  the  amplitude  and  phase  curves 
shown  in  Figs.  8.3  and  8.4  respectively. 

On  the  surface 

Hx  =  7 1/  e*1*  sin  j(/>0{  T  eik*  +  2\J2kx  cos  exp  ( -  ikx  cos  $0) 

!  nkx 

x  £[  +  yj2kx  cos  (8-14) 

with  the  upper  or  lower  sign  for  (j>  =  0  or  2 n  respectively.  If  yjlkx  cos  <  1 
(which  includes  the  immediate  vicinity  of  the  edge),  insertion  of  the  small  argument 
expansion  of  the  Fresnel  integral  gives 

Hx  =  7  ]/—  e*1"  sin  ^{Je'^-^nkx  e“*u  cos  i0o  exp  (-ifcx  cos  0O)  ± 

!  nkx 

±4i k  .  cos2  i4>0^kx+  0[(2kx  cos2  i<£0)2]}.  (8.15) 


,5l 


I  ig.  8.3.  Amplitude  of  tot.  ’  electric  field  for  <£„  J.t  and  .v  —  3A  (Clemmow  (1959J). 


Fig.  8.4.  Phase  of  total  electric  field  £,  for  <f>0  -  £.t  and  y  =  — 3A  (Harden  [1952]). 


The  singularity  at  the  edge  is  here  made  explicit.  On  the  other  ha  'id,  if  N/2/r.vcosi0o>l 
(far  from  the  edge) 


-2Y  sin  0O  exp  ( - i kx  cos  0O)  + 


+ 


Y  c 


a**- 


SU1  ,i4>0-  {1  +0[(2t.v  cos2  i<t>0)-%  (4>  =  0)  (8.16) 


2k x  y/2nkx  cos  2J0O 

V  e1'*'-*"  sini^o  {|  +  0[(2 Jcxcm^M-1]},  (♦-2k). 
2A’.x  y/2nkx  cos*  $0O 


314 


THE  HALF-PLANE 


8.2 


The  amplitude  and  phase  of  the  surface  field  component  Hxi  normalized  to  Hx  and 
computed  from  eq.  (8.14),  are  shown  in  Figs.  8.5  and  8.6  for  0O  =in  and  0  =  0,  27r. 

If  kp  <  1,  a  small  argument  expansion  of  the  Fresnel  integrals  in  eq.  (8.10),  or 
of  the  Bessel  functions  in  eq.  (8.1 1)  gives 

Ex  =  2  j/^^e'^sin-^  sini0o+O(/cp  sin  0sin  0O).  (8-17) 


If  kp  »  1,  a  convenient  decomposition  of  the  field  is 

Ex  =  £‘*0*+£?,  (8.18) 

where  £{  °*  is  the  geometrical  optics  field  given  by 

El0'  =  rj(n + 0o  ~  4)  exp  { -  ikp  cos  (0  -  0O)}  -  q(n  -  0O  -  0)  exp  {  -  i kp  cos  (0 + 0O)} 

(8.19) 

and  E\  is  the  diffracted  field,  which  is  discontinuous  at  0  =  n±  0O  in  order  to  com¬ 
pensate  for  the  discontinuities  in  £f°\  In  the  immediate  vicinity  of  these  directions, 
the  actual  transitional  behavior  of  Ez  is  provided  by  the  Fresnel  integrals  in  eq.  (8.10). 
For  kp  »  l  and  0  not  too  close  to  tt±  0O, 


g  „  1/  _L  e«*p+i*>  sin  j0  sin  $0O  . 
r  nko  cos  0  + cos  0o 


(8.20) 


8.2  PLANE  WAVE  INCIDENCE  315 


kx 


Fig.  8.6.  Phase  of  normalized  surface  field  for  <f>0  —  {n  and  <f>  =  0  ( - ),  <f>  —  2 n  ( - ).  Note  tnat 

a  phase  term  kx  has  been  subtracted  from  the  phase  computed  for  the  lower  surface  ( <f>  =  2n). 


This  has  the  appearance  of  a  cylindrical  wave  with 


p  _  •  sin  j<f>  sin  j4>0 

COS  (j)  +  COS  (j) o 


(8.21) 


emanating  from  the  edge.  Savornin  [1939]  has  computed  16|P|2  as  a  function  of  (f> , 
n  <  (j>  <  2zt,  for  <£0  =  {zr.  Similar  computations,  but  for  a  variety  of  <£0,  have  been 
made  by  Marcinkowsk*  [1959]  and  Tavenner  [1960],  and  some  of  the  data  is  repro¬ 
duced  in  Fig.  8.7. 

As  0  approaches  zt±<£0,  the  approximation  implied  by  eq,  (8.20)  breaks  down. 
Eq.  (8.10),  however,  indicates  that  for  </>  =  zr-</>0 

_ 

Ex  =  exp  (ikp  cos  2 <t>Q) -  ieikp - —  exp  (i kp  cos  20o)F[N/2kp  sin  <£0],  (8.22) 

Jn 


whereas  for  </>  =  zr  +  </>0, 

_ 

E.  =  ie,kp-  — exp  (ikp  cos  2<f>0)F[yj2kp  sin  <£<>]• 


(8.23) 
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sion  reduces  to  (Sommerfeld  [1896],  Clemmow  [1951]): 

c“i'n  _ 

Hz  =  {exp  {-ikp  cos  (<l>  —  <l>o)}F[  —  j2kp  cos  i{<j*  —  <t>o)]  + 

V" 

+  exp  {  —  ikp  cos  {(f>  +  (t>o)}F[-^2kp  cos  i(0  +  ^o)]}.  (8.28) 

An  alternative  representation  for  Hz  in  terms  of  parabolic  cylinder  functions  follows 
from  the  eigenfunction  expansions  in  Chapter  7,  and  still  another  representation  is 
(Macdonald  [1902]): 

• tj 

H:  =  I  e„  cos  (in<l>)  cos  (\n<j>0)S{„,  (8.29) 

n  =  0 

where  Sv  is  given  in  eq.  (8.12).  A  symmetry  relation  that  holds  is 

//.($)  +  H:(2n-(t>)  =  exp  {-i/cp  cos  ($-$0)}  +  exp  {--ify)  cos(<£  + $0)}.  (8.30) 

Field  calculations  based  on  eq.  (8.28)  are  easy  to  perform  using  tabulations  of  the 
Fresnel  integral.  Typical  of  the  results  available  are  the  amplitude  and  phase  curves 
shown  in  Figs.  8.8.  and  8.9  respectively.  BRAUNBEKand  Laukien  [1952]  have  computed 
the  equi-amriitude  andequi-phasc  contours  and  lines  of  average  energy  flow  within  a 


o  -j - 1 - 1 - 1 - 1 - r - 1 - 1 - 1 - 1 

-6  -5  -4  -3  -2  -1  0  1  2  3 

% 


Fig.  8.8.  Amplitude  of  total  magnetic  field  Ht  for  <£0  -  J.*r  and  y  — 3A. 
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region  bounded  by  a  square  of  side  2A  centered  on  the  edge  for  the  case  $0  =  in.  The 
first  two  plots  are  reproduced  in  Figs.  8.10  and  8.1 1. 

On  the  surface 

_ 

H .  =  2  -  -  -  cxp(-itac cos  <£0)F[  +  \/2A\v cos  \(f>0]  (8.31) 

with  the  upper  or  lower  sign  for  </>  =  0  or  2 n  respectively.  If  s/2kx  cos  J0O  '  1 
(which  includes  the  immediate  vicinity  of  the  edge),  insertion  of  the  small  argument 
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expansion  of  the  Fresnel  integral  gives 


H:  =  exp(-i/cxcos</>0)+2j/— -e  iiK  cos  itf)0eikx  +  G[(2kx  cos2  (8.32) 

On  the  other  hand,  if  yjlkx  cos  »  1  (far  from  the  edge) 


( 2  exp  (-i/cx  cos  <j>0) - ~r-—  sec  +  0[(2 kx  cos  2i0o)“l]}>  (<t>  =  0)* 

It- 


\/2nS<x  SCC  +  °^2kX  C°S2  ^  =  2^‘ 


(8.33) 


The  amplitude  and  phase  of  the  surface  field  component  Hz  computed  from  eq.  (8.31) 


Pig.  8.10.  t  qui-amplitude  contours  of  Hs  for<^  J.t  (Brm/nbek  and  Laukien  [1952)). 
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arc  shown  in  Figs.  8.12  r nd  8.13  for  r/>0  =  J n  and  (p  -  0,  2 n. 

If  kp  K  I,  a  small  argument  expansion  of  the  Fresnel  integral  in  eq.  (8.28),  or  of 
the  Bessel  functions  in  eq.  (8.29),  gives 

H.  =  1  + 2  \ilkp  c‘  “*  cos  10  cos  J0O  +  0(k,>cos<t>  cos  cj>0).  (8.3*J) 

*  n 

If  A/>  1,  a  convenient  decomposition  of  the  field  is 

//.  =  H!°+//?,  (8.33> 

where  //?°  is  the  geometrical  optics  field  given  by 

//?■“■  =  p;(  7T  -+-  </> o”  0)  exp  j  -  \kp  cos  (</>  — 0O)1  + 

-4- p/( 7i  —  0O  —  0 )  exp  ( -ikf)  cos  (0  +  0o)J  (8.36) 
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and  Hi  is  the  diffracted  field,  which  is  discontinuous  at  $  =  7i±  <j>0  in  order  to  com¬ 
pensate  for  the  discontinuities  in  H\°\  In  the  immediate  vicinity  of  these  directions 
the  actual  transitional  behavior  of  Hz  is  provided  by  the  Fresnel  integrals  in  eq, 
(8.28).  For  kp  >  1  and  <j>  not  too  close  to  n±(j>0, 


H 


d 

X 


!  JL  eKfcp  +  i*)  COS  j<t>  COS  $<t> Q 

nkp  cos0+cos^o 


(8.37) 


This  has  the  appearance  of  a  cylindrical  wave  with 


.  cos  i  <f>  cos  i<f> o 
cos  0+ cos  <t>  0 


(8.38) 


emanating  from  the  edge.  Savornin  [1939]  has  computed  16|P|2  as  a  function  of  0, 
n  <  4>  <  2n,  for  <t> o  =  in.  Similar  computations,  but  for  a  variety  of  $0>  have  been 
made  by  Marcinkowski  [1959]  and  Tavenner  [1960],  and  some  of  the  di,ta  are  re¬ 
produced  in  Fig.  8.14. 


<£,  degrees 

Fig.  8.14.  Far  field  amplitude  of  the  diffracted  wave  (Marcinkowski  (1959)). 


As  <(>  approaches  n±(t>0 ,  the  approximation  implied  b>  (8.37)  breaks  down. 
Equation  (8.28),  however,  indicates  that  for  (f>  =  n-<j>0 

_ 

H:  ~  exp  (i kp  cos  2 .£0)  +  }e,4p - exp  (i kp  cos  2<£0)F[\  2fcp  sin  $0]»  (8.39) 
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whereas  for  <p  =  n  +  (f>Qt 


Hs  =  ieUp+  exp  (i/cp  cos  20o)ir[>/2^P  sin  <£o]- 


(8.40) 


For  edge-on  incidence  (<£0  =  tt),  eq.  (8.28)  reduces  to 

Hs  =  eikpco*^,  (8.41) 

so  that  the  scattered  field  is  zero  everywhere.  For  grazing  incidence  (<£0  =  0), 


Ht  =  2^  e'“',C0’*F[- cos  }£). 
V« 


(8.42) 


8.3.  Line  sources 


8.3.1.  E-polarization 

For  an  electric  line  source  parallel  to  the  edge  and  located  at  (p0,  0O)  such  that 

£*  =  ZHKXkR),  (8.43) 

a  contour  integral  representation  of  the  total  electric  field  is  (Carslaw  [1899]): 

Ex  =  ~ f  i/(o!)[/c/?(a)]{coti(7r-a-^+^o)-coti(^-a-0--0o)}da  (8.44) 

8i7rJci+c2 


where 


R(ql)  =  (p2  +  Po  +  2pp0  cos  a)* 


(8.45) 


and  C,  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  8.2.  The  above  expression 
reduces  to  (Clemmow  [1950]): 

E,  =  -  2J  (e“«  f*  —  «£—  d,-c-  f “  —e*l-  d,|  (8.46) 

)-„s/(n2  +  2kR)  }_m.J(S+2kR')  1 

with 

=  2\^\cos^~^  =  ±\A(Ri-*)>  ±  for  cos 5  0, 


,'=2l /-*£*■ 

r  K,+K’ 


cosi(0  +  <^o)  =  ±yfk(Rl-R')t  ±  for  cos i(<£  +  0o)  ^  0. 


The  form  of  solution  given  by  Macdonald  [1915]  can  be  obtained  from  eq.  (8.46)  by 
a  change  of  integration  variable: 

p  =  >/2/cS  sinh  i{,  S  =  R  or  R'. 

An  alternative  representation  which  has  found  some  use  is 

* 

£:=!«»  sin  (in<#>)  sin  (i n<t>0)Sin 

n -•  0 


(8.47) 
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where  (Macdonald  [1902]): 

Sv  =  Jy(kp<)H['\kp>), 
which  may  also  be  written  (Tuzhilin  11963]): 

S  =  y  Wwo£l'  «aiVv(Mp2±Po)] 

'  »=o  s!r(s+v+lj  [V(p2+^)]J,+> 

The  following  symmetry  relation  holds: 

EM)-E&k-4>)  =  H(0'\kR)-H(0‘\kR'). 

If  the  observation  point  is  on  the  surface  (implying  R'  =  R) 


2V  R, l  p0  . 

H*  =  n!  V  ~s,ni^0 

nk  R2  I  x 


x(Te-  +  2iM^)e-f*  -J!-+b!L-  (8.51) 

l  R,  hmit.-Kn  vV+2fcR)  I 

with  the  upper  or  lower  sign  for  </>  =  0  or  2n  respectively.  An  alternative  (series)  form 
is  easily  derived  from  eq.  (8.47),  and  Moullin  [1949]  has  used  this  to  compute  the 
real  and  imaginary  parts  (in-phase  and  quadrature  components)  of  the  normalized 
total  current 

hZ{HM~Hx(2k)}  (8.52) 


(8.48) 


(8.49) 


(8.50) 


te'-’dn  (8.51) 


Fig.  8.15.  Real  ( 
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borne  by  the  half-plane  as  functions  of  kx ,  0  g  kx  g  4,  for  ky0  =  0.603  and  kx0  - 
0,0.804  and  1.95.  Similar  computations,  but  for  1/tt  times  the  above  quantities  are 
given  for  other  values  of  kx0  and  A'v0  by  Moullin  [1954].  The  results  of  a  recomputa¬ 
tion  of  one  of  the  latter  cases  are  shown  in  Fig.  8.15. 

I  f  *(*,-*)  <  1,  a  Taylor  expansion  of  the  integral  in  eq.  (8.52)  gives 

Hx  =  2-  ]/'i°  sin  i(f>0  (  +  e“'('-ikfe  —  -J'Rf-R'-H^XkR,)  ± 

nk  R1*  x  \  R, 

±2ik(R,  —R)eil‘R‘  +  0[k2(Rl  -R)2]j  (8.53) 

which  makes  explicit  the  held  singularity  at  the  edge.  If,  on  the  other  hand,  r(R,  —  R) 

»  I. 

—  2i y  —  H\'\kR)  sin  ij>0 - i  _e-_- 

R  kx  St!(2nkp0)  yj(2nkx)  cos*"  i0o 

Hx~  x  {1  -f-0[/c”1(K1  -R)"1]},  (0=0),  (8.54) 

j  y  e  S*n  i0O  ,  ;  ,  r\T\-\{n  o\-11>  /X  — 


kx  ^(2nkp0)  j&nkx)  cos2  }0O 


{i  +  O  (0  =  2ir), 


and  the  modification  to  the  infinite  sheet  result  now  has  the  character  of  a  cylindrical 


If  k(Rt-R\  k(R{  1,  a  small  argument  expansion  of  the  integrals  in  eq. 

(8.46)  gives 

4:  e‘*Ri  _ 

£*  =  --  —  \]pPo  sin  \<t>  sin  i^o  +  0[k(Ri  —R)H\l\kRt),  k(R,  -R'jHV^kRi)] 

71  R'  (8  55) 

and  this  hoids  for  either  the  source  or  observation  point,  or  both,  near  to  the  edge. 
For  k(Rx  -/?),  k(Ri  ~  R')  >  1,  a  convenient  decomposition  of  the  field  is 

Ez  =  £J,0,4-£?,  (8.56) 

where  £?  °'  is  the  geometrical  optics  field  given  by 

£?'°'  =  q(n 4* 0o ~ <t>)Ho  \kR)  —  tj(n  —  0O  —  0)Hq  \kR')  (8.57) 

and  £;  is  the  diffracted  field,  which  is  discontinuous  at  0  =  n±<f>0  in  order  to  com¬ 
pensate  for  the  discontinuities  in  £*,c* .  In  the  immediate  vicinity  of  these  directions, 
the  actual  transitional  behavior  of  £  is  provided  by  the  integrals  in  eq.  (8.46).  If 
kRi  I,  a  first  order  approximation  to  Ez  is  (Clemmow  [1950]): 

£?-  -  sgn(»  +  0o-«)  m£[v{M«i-R)}]  - 

-I  \  \k{R\  +  £)} 

ikR‘  \ 

-sgn  («-*„-*)-  Cd  -  F[n  {£(«,-«')}]  .  (8.58) 

vW  +  K)}  > 
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If,  in  addition,  k(Rx  -/?),  k(Rl-Rt)  »  i,  asymptotic  expansion  of  the  Fresnel  inte¬ 
gral  gives 

El  ~  f  (8.59) 

yj(nkp0)  y/(nkp)  cos  </>+cos  <£r, 

and  this  has  the  appearance  of  a  cylindrical  wave  diverging  from  the  edge. 

The  far  field  amplitude  for  the  total  electric  field  can  be  obtained  from  either 
eq.  (8.46)  or  eq.  (8.47)  upon  letting  kp  ->  go.  The  result  is  identical  to  the  plane  w?ve 
solution  given  in  eq.  (8.10)  or  eq.  (8.1 1)  with  p  replaced  by  p0.  Moullin  [1949]  has 
used  the  representation 

P  =  f  cae-ilmJu(kPo)  sin  (W)  sin  (i  n<t>0)  (8.60) 

n  =  0 

to  compute  the  far  field  amplitude  as  a  function  of  $  for  a  variety  of  kp 0  and  • 
Some  results  are  shown  in  Fig.  8.16. 
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On  the  boundaries  <j>  =  n±  <p0  of  the  geometrical  optics  regions,  eq.  (8.46)  assumes 
the  following  forms:  when  0  =  n-  </>0, 


E,  =  H(0i\kR)-iH(0'\kRt)+  —  e'*R  P 

K  Jj 


—4- - d/i,  (8.61) 

<*<*.-*))  N/(/i2  +  2fcK) 


whereas  for  (j)  =  n  +  <j>0 , 


£.  -  i/i(o1,(/c/?1)+  -e 


- d/i. 


7T  *V(k(«i-«'))  yJ{ll2+2kR‘) 


(8.62) 


For  the  line  source  on  the  continuation  of  the  half-plane  (i.e.  <j>0  =  Jt),  eq.  (8.45) 
reduces  to 


E.  =  H<0l)(kR)+ 


w 

n  Jj 


n  Jy/MRi-*,)  yJ(p,2  +  2kR) 
and  if  the  observation  point  is  on  the  surface  in  this  case 


H*  =+-?-]/- e>k\  +  for  <t>~0,2n. 

TikR  f  x 


(8.63) 


(8.64) 


For  a  line  source  on  the  half-plane  itself  (<£0  -  0),  Ez  -  0  everywhere. 

8.3.2.  H -polarization 

For  a  magnetic  line  source  parallel  to  the  edge  and  located  at  (p0,  (j>0 )  such  that 


Hl  =  VI(0l)(kR), 


(8.65) 


a  contour  integral  representation  of  the  total  magnetic  field  is  (Carslaw  [1899]): 

I  i 

H~  =  —  I  Hl0u[kR(oi)]{cot\(n-oi-(t>  +  (l>0)  +  coti(n-x-(j)-(t>0)}d<x  (8.66) 

8i7rvc,  +  c2 


where 


R(«)  =  (p;  +  poi-2pp0  cos  st)* 


(8.67) 


and  Cj  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  8.2.  The  above  expression 
reduces  to  (Clfmmow  [1950]): 


//.  =  -  e 


-  v —  d/i  +  eikR  -  v -  d/i  (8.68) 

-m  \'  (/t*  4*  2kR)  J  - m‘  \J{p“  +  2kR  )  t 


>'■  =:|  kpp~°  -cos  4(0 -0O)  =  +x  !MK,-R)}.  ±  for  cos  4(4>-<*>oR°. 

K  i  +  K 


m  -  2 


1  fcWu 


K.tR 


cos  !(</>  +  </>0)  =  ±N  ;A(K| -K')}.  ±  for  cos  l(0  +  0o)  §  0. 
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The  form  of  solution  given  by  Macdonald  [1915]  can  be  obtained  from  eq.  (8.61)  by 
a  change  of  integration  variable: 

n  =  s/2 Ts  sir.h  S  =  R  or  R'. 

An  alternative  representation  which  has  found  some  use  is 

Hr  =  I  cos  (i nip)  cos  (\n<t>0)S„  (8.69) 

n-0 

where  Sv  is  given  in  eq.  (8.48)  or  equivalently  in  cq.  (8.49).  The  following  symmetry 
relation  holds: 

H  ,(<!>) +H,(2n- 4)  =  H,0l,(kR)+H(0'XkR').  (8.70) 

If  the  observation  point  is  on  the  surface  (implying  R '  =  R) 

H.  =  -  -e“R  )  d»  (8.71) 

n  +Ty/(i HR>-R))  yj(ti  +2 kR) 

with  the  upper  or  lower  sign  for  </>  =  0  or  2n  respectively.  An  alternative  (series) 
form  follows  immediately  from  eq.  (8.69),  and  this  has  been  used  to  compute  the  real 


kx 

I;ig.  8.17.  Real  (  )  and  imaginary  ( - )  parts  of  the  normalized  total  current  for  kpn  -  7, 

<$„  60\ 

andim  iginmy  parts  (in-phase  and  quadrature  components)  of  the  total  current  shown 
in  Fig.  8.17.  If  k(Rl  -  R)  u  l,  a  Taylor  expansion  of  the  integral  in  eq.  (8.71)  gives 
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H.  =  H\}\kR)T  - 1/~— ^  e'*R,{l  +  0 [k(R,  -R)]}. 
If,  on  the  other  hand,  k(Rt  -  R) »  1, 

Upo  „i*.v 

2H'0"(kR)~  — — -  sec  i<p0{i  +  0[fc-'(R, -/?)-']}, 

U  ^  \J\nkPo)  yj(ltkx) 

2  ~  eikpo  e,kx 

-7-7— X  -hr, sec  1«  I  +  0[k-  *(R.  - R)- ']},  (0  =  2«), 

^(nkpo)  yj(nkx) 


(8.72) 


(*  =  0), 

(8.73) 


and  the  modification  to  the  infinite  sheet  result  now  has  tht  character  of  a  cylindrical 
wave. 

If  k(R{-R),  Ar(/?!  —  /?')<  1,  a  small  argument  expansion  of  the  integrals  in  eq. 
(8.68)  gives 

a:  e«*Ki  . — 

H:  =  H$\kRx)-~  —  s/pp0  cosWcosi0o  + 

7t  /?, 

(8.74) 


and  this  holds  for  either  the  source  or  observation  point,  or  both,  near  to  the  edge. 
For  k(Ry  -  R ),  k(R{  -  R')  »  1,  a  convenient  decomposition  of  the  field  is 

H2  =  f/!°+H2d,  (8.75) 

where  Hf0,  is  the  geometrical  optics  field  given  by 

H\°-  =  #/(tt + ~  }(^) + ^  -  0)«o  (8-76) 

and  //.d  is  the  diffracted  field,  which  is  discontinuous  at  (j>  =  tt±  (j)0  in  order  to  com¬ 
pensate  for  the  discontinuities  in  Hf'°\  In  the  immediate  vicinity  of  these  directions, 
the  actual  transitional  behavior  of  Hz  is  provided  by  the  integrals  in  eq.  (8.68).  If 
kRx  >  I,  a  first  order  approximation  to  Hi  is  (Clf.mmow  [1950]): 


I 

Ht  ~  -  sgn (K  +  <l>0-'t>)  -  F[v/{fc(R,  — R)}]  + 

71  1  \\k\K\  +  a)} 


AkR' 


+  sgn  (n-4>0-(t>)  -  F[si{k(R ,-*')}]  .  (8.77) 

+  K ))  1 


If,  in  addition,  A(/?j 
grals  gives 


-  R ),  A(/?j  -/?');  I,  asymptotic  expansion  of  the  Fresnel  inte 


c«ipo  Qikp  2  cos  j (j)  COS  \(j)0 

\  (nkp0)  ^(itkp)  cos  0-f  cos  </>„ 


(8.78) 


and  this  h  is  the  appearance  of  a  cylindrical  wave  diverging  from  the  edge. 

The  far  field  amplitude  for  the  »otal  magnetic  field  can  be  obtained  from  either  eq. 
(8.68)  or  eq.  (8.69)  upon  letting  kp  ->  .  The  result  is  identical  to  the  plane  wave 

solution  gi\e:i  in  eq.  (8.28)  or  eq.  (8.29)  with  i>  replaced  by  />u. 
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On  the  boundaries  0  =  rc±  0O  of  the  geometrical  optics  regions,  eq.  (8.68)  assumes 
the  following  forms:  when  0  =  ;r-~0o, 

Ht  =  H'q  \kR)+ iH'0' >(**,)+  - e'*R  (*"  dp,  (8.79) 

7T  J  v{*<  K ,  -  K))  (p +  2k R) 

whereas  for  0  =  ti  +  0o, 

H;  =  i  W-R,)-  -  eM'  f  -T^rrr  dp.  (8.80) 

ft  J(p  +  2kR) 


!v{*<r,-k'}>  >/(p2  +  2  fcR') 


(8.80) 


For  the  line  source  on  the  continuation  of  the  half-plane  (i.e.  0O  =  ft),  (8.68) 
reduces  to 

H:  =H(0'\kR ),  (8.81) 

so  that  the  scattered  field  is  zero  everywhere.  For  the  line  source  on  the  half-plane 

Wo  =  0), 

H.  =  ---V<'  - ^ - d/z.  (8.82) 

7T  ^(//2  +  2fcR) 


8.4.  Point  sources 

8.4.1.  Acoustically  soft  half-plane 
For  a  point  source  at  (p0,  0O,  z0)  such  that 

kR 

K‘=  — . 
kR 

a  contour  integral  representation  of  the  total  field  is  (Carslaw  [1899]): 

w  *  *  I  ^  r.i/  «  I  \  .1/  I  |\1 


(8.83) 


=  “l 

8i^Jc,- 


- {cot  K7r-a-0  +  0o)  -cot  i(7i-a-0-0o)}dx  (8.84) 

c,  /cK(a) 


where 


K(*)  -  {p"+pS+2pp0cosa+(z-z0)2}i  (8.85) 

and  CL  and  C2  are  the  Sommerfcld  contours  shown  in  Fig.  8.2.  The  above  expression 


reduces  to 

F 

with 

m  =  2  |/ 

o 

§:< 

; 

r 

m'  =  2 

knpo 

r 

R,-,  R’ 

V  =  i 


ip  wyv+fe*)d  jp  +**:>, 

J-m  +  2kR)  J-m'  s’(p2  +  2kR  ) 


(8.86) 
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The  form  >f  solution  given  by  Macdonald  [1915]  can  be  obtained  from  eq.  (8.86)  by 
a  change  oi*  integration  variable: 

/t  =  \  2kS  sinh  S  =  R  or  R'. 

An  alternative  representation  of  the  total  field  as  an  eigenfunction  expansion  is 

rr> 

V  =  I  «■  sin  (i n<t>)  sin  (in<t>0)Sin  (8.87) 

11  =  0 

where  (Vandakurov  [1954]): 

Sv  =  1  p  d/f",--I»Vv[p<V(kJ-rJ)]H<'>[p>V(k2-<2)],  (888) 

2k  J  -oo 

which  may  be  written  in  the  form  (Tuzhilin  [1963]): 

S  =iT  (jkpPo fc2»N(fcV{P2+p Q+(z-z0)2})  89 

’  *-os!r(s+v+l)  (V{p2+pJ+(.— -o)2})2>+’ 

and  may  further  be  written  (Macdonald  [1915]): 

s,  =  ie-2l"X  (2s  +  2v+  !)iJtv(kr<)Ml’v(kr>)PJ7v(cos  0) PJV,(cos  0o). 

(8.90) 


3  =  0 


s! 


The  following  symmetry  relation  holds: 


J  kR  ikR’ 


(8.91) 


If  the  observation  point  is  on  the  surface  (implying  R'  =  R ) 


,r  +  kR  II\"\tt2  +  kR) dpi  (8.92) 


J  ~y  •kin,  -  rii  N  (/r  +  2kR) 

with  the  upper  or  lower  sign  for  </>  =  0  or  2;r  respectively.  If  k(Ry  -  R)  I,  a  Tay¬ 
lor  expansion  of  the  integral  in  eq.  (8.92)  gives 

?  2k( R ,  - R)f/V ’  (Aft , )  +  0[U(K,  -  R)2]}  (8.93) 


which  make-.  explicit  the  held  Mnrnlariiy  .it  the  edge.  If.  on  the  other  hand. 
k(R,-R)  ■■■  I. 
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dV 

dy 


-2i  — ■  (l  +  ~M 

R2  \  kR/ 


e“*  sin  <j> o  + 


i  H(0'XkR,)  sin  Wo 


4  kx  Jipox)  cos2  Wo 
x {1  +0[ic-1(Rj— K)”']},  W=0),  (8.94) 


.  J_  &*l)  iiUMp.  {1  +  0[fe-'(R,-/?)-1]},  W  =  2*). 

Akx  ^/(PoX)  cos^  i<£0 

If  A(/?f  -/?),  A(/?j -/?')<  1,  a  small  argument  expansion  of  the  integrals  in  eq. 
(8.86)  gives 

V  =  2iWV’(^.)“- sin  W  sin  Wo+0[H*, -R%l\kRx\  k^-R'WXkRj] 
Ri 

(8.95) 

and  this  holds  for  either  the  source  or  observation  point,  or  both,  near  to  the  edge. 
For  £(/?,  —  /?),  k(R{  -  fl')  >  i,  a  convenient  decomposition  of  the  field  is 

V  =  Fg0+Fd,  (8.96) 

where  F8,0,  is  the  geometrical  optics  field  given  by 


e‘*R  eikR# 

V  -*( *-4>o-4>)  — 

kR  kR 


(8.97) 


and  Vd  is  the  diffracted  field,  which  is  discontinuous  at  <j>  =  n±(j>0  in  order  to  com¬ 
pensate  for  the  discontinuities  in  V%'°\  In  the  immediate  vicinity  of  these  directions, 
the  actual  transitional  behavior  of  V  is  provided  by  the  integrals  in  eq.  (8.86).  If 
kRx  ;>  1,  a  first  order  approximation  to  Vd  is  (Macdonald  [1915]/ 


1  /  kR 

t‘~-V  ;k  !«"  s  -RM- 

-ignOt-*,-.)  f[.'IM*1-*'))]|.  (*•«*) 

V [k[R j  +  )/  • 


If,  in  addition,  k(Rt  -  /?),  k(Rt  -  R  )  I,  asymptotic  expansion  of  the  Fresnel  in¬ 
tegrals  gives 


Id 


c«UKi  ♦ 


\ 


1  1  sin  ]</>  sin  J </>0 

(Ap0)  N  (A/>)  cos  0  + cos  4>0 


(8.99) 


On  the  boundaries  </>  .7  t  </>  •  of  the  geometrical  optic*  regions,  eq.  *8.86)  assumes 

the  following  foims:  when  »/.*  7  -#/>„, 


2  kR,  .  ,  HiKi  -Ki;  x(/i*  +  2 fcR) 


(8.100) 


I 


w 
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whereas  for  <f>  =  n  +  <£0  ♦ 


~2kR,  -‘J, 


'•  _i  f  *  mv+mv 

1  Jv(K*i-*'))  yJ(ii2+2kR') 


(8.101) 


For  the  point  source  on  the  continuation  of  the  half-plane  (i.e.  <t>0  =  n)>  eq- 
(8.86)  reduces  to 


y,'--2i  f’ 

kR  Jy/lkiRl-R))  yjin  +2kR) 
and  if  the  observation  point  is  on  the  surface  in  this  case 

—  =  ±  - 1 j-  H\'\kR),  ±  for  4>  =  0, 2 it. 

dy  Rfx 

For  a  point  source  on  the  half-plane  itself  (<£0  -  0),  V  =  0  everywhere. 

8.4.2.  Acoustically  hard  half-plane 
For  a  point  source  at  (p0,  (f>0,z 0)  such  that 

JkR 

V1  =  -- 

kR  ’ 

a  contour  integral  representation  of  the  total  field  is  (Carslaw  [1899]): 


(8.102) 


(8.103) 


(8.104) 


v  =  4-f 

8  nr  J< 


Ci+c2  kR( a) 


{cot  J(tc  -  a  -  <j>  +  (j)0) + cot  i(7r  -  a  -  <£  -  (t>0)}dx  (8* 105) 


where 


R(“)  =  {p2  +  Po  +  2^0  cos  a + (c  -  r0)2}* 


(8.106) 


and  C{  and  C2  are  the  Sommerfeld  contours  shown  in  Fig.  8.2.  The  above  expression 
reduces  to 

('-if"  I"  (8.107) 

J-.  vV  +  28R)  J-.  n(^!+28R') 

with 

m  =  2  F  cos  M~<I>o)  =  ±v'{fc(Ri-R)},  ±  for  cos i(^-0o)  £  0- 

=  2  F-“  V, cos  =  ±N  {*(*,  — R')},  ±  for  cos  \(<p  +  <t>0)  §  0- 

'  Aj  +A 

The  form  of  solution  given  by  Macdonald  [1915]  can  be  obtained  from  eq.  (8.107)  by 
a  change  of  integration  variable: 

H  =  \  2/<S  sinh  S  -  R  or  R'. 


I 


-  / 


334 


THE  HALF-PLANE 


8.4 


An  alternative  representation  of  the  total  field  as  an  eigenfunction  expansion  is 


v  =  I cos  cos  (i n<MSi» 

ft*0 


(8.108) 


where  5V  is  given  in  three  equivalent  forms  by  eqs.  (8.88)  through  (8.90).  The  follow¬ 
ing  symmetry  relation  holds: 


e»*Jt  i  kR‘ 

K(0)+F(27r-0)  =—  +  — . 

kR  kR 

If  the  observation  point  is  on  the  surface  (implying  R '  =  R) 

H^W+kR) 


N/(/i2  +  2kR) 


dp 


(8.109) 


(8.110) 


with  the  upper  or  lower  sign  for  0  =  0  or  2n  respectively.  If  k(Rt  -  R)  <  1,  a  Taylor 
expansion  of  the  integral  in  eq.  (8.110)  gives 


If,  on  the  other  hand,  k(Ri-R)  >  1, 

^  H<0' '(kRl) sec l^oU  +  OCfc-'t*, -«)■']},  (0=0), 

sec  i0o{l+O[JT (0  =  2n). 


kR  2l\/(p0x) 

I  j  #*.) 

'  •»!-  ii 


(8.11?) 


2ksi(p0x) 


If  /;(/?,  -rt),  A(  -  R  )  :  1,  a  small  argument  expansion  of  the  integrals  in  eq. 
(8.107)  gives 


\  (PPo) 


V  =  --  -  +  2iH\>\kRt)  w'  cos  10  cos  )0O  + 
kR  j  R  j 

+  0[M/?1-«)ftV’(^iU(/?1-R')/iV>(^i)]  (8-113) 

and  this  holds  for  cither  the  source  or  observation  point,  or  both,  near  to  the  edge. 
For  k{R}  -  /?),  k(Rt  -  R  )  ;  •*  1.  a  convenient  decomposition  of  the  field  is 


r  =  r*-#-+fd, 

where  is  the  geometrical  optics  field  given  by 

it* 


ikR' 


\  =»/(n  +  0o-^)F  ; 


(8.114) 


(8.115) 


and  FJ  the  ditfracted  field,  which  is  discontinuous  at  0  =  .~±  0O  *n  order  to  com¬ 
pensate  for  the  discontinuities  in.  F* " .  In  the  immediate  \icinit>  of  these  directions, 
the  actual  transitional  behavior  of  I  is  provided  bv  the  integrals  in  eq.  (K.107).  If 
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kRi  »  1,  a  first  order  approximation  to  Vd  is  (Macdonald  [19*51): 

^ ^  {—  (»+*.-*)  nvw*. -«»]+ 

ikR‘  \ 

+  sgn  (*-*0  -0  -7 -:p-  ~  — T  Wi  -*'»]  •  (8-116) 

vWK,+K))  ; 

If,  in  addition,  k(Rx-R\  k(Rx- R')>  1,  asymptotic  expansion  of  the  Fresnel 
integrals  gives 


~-t 


2  ei(m,.H«)  1  _l__  cos  $0  cos 

n/c/?,  N  (kpD)  y_  (kp)  cos<f>+cos</>0 


(8.117) 


On  the  boundaries  (f>  =  n±<f>0  of  the  geometrical  optics  regions,  eq.  (8.107) 
assumes  the  following  forms:  when  (j>  =  7i~<p0, 


AkR 


V  « 


kR 


+  -—  -if”  {8.1  IS) 

2  kRx  J<[k(Ri-R))  J(n’  +  2kR) 


whereas  for  <j>  =  n  +  (p0 , 

1  eu*'  .  f 

V  = - +i 

2kRx  J, 


WR')dil. 

y/(n*  +  2kR') 


(8.119) 


For  a  point  source  on  the  continuation  of  the  half-plane  (i.e.  (j>0  =  n),  cq.  (8.107) 
reduces  to 

A  kR 


V  = 


kR 


(8.120) 


so  that  the  scattered  field  is  zero  everywhere.  For  the  point  source  on  the  half-plane 
itself  (<t>  o  =  0), 

i{"(n2  +  kR) 


v = 2i  r 

J -s  MRi-R))  s'(n2  +  2kR2) 


(8.121) 


8.5.  Dipole  sources 


8.5. 1 .  Electric  dipoles 

For  an  arbitrarily  oriented  electric  dipole  at  (/>0.  </>0,  r0)  with  moment  (4n:  k)i\ 
corresponding  to  an  electric  Hertz  vector 

ikR 

Il'=t  (8.122) 


w  here 


kR 


c  -  k  sin  0  cos  </>  +  y  sin  0  sin  0-f cos  0 . 


(8.123) 


a  contour  integral  representation  of  the  total  electric  Hertz  vector  is  (Mai.yi/.him  is 


1 


~  / 
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and  Tuzhilin  [1963]): 


fl-— f 

8i7T  Jc, 


where 


+c2  kR( a) 


{f(7T-a-0  +  </>o-0)  cot  i(7r  —  a  —  </> -h 0O)  “ 

-e{n-z~<t>-<l)0  +  <t>)  cot  i(7r-a-4>-<£0)}da  (8.124) 


K(s)  =  {p2+Po  +  2pp0cosat+(2-2o)J}*-  (8.125) 

e(y)  =  £  sin  <9  cos  x-f  sin  0  sin  a  +  f  cos  ©,  (8.126) 

and  Ct  andC2  are  the  Sommerfeld  contours  shown  in  Fig.  8.2.  The  above  expression 
may  be  reduced  to  (Bowman  and  Senior  [1967]): 

II  =  i  [ "/Ks  + — - Hq  ^^^(/sini^o-mcosi^sini^l  + 

L  kyj(pp0)  J 

+P  \mVh - - —  H(q  \kR , )(/  sin  i (j>0 - m  cos  i^0)  cos  4<£~|  +  in V\ 

L  k%(pp0)  "  J 

(8.127) 

where  /  =  sin  0  cos  0,  m  --  sin  0  sin  0,  n  =  cos  0  are  the  directional  cosines 
of  c,  and  Vs  and  Vh  are,  respectively,  the  acoustically  soft  and  acoustically  hard  point 
source  solutions  in  Sec.  8.4.  The  following  symmetry  relation  holds: 


ikR  ikR * 

n(<p)-II{2n-4>)  =  e(-<P)e  ■-  -«(<*>) t~; 

kR  kR 


(8.128) 


The  form  of  solution  (8.127)  is  remarkable  in  that  the  previously-derived  scalar 
solutions  F*and  l/h  are  explicitly  involved  along  with  certain  additive  correction  terms 
which  obey  the  source-free  wave  equations.  If  /  =  m  cot  l<£0,  these  additive  terms 
vanish  and  the  electromagnetic  field  is  determined  by  I  s  and  Vh  alone.  If,  further¬ 
more,  /  =  m  =  0,  the  field  is  determined  by  Vs  only.  In  the  case  of  other  dipole 
orientations,  however,  the  additive  terms  are  necessary  to  provide  the  correct  edge 
behavior.  In  general,  all  the  functions  /7,  E  and  H  are  of  order  p~ *  as  p -+  0.  The 
additive  terms  for  the  Hertz  potential  are  equivalent  to  those  derived  by  Vandakurov 
[1954]  and  are  analogous,  but  not  equivalent,  to  those  presented  for  the  electromag¬ 
netic  field  quantities  by  Senior  [1953]  in  the  case  of  the  vertical  (r-oricnted)  dipole 
and  bv  Woods  [1957],  Williams  [1957]  and  Josls  [1965]  in  the  case  of  the  arbitrarily 
oriented  dipole.  In  these  last  references,  the  electromagnetic  field  quantities  are  ex¬ 
press'd  as  derivatives  with  respect  to  both  source  and  observer  coordinates,  and  the 
consequent  additive  correction  terms  are  not  immediately  derivable  from  a  Hertz 
potential. 

The  components  of  the  total  magnetic  field  derived  by  vector  operationson  II  are 


I'x  =  A3)'  j[;n(r  — r0)  — Ji(y— y0)]/(t  +  [m(r  — r0)  +  »((.r+r, ,)]/«  - 
H'l)(kR  ) 

-2  1  -  1  [( r  —  r0 )( /  sin  cos  l </>.>)  “JV*  :0<>]  vos  i0 

kR  i  \  (ppo) 


(8.129) 
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Hy  =  k3Y  j[n(x-x0)-/(z-zp)]/f-[n(x-x0)-/(z-z0)]/JI.- 
H\'\kRt) 


-2 


[(z-z„)(/  sin  i^0_m  cos  \4>o)-Pon  s'n  i#o]  sin  $<j>  j ,  (8.130) 


kR^Kppa) 

H.  =  k3Y  |[/(y  -  >'0)  -  m(x  -  x0)]/R  -  [Hy + y0)  +  m(x  -  x0)]IR.  + 
+2  -  1  p(l  sin  cos  \<p0)  cos  i<t> ) , 


kRi^(PPo) 


where 


r 

J  -n 


H',n(p2  +  kR)dp 


j  f* 

*’  J-m(/r  +  fcR' 


(p2  +  kR)^Xp2  +  2kR)’ 

('XjS  +  kR')<ili 
(p2  +  kRy(p2  +  2kR') 


(8.131) 

(8.132) 

(8.133) 


and 

m  =  2 1 

/  l<PPo  ( 

1 

m'  =  2 1 

/  fcPPo 

1 

K,+/r 

cos  )(<£  -<t> o)  =  ±  v  {k(R ,  -  R)},  +  for  cos  $(<!>  -  $0 )  ^  0, 


'  =  2 1/ cos  i{<p  +  <t>0)  =  ±s/{k(R, -R%  ±  for  cos  «*  +  *„)  §  0. 

/vj  +/v 

The  above  result,  with  a  slight  modification  of  the  integrals,  has  been  given  by 
Vandakurov  [1954]  in  the  case  //  =  0,  r0  =  0.  The  corresponding  expression  for  the 
total  electric  field  is  considerably  more  complicated  in  form  and  will  be  omitted.  It 
may  be  noted,  however,  that  the  integrals  appearing  in  the  result  are  of  the  type 

T  H's"(p2  +  kR)dn  (X 

J  -m  (p“  -f  fcK)\(,u2  2kR) 

A  representation  of  the  total  electric  field  as  an  eigenfunction  expansion  is 

E(r)=4nkVt(r\r0)-t  (8.135) 

where  #c(rjr0)  is  the  electric  dyadic  Green  function  for  the  half-plane.  In  circular 
cvJindrieal  coordinates  (Tai  [1954]): 

47t  _  .  .  ip  f  -  c  l|Po  v  r  f  I  ~  I .  f 2  <j>  f 2 

^e(riro)  “  .  ~  |  ,  “00  „  j  C  -f  \f)  ^  -  +  + 

k  c<f>  p0  ap0  cp{)l  \  Cfn  z  p  api  Z 

+  i  (C  +L-J)||/>0  t  ' -  J  +io  ( !'*,  •  («-06) 

(  i  Pu(  -0  /*o  *  0u*  *■  o  '*  -o  '  k 
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where 


oc 

0  =  I cos  (imp)  cos  (imp0)  Tin , 

11  =  0 

oo 

u  =  I  sin  (M)  sin  (in<M Tj, , 

n  “0 


(8.137) 

(8.138) 


T'  =  i  f  TT^l  c1'(z  :“l7t[p<  J(kl-t2)]H["[P>  V(fc2 -I2)].  (8.139) 

2k J  -oo  Ar-r 


Fig.  8.18.  Normalized  .adiation  patterns  in  plane  r  --  r0  for  ^-oriented  electric  dipoles  with  <f>0  —  10’ 

and  (a)  Po  -  ‘A,  (b)  Pn  =  2A  (Tai  [1954]). 
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Fig.  8.20.  Normalized  radiation  patterns  in  plane  z  —  z0  for  z-oriented  electric  dipoles  with  <f>0  —  I  O' 

and  (a)  Po  =  t\k,  (b)  Po  -  Ik  (Tai  [1954]). 


Since 


(8.140) 


the  solution  for  a  z  oriented  dipole  (that  is,  £  =  £)  again  follows  immediately  from 
the  point  source  solution.  On  the  basis  of  eq.  (8.136),  Tai  [1954]  has  computed  nor¬ 
malized  radiation  patterns  in  the  principal  plane  z  =  z0  for  .v,  y  and  z  oriented  di¬ 
poles  with  a  variety  of  values  of  kp0  and  (p0 .  A  selection  of  the  data  is  reproduced  in 
Figs.  8.18  through  8.20. 

In  spherical  coordinates  (Tilston  [1952]): 


471 

T 


*Mr0) 


[J  _$?.](  A.  A.  _*0  ^\o+[t 

(sin  0  6(l>  dOiWin  0o  d<p0  PO,,)  I 

0 


+ 


v  o2 
+  +- 
r  Or  00 


r  sin  0  OrO(f>l\  /  r0  0ro 


+ 


-2 


(5 2 

-  + 
00  o 

rr0U 


r0  sin  0it  <V0*w  k“ 


(8.141) 


where  0  and  U  are  as  given  in  eqs.  (8.137)  and  < S.  1 38).  respectively,  but  with  eq. 
(8.139)  replaced  by 


:.rT  y  /  (S  4  2r  *- 


s ; 


Since 


2s  f  2r+  1 
(s  I  X )( V  f-r+  I) 

.  ,{kr.  )  ll['.\(kr  . )  />.  /.(cos  f>)  /\‘4\(cos  0U). 


r , 


•  :  |  ( #*,.  U)  -  \\ 


(8.U2) 


(*.143) 
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the  solution  for  a  radial  dipole  (that  is,  t  =  P0)  now  follows  immediately  from  the 
point  source  solution. 

If  kr  <  1  and  kr0  >  I,  the  representation  in  eq.  (8.141)  is  rapidly  convergent  and 
the  dominant  term  leads  to  (Felsen  [1957]): 


Ai*ro  +  ±in 
£  - 


ai*ro  +  ±ln 


np  sin  0o 


{p  sin  40  +  $  cos  i0} 

X  {(§0  •  t)  COS  0o  sin  i0o+(0o  *  *)  cos  ±0O },  (8.144) 


H  ~  y - V  -  {p  cos  *0-0  sin  *0} 

r0  r  ;rp  sin  60 

x  {(0O  •  (?)  sin  i<t>0  +  (<i>o  *  £)  cos  0O  cos  i0o},  (8.145) 

where 


0O  •  t  =  cos  0o  sin  0  cos  ($0-<f>)-sin  0O  cos  0, 
’  &  =  -sin  0  sin  (0o-0). 


(8.146) 


The  above  equations  make  explicit  the  behavior  of  the  electromagnetic  fields  near  to 
the  edge. 

For  kpp0/Rl  »  1  (source  and  observation  point  far  from  the  edge),  a  convenient 
decomposition  of  the  total  electric  Hertz  vector  is 


n  =  ji8  °  +/id 

where  /7g,°'  is  the  geometrical  optics  contribution  given  by 


(8.147) 


/I*0'  =  ti(n  +  4>0-<t>)e(-<P)—--  -ri(n-<l> 0-4>)e(<P)  —  (8.148) 

ki\  kK 

and  /Id  is  the  diffracted  contribution,  which  is  discontinuous  at  0  =  rc±0o  in  order 
to  compensate  for  the  discontinuities  in  II8  ° .  If  kR{  >  1,  a  first  order  approxi¬ 
mation  to  /7d  is  obtained  by  combining  the  results  of  Tuzhilin  [1964]  and  Macdo¬ 
nald  [1915]: 

nd,  e81**1**"  I  le(-'P)-e(n  +  4>0-<l>-<t>)  _  e(<P)-e(n-<t>„-<t>  +  'P)\  _ 
s'(2nkRt)  2kj(pt>0)  \  cos  k(<l>-<t>o)  cos  +  / 


f  tt/cR,  l  V  {A(K,  4-K)} 

sgn (>r-0o-0)  FtvWR, -«')}]  • 

\  lM“'  !+/<))  I 


(8.149) 


If,  in  addition,  k(Rx  -  R).  k(Rx  —  /?’)'■»  I,  asymptotic  expansion  of  the  Fresnel  inte¬ 


grals  gives 


/;d  ^  _  CiaR,  +  i’T,  _  1  j  1*( 7T  -r  0y  —  0  —  0)  _  *<:r-0u-0  +  0)| 

^(2r.kRx)  2fcN  (/*/»(,)  I  cos  }(0-0o)  cos  J(0  +  0O)  I 


(8.150) 
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8.5.2.  Magnetic  dipoles 

For  an  arbitrarily  oriented  magnetic  dipole  at  (p0,  zo)  with  moment  (4 njk)t, 
corresponding  to  a  magnetic  Hertz  vector 


where 


nl  =  t 


t  -  $  sin  0  cos  sin  0  sin  <P  +  £  cos  0, 


(8.151) 


(8.152) 


a  contour  integral  representation  of  the  total  magnetic  Hertz  vector  is 


/7  =  — I 

8l7WC,+ 


c2  kR(ct) 


—  a  —  <j)  +  <f>o  —  #)  cot  |(7t — a  —  <p  4-  <f>o)  "t* 

+e(n-ct-(l)-(l)0  +  0)cot  J(7i-a--$-$0)}da  (8.153) 


where 


R(a)  =  {p2  +  pl+ 2pp0  cos  a +(z  —  r0)2}  , 
e(a)  =  $  sin  0  cosot-^  sin  0  sin  a  +  £  cos  0, 


(8.154) 

(8.155) 


and  C,  and  C,  are  the  Sommerfeld contours  shown  in  Fig.  8.2.  The  above  expression 
may  be  reduced  to  (Bowman  and  Senior  [1967]): 


It  =  i  /Fh  +  - ^  H(0l)(AR,)(/  cos  i0o  +  m  sin  i$0)  cos  i^J  + 


k\l(t'Po) 


H(0l\kRi)(l  cos  +  m  sin  i^o)  sin  +fnKh, 


(8.156) 


where  /  =  sin  0  cos  </>,  wi  =  sin  0  sin  <t>,  n  =  cos  0  are  the  directional  cosines  of «?, 
and  V 5  and  Kh  are,  respectively,  the  acoustically  soft  and  acoustically  hard  point 
source  solutions  in  Sec.  8.4.  The  following  symmetry  relation  holds: 


n((l>)+n(2n-(t>)  =  e(-<P)  +e(<t>)  . 

a  K  fC/v 


(8.157) 


The  form  of  solution  (8.156)  is  remarkable  in  that  the  previously  derived  scalar 
solutions  P  and  J'h  are  explicitly  involved  along  with  certain  additive  correction 
terms  which  obey  the  source-free  wave  equation.  If  /  =  -/»  tan  J$0,  these  additive 
terms  vanish  and  the  electromagnetic  field  is  determined  by  V%  and  Fh  alone.  If, 
furthermore.  I  m  -  0,  the  field  is  determined  by  l/h  only.  In  the  case  of  other 
dipole  orientations,  however,  the  additive  terms  are  necessary  to  provide  the  correct 
edge  behavior.  \il  the  functions  //,  E  and  H  are  of  order  />  *  as  />  -*■  0. 

The  component  of  the  total  electric  field  derived  by  vector  operaiions  on  U 
are 


w 
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Ex  =  -k3z|[m(z-z0)-n(y-y0)]/it-[m(z-zo)  +  n{j'+yo)]^-  + 

+2  H'  ^.Rt\  [(z-z0)((  cos  i<j)0+m  sin  i<t>0)+p0n  cos  i^0]  sin  i<j>) ,  (8.158) 
fcW(Wo)  > 


E,  =  -fe3z|[n(x-x0)-l(z-Zo)]//t  +  [n(x--xo)-/(z-Zo)]/R— 

“ 2  7~‘  ^  [(z - zo)(i  cos  i<t>0 + m  sin  i<£0) 4  p0n  cos  cos  i<j>) , (8.159) 

kRiyJ(ppo)  ’ 

E,  =  “fe3z|[/(y-y0)-m(x-Xo)]/jt4[/(>’+>’o)+w(*~*o)PR  + 

+2—-^~-  p(l cos  iip  + m  s>n  i0o)  s‘n  i^l .  (8.160) 

w.VW  ' 


where 


and 


Ir  = 


/»»  — 


,,B  H^<y  +  kR)dp 
-m  (p2  +  kR)^{p2-r2kR) 

”  HWit  +  kk’ydfi 
-r.-(fi2  +  kRy(hz+2kR’) 


(8.161) 

(8.162) 


m  =  2  cos  i(^  -  ^0)  =  ±  J{k(R ,-/?)},  ±  for  cos  i(0  -  0O)  £  0, 

r  iv j  -f-K 

=  2  y cos)(4>  +  4>0)  =  ± \{k(Rt  -R%  ±  for  cos  i(tf  +  ^„)  £  0. 

A]+A 

The  above  result,  with  a  slight  modification  of  the  integrals,  has  been  given  by 
Vandakurov  [1954]  in  the  case  n  =  0,  r0  =  0.  The  corresponding  expression  for 
the  tidal  magnetic  field  is  considerably  more  complicated  in  form  and  will  be  omitted. 
It  may  be  noted,  howexcr,  that  the  integrals  appearing  in  the  result  are  of  the  type 

f  ^V4A«)d/( 

J-m(,r  +  kR):s(lr  +  2kR) 

\  representation  for  the  total  magnetic  fie  d  as  an  eigenfunction  expansion  is 

H{r)  =  4r;G*ni(r|ru)  •  *  (8.164) 


uhere  '•  m[r  r„)  is  the  magnetic  dxadic  Green  function  for  the  half-plane.  In  circular 
cylindrical  coordinates  (  f\t  jp;>4)): 
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j  W„>  -  p  £  -i  f  P  i-  -fc  i-l  «*  (#£  +  # 

/c  \P  C0  dpjypn  dQn  dpn)  {  CpOZ  p 


[p  d<j>  dp)  (po  d<t> o  dp0l 

\5z  /II  0po 3z0  Po  d<p0oz0 


JL  +  i  A— 

dpdz  p  d(j)dz 

t'c1  .  .,\1  0 


(U65) 


where  0  and  U  are  defined  by  eqs.  (8.137)  through  (8.139).  Since 


(b  +1’) 0  -  '*• 


(8.166) 


the  solution  for  a  z  oriented  dipole  (that  is,  i  =  I)  again  follows  immediately  from 
the  point  souice  solution.  On  the  other  hand,  in  spherical  coordinates  (Tilston 
[1952]): 


p».Mr0) = \4-n  ^  .y(-g° 

k  Isin  0d6  00Msi 


sin  0o  d(j> o  d0o 


U+  \P 


£♦*■) 


+  _  _£!_  +  i.  JL 

r  drdO  rs’mO  drd(j> 


drndOn 


«  V  _  |  V 

r0  sin  0O  0rod</>o/  k2 


(8.167) 


where  (7  and  V  are  as  given  in  eqs.  (8.137)  and  (8.138)  respectively,  but  with  eq. 
(8.139)  replaced  by  (8.  i 42).  Since 


(8.168) 


the  solution  for  a  radial  dipole  (that  is,  fl  =  P0)  now  follows  immediately  from  the 
point  source  solution. 

If  kr  <  1  and  kr0  >  1,  the  representation  in  eq.  (8.167)  is  rapidly  convergent  and 
the  dominant  term  leads  to 

H  -  - - V  —±.  -  {fi  cos  i <t>-4  sin  *</>} 

r0  '  np  sin  O0 

x  {(d0  •  i)  cos  O0  cos  i<j>0  -  (<fi0  ■  i)  sin  i<p0} ,  (8.1 69) 

Uro  +  tin-i/  jk 

E  Z - y - {p  sin  $$  +  ^  cos  \<p} 

r0  1  np  sin  0O 

x  {(do  •  £)cos  \<t>0-(4>o  ’  *)  cos  0O  sin  )<M.  (8.170) 

where  (0O  •  c)  and  (^0  *  £)  arc  given  in  eq.  (8. 146).  The  above  equations  make  explicit 
the  behavior  of  the  electromagnetic  fields  near  to  the  edge. 

For  kpp0i  Rt  y>  1  (source  and  observation  point  far  from  the  edge),  u  convenient 
decomposition  of  the  total  magnetic  Hertz  vector  i* 

fl  «  fli  o  f/7J  (8.171) 
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where  /7B,0‘  is  the  geometrical  optics  contribution  given  by 

lkR  elkR' 

nt0  =  ri(n+<l>0-  4>)e( — <t)  +ri(it-<t>0-4>)e{<P)-~- 

kR  kR 


(8.172) 


and  W  is  the  diffracted  contribution,  which  is  discontinuous  at  $  =  n±<t>o  in  order 
to  compensate  for  the  discontinuities  in  U'kR{  >  1,  a  first  order  approximation 
to  nd  is  obtained  by  combining  the  results  of  Tuzhilin  [1964]  and  Macdonald 
[1915]: 

cos  i(<j>  -<t>0)  cos  \{<f) + $0)  ) 


J(2nkRt)  2 kJ(Pp0) 

-  ^=ar.  (»<■+*•-«  «vw«.-«m+ 

>) 


+  sgn  (n-<t>0  —  <l>)  ,,7,^-7  F[VW«. -«')/]]•  (8-'?3) 


,  i  A  R ' 

Vl*(Ri+*')} 

If,  in  addition,  k(R{  -  R),  k(R{  -  R) »  I  ,  asymptotic  expansion  of  the  Fresnel  inte¬ 
grals  gives 


JJd  -  - 


i  +  in) 


V(2ir/<R 


|/(«+«Ao-^»-0)  +  e(n—<j>0—<j>  +  <t>)\  {g  ,74j 
,)  2ks/(ppn)  \  cos  K^-'/'o)  cos  i(<H^o)  1 
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The  next  five  chapters  are  concerned  with  bodies  which  are  finite  in  all  dimensions 
and  are.  in  consequence,  physically  achievable  configurations.  With  one  exception 
(the  wire),  the  surface  of  each  body  is  an  entire  coordinate  surface  in  one  of  the  coor¬ 
dinate  systems  in  which  the  scalar  wave  equation  separates:  and  e\en  the  wire,  which 
is  included  because  of  its  practical  importance,  can  be  regarded  as  the  limiting  case 
of  a  prolate  spheroid  as  the  minor  axis  tends  to  zero.  But  only  in  spherical  coordinates, 
and  hence  for  the  sphere,  is  the  vector  wu\e  equation  separable. 

In  general  three  types  of  sources  will  be  treated:  plane  waves  with  arbitrary  inci¬ 
dence  and  polarization,  point  sources  and  electric  and  magnetic  dipoles  arbitrarily 
oriented.  The  wire,  however,  is  again  an  exception  inasmuch  as  we  shall  here  confine 
ourselves  to  a  perfectly  conducting  body  wi*h  an  incident  plane  wave  whose  electric 
vector  is  in  the  plane  of  incidence.  In  each  case  particular  attention  is  paid  to  the  far 
field  scattering  behavior,  and  the  reader  is  referred  to  the  definitions  of  the  far  field 
amplitude  S  and  the  scattering  cross  sections  in  Sections  1.2.4.  and  1.2.5,  respectively. 

In  the  three-dimensional  problems  considered  in  Part  2,  the  differential  acoustic 
scattering  cross  section  g((K  (f>)  is  defined  by 

1”  2 

o(0.  d>)  =  lim  4rr2  ;  (9.1) 

r—  j r  I 

it  then  follows  from  eqs.  (1.27)  and  (9.1)  that  for  an  incident  sound  field  of  unit 
amplitude: 

o(0,  <?)  =  | S(0,  <f>)\2.  (9.2) 

The  total  mattering  cross  section  aT  is  still  related  to  the  bistatic  cross  section  c(d,  <2>) 
b\  eq.  (1.52). 

The  emphasis  put  on  far  field  results  is  justified  not  only  by  the  practical  importance 
of  radar  cross  sections,  but  also  by  the  fact  that  the  near  field  is  obtainable  from  the 
far  field:  the  most  important  results  presently  available  on  tins  latter  topic  are  outlined 
in  the  following.  Let  us  firstly  consider  the  scalar  case.  B\  using  notation  and  results 
of  Settlor,  1.2. 13.3,  the  following  asvmptotic  expansion  is  obtained  (Km.LRetal. 
[195b]): 

1  ^  ^  ^  (ifcp'  V  aJO,  (p)r~l, 

r  nU  t-U 
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where 

at„  =  +  (/§!.«§  1). 

(9.4) 

=  ro(0, <t>)vn[ro(0,  tj>),  0,  <£]  -  £  (n  S  1), 

1=  I 

(9.5) 

a oo  =  ro(0,  <t>)vo[ro(0,  <t>),  6,  <#>], 

(9.6) 

and 

n  1  d  (  .  nc\  1  C2 

sin  0  60  \  00/  sin2  0  00“ 

(9.7) 

is  Beltrami's  operator.  The  quantities  v„  are  those  appearing  in  eq.  (LI  13).  Thequan 
tity  tf00  remains  constant  as  r  varies  on  the  ray  0  =  constant,  $  =  constant,  i.e.: 


ro(0 ,  <t>)vo[ro(0,  </>),  0,  <£]  =  r(0,  </>)r0[r(6,  <£),  0,  <£], 


and  vn(r0, 0,  <t>)  is  the  value  of  vn  at  the  point  r0  on  the  ray  0  =  constant,  $  =  con¬ 
stant.  The  result  (9.3)  is  obtained  by  using  4>  =  s  =  r  and  G(r)  =  r~ 2  in  eq.  (1.116) 
and  by  substituting  the  resulting  i?„'s  into  eq.  (LI  13).  If  the  expansion  (T.  113)  is  given 
on  a  surface  r  =  ro(0,  <£),  i.e.  if  all  the  i?B(r0, 0,  <j>)  are  known,  then  the  asymptotic 
expansion  (9.3)  gives  the  held  everywhere. 

While  expression  (9.3)  is  only  asymptotic,  an  exact  result  has  been  proven  by 
Wilcox  [1956b]  for  the  region  exterior  to  a  sphere  of  given  radius  r  =  rt  that  encloses 
the  scattered  If  V satisfies  the  scalar  wave  equation  (V2  +  k2)V  =  0  in  r  £  rt  and  the 
radiation  condition  at  infinity,  then 


r  n=o  r 


(9.8) 


where  the  series  converges  absolutely  and  uniformly  in  r,  0  and  (j>  in  any  region 
r^r{+d  >r{ .  The  series  can  be  differentiated  term  by  term  with  respect  to  r,  0  and  </> 
any  number  of  times,  and  the  resulting  series  are  all  absolutely  and  uniformly  conver¬ 
gent.  The  quantities  /„(0,  </>)  with  n  >  0  are  determined  from  the  radiation  pattern 
M<K  (j>)  by  means  of  the  formula: 

W.  4>)  =  ~  [nfn-U  +  B]/,.  ,(«.*).  (n  Z  I).  (9.9) 


where  B  is  given  by  eq.  (9.7).  Recursion  relation  (9.9)  can  be  iterated  to  obtain  /„ 
in  terms  of/0: 


Ht).<t>)  =  [(2ifc("n!]-'  n  [»■'"• -l)  +  B]/o(0.4>).  (9.10) 

m  -  l 


Wilcox  [1956a]  has  also  studied  the  vector  case.  If  -4(r)  satisfies  the  vector  wave 
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equation  (V  a  V  a  -k2)A  =  0  in  r  ^  rt  and  the  radiation  condition  (1.20)  at  infinity, 
then 

ikr  x 

*r)-—ZAJLe,4>>-t  (9.ii) 

r  n  =  0 

where  the  series  converges  absolutely  and  uniformly  in  r,  0  and  $  in  any  region 
r  §  rx  +<5  >  rx .  The  series  can  be  differentiated  term  by  term  with  respect  to  r,  0  and 
( p  any  number  of  times,  and  the  resulting  series  are  all  absolutely  and  uniformly  con¬ 
vergent.  The  radiation  pattern  /4O(0,  (j>)  is  tangent  to  the  spheres  r  =  constant;  in 


general 

An(o,  4>)  =  Aje,  W+ajo,  4>)e+Aje, 

(9.12) 

where: 

A  Qr  —  0, 

(9.13) 

iU„=  ~l  [  °-  (sin  0  vl09)+  c^°*l  =  - 
sin  6  L50  d<t>  J 

rV-^o 

(9.14) 

2iknA„+i-r  =  [m(m-1)  +  B].4„.,, 

(n  1), 

(9.15) 

2iknAni  =  [n(n- i)+B]A„.lit+D,An., , 

(»  §  1). 

(9.16) 

2iknA^  =  [n(n- 1)+B]/1„.),#+D^^..I , 

(»  §  !)• 

(9.17) 

B  is  given  by  eq.  (9.7)  and  the  operators  De  and  D+  are  defined  by 

Fe  2  cos  0  dF+ 

cO  sin20  sin  20  £<j> 

(9.18) 

D  p  —  2  £rr  +  2  cos  0  cFe  _  F+ 
sin  0  d<j>  sin2  0  d<f>  sin2 

1 

0 

(9.19) 

with  F  ~  Fr?  +  Fe§  +  F+4>.  If  the  vector  A(r)  satisfies  the  wave  equation  and  the 
radiation  condition,  so  does  the  vector 


B(r)  =  V  a  A(r):  (9.20) 

urthermore.  the  radiation  patterns  A0  of  A  and  B0  of  B  are  related  by 

Bo(M)  «iMAi4o(M).  (9.21) 

All  the  above  scalar  and  vector  results  by  Wilcox  are  valid  for  any  wave  number 
k  such  that  Im  k  ^  0.  The  original  papers  (Wilcox  [1956a,  1956b])  also  contain 
bibliographies  of  previous  works  on  this  subject,  as  well  as  uniqueness  results  and 
theorems  connecting  the  scalar  case  to  the  vector  case. 

A  result  which  is  equivalent  to  expression  (9.1 1 )  has  been  recently  derived  (Weston 
et  al.  [1968];  Weston  and  Boerner  [1969])  in  connection  with  inverse  electromagnet¬ 
ic  scattering.  'Let  us  consider  a  sector  field  A(r)  satisfying  the  wave  equation  and  the 
radiation  condition  and  having  a  radiation  pattern  A0(lh  as  >n  eq.  (9.11):  .4(r) 
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may  represent  a  vector  potential,  or  the  electric  field,  or  the  magnetic  field.  If  r  = 
.vjfc+.i’J +j£,  and  if  the  equivalent  sources  which  produce  the  electromagnetic  field 


represented  by  A  are  confined  within  the  region  rmin 

S  :  S  zml„  then 

/l(r)  =  < 

/\k  c2n 

sinada  e'k'  rA0(*,  p)dp, 

\2nJ0  J0 

1  i k  +  r2* . 

J  sinadaj  ei‘'r^0(a,  fl)dp, 

for  z>znat, 

(9,22) 

where 

for  ..  <  zm jn . 

k’  =  k( sin  oc  cos  P  Jfc  +  sin  a  sin  /?  j>+cos  a  £). 

(9.23) 

Thus,  if  the  radiation  pattern  Ao(0 ,  </>)  is  known  for  all  0  g  0  g  n  and  all  0  g  </>  ^  2n> 
the  integials  (9.22)  give  the  field  everywhere  outside  the  region  rmin  g:  ^ 
which  sandwiches  the  equivalent  sources.  By  rotating  the  reference  axes  (.v,  y,  r),  i.e. 
by  choosing  other  paths  of  integration  in  the  complex  a-plane,  the  field  may  be 
obtained  at  all  points  in  space  outside  the  minimum  convex  surface  which  envelopes 
the  equivalent  sources.  The  analytic  continuation  of  Ao(0 ,  (j>)  in  the  complex  0-plane 
is  given  by  Weston  et  al.  [1968]. 
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Chapter  10 


THE  SPHERE 

D.  L.  SENGUPTA 


The  sphere  is  undoubtedly  the  most  intensively  studied  body  in  diffraction  theory 
It  is  still  one  of  the  very  few  bodies  for  which  an  exact  solution  to  the  vector  problem 
is  available.  Its  solution  has  been  used  as  a  model  for  developing  theories  for  bodies 
of  more  general  shape.  The  scattering  behavior  of  spheres  has  important  applications 
n  many  fields. 

10.1.  Spherical  geometry 

The  spherical  polar  coordinates  (r,  (J,  </>)  shown  in  Fig.  10.1  are  related  to  the 
rectangular  Cartesian  coordinates  (.v,  \\  z)  by  the  transformation 

x  =  r  sin  0  cos  <j>, 

y  •=  r  sin  0  sin  (/>,  (10.1) 

z  =  r  cos  0 , 


hg.  10. 1.  Spherical  geometrs. 
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where  0^r<oo,  0  £  0  £  n  and  0  fa  <j>  <  2n.  The  coordinate  surfaces,  r  =  con¬ 
stant,  are  concentric  spheres  intersected  by  meridian  planes,  <j>  =  constant,  and  a 
family  of  cones,  0  =  constant.  The  z-axis  is  the  polar  axis.  The  unit  vectors  P,  6  and 
$  are  drawn  in  the  direction  of  increasing  r,  0  and  <j>  such  as  to  constitute  a  right- 
hand  base  system. 

The  scattering  body  is  the  sphere  with  surface  r  =  a.  The  primary  source  is  a  point 
or  dipole  source  located  at  (r0,  0O,  <p0 )  or  a  plane  scalar  wave  or  a  plane  electro¬ 
magnetic  wave  (with  polarization  shown  in  Fig.  10.1). 

Definitions,  notation  and  bibliographical  references  to  numerical  tables  for  Bessel 
and  Hankel  functions,  and  for  various  functions  which  occur  in  the  asymptotic 
developments,  are  given  in  the  Introduction.  The  notation  and  definitions  for  the 
spherical  vector  wave  functions  and  Legendre  functions  are  those  of  Stratton  [1941  ]. 
In  particular,  the  following  symbols  will  appear  frequently  in  the  exact  and  approxi¬ 
mate  formulae: 

m  =  (ika)* 

W*)  =  xjn  (x) 

m  =  j-  [.v„«] 

dx 

CV'M  -  Kn(*)]  (io.2) 

dx 

=  WM 

"  C(ka) 

,  =  j„(ka)_ 

"  k"'(ka) 

h  = 

”  CL,r\ka)' 

10.2.  Acoustically  soft  sphere 
10.2.1 .  Point  sources 
10.2. 1 .  i .  EXACT  SOLUTIONS 

For  a  point  source  situated  at  r0  =  (r0,  0O,  <j>0 ),  such  that 

ikR 

V'  =  -  , 
kR 


(10.3) 
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the  total  field  is 

r+r -  if  ifr+iyUJLkrl-aXKkrMKkrJ 

n  =  0  /= 1 

x  {p,(cos  e0)Pn( cos  0)+2^-~  Pfcos  9o)Pj(cos  0)  cos  [!(<£- <M]l  (10.4) 

1  (n  +  0-  1 

In  particular,  for  a  point  source  situated  at  r0  =  (r0,  0,  0),  the  total  field  is 

V'+V*-  if  (2m  +  l)P„(cos »)fti,,(kr>)[Jj(kr<)-fl.fc‘,>(*r<)].  (10.5) 

n~0 

If  the  source  is  situated  on  the  surface  (r0  =  a ),  the  field  V{+  V*  =  0  everywhere. 
On  the  surface  r  =  a: 


(10.6) 


In  the  far  zone  (r  -»  oo): 


V'+V>  =  L.  £  ( —  i)"(2n  +  l)P„(cos  0)[j„(kro)— a„h\,'\kr0)].  (10.7) 

/cr  «=o 

By  using  a  Watson  transformation,  eq.  (10.5) can  be  transformed  into  the  following 
integral  form  (Franz  [1954],  Levy  and  Keller  [1959]): 


r+Fs  =  -  -f  St?)  hl'Xkr*) 

4  Jd  sin  nil 


h'fXkr <)—  ^,,(/cr<)j  dp.  (10.8) 


where  D  is  a  contour  running  from  -  X)  +  i<5  to  x  \-  \d  in  the  upper  half  of  the  complex 
zi-plane  and  parallel  to  the  real  axis  with  6  -*  0.  Similarly,  on  the  surface  r  =  a, 
eq.  (10.6)  can  be  written  as 

1  --  (F‘  +  K*)  =  *  f  (^-H)Pp(-cos  0)  hp  (kr0)  .  (10.9) 

k  dr  2(ka)2jD  sin  itfi  hlJ*(ka) 

Equations  (10.8)  and  (10.9)  are  the  basis  for  most  high  frequency  approximations. 

10.2.1.2.  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  approximations  for  the 
various  quantities  can  be  derived  from  the  exact  results  of  the  previous  section. 


10.2.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

At  a  point  in  the  shadow  region  the  field  is  given  by  (Franz  [1954],  Levy  and 
Keller  [1959]): 


THE  SH1ERE 


V'  +  V*  =  e 


(r-o2)Vo-fl  ) 

exP  {i[‘'„(2rt-0)-iin]}  +  exp  {i[v„0+ii;r]} 


»=,  l+exp(2i;iv„) 

exp  [-iv„{cos~'  (a/r)+cos~'(q/r0)}] 
[Ai(— an)]2 


[1  +0(w  ’2)], 


where 


v„  =  ka  +  zjinmzn~  e* 


'L  +  _*«.  10  +0(m-5), 

60m  1400mJ 


(10.10) 


(10.11) 


with  n  =  l,  2,  3, .  .  .  and  are  the  zeros  v>f  the  Airy  functions,  i.e.  Ai(  —  3fn)  =  0. 
Equation  (10.10)  does  not  apply  on  the  caustics  r  -  a  and  0  =  n. 

For  a  point  in  the  illuminated  region  the  field  is  (Levy  and  Keller  [1959],  Franz 
[1954]): 

1>-V  _imV*"W  sin  or 1  exP  (ifeCO2- )‘  +  (r§-^)*]} 

'P6  (nrr°5,n0)  Jr-aWo-a2)* 

£  exp  [iv  (27r  +  0)-|i7i]  +  exp  [iv  (27r  —  0)  -h irizr] 


«=!  1 +exp(2ivB7r) 

X  exP  r — ivw{c°5~ 1  (a/r)+cos~l(a/r0)}] 
[Ai’(  — «„)]2 


(10.12) 


where  the  summation  over  n  represents  the  creeping  wave  contribution.  FrefI.  is  the 
reflected  part  of  the  field  and  is  formally  given  by  (Franz  [1954]): 

Ken.  =  -O+li  |’(2/f  +  l)^’(0)/i<',(kr>)  k2l(Ar<)-  ^a)  CO'^)]  o/i. 

J0  L  K'Xka)  J  ()013) 

where  the  contour  D  is  as  defined  in  Section  10.2.1.1  and  Q{^\x)  =  i«G^(.v-i0) 
with  Q^x-iO)  as  defined  in  the  Introduction  (see  Section  1.3.5).  An  asymptotic 
expansion  of  eq.  (10.13)  ir,  inverse  powers  of  ka  leads  to  the  Luneburg-Kline  series 
whose  first  term  represents  the  reflected  wave  according  to  geometrical  optics. 
The  creeping  wave  contribution  given  in  eq.  (10.12)  is  not  valid  on  the  caustics 
r  -  u  and  0  0. 

10.2.2.  Plane  w  ave  incidence 
10.2.2.1.  EXACT  SOLUTIONS 


For  a  plane  wave  incident  in  the  direction  0o.  </>0,  such  that 


I  '  =  exp  (iAr[cos  0o  cos  (J  +  sin  0o  sin  0  cos  (0-</>o)]K 


(10.14) 
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the  total  field  is 

V'  +  V  =  £  i"(2n  +  l)[jtfr)-a.hll>>(kr)]  {p„(cos  0o)P„( cos 9)  + 

+  2 1  ^  Pi(<«s  0o)J*J.(cos  9)  cos  [Ifc-*.)]) .  (10.15) 

In  particular  for  a  plane  wave  incident  in  the  direction  of  the  negative  r-axis  the  total 
field  is 


Fjc.  lo..?.  1  he  '>vaUc ring  function  S  a'  a  function  of  0  for  selected  \uluvs  of  ku  for  a  soft  sphere. 
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On  the  surface  r  =  a: 


1  : 

k  cr 


um'+n 


i 

(ka)2 


X 


X(-iT(2n  +  l) 

=  0 


PH(  cos  6) 


(10.17) 


Computed  valuer  of  the  srrfacc  current  a  function  of  0  are  shown  in  Fig.  !0.2  for 
selected  values  of  ka.  In  the  far  held  (r  -*  x): 


S  = 


X 


iK 

»  =  n 


-  \)*(2n  +  \)anPH(cos  0). 


(10.18) 


Computed  values  of  S  as  a  function  of  0  are  shown  in  Fig.  10.3  for  selected  values 
of  ka. 

The  back  scattering  cross  section  is 


a  = 


4tt 

k2 


I  X  ( —  l)"(2n  +  l)a,l3. 


d  =  0 


(10.19) 


The  normalized  back  scattering  cross  section  a  (za2)  is  shown  as  a  function  of  ka 
in  Fig.  10.4. 


f  ik-.  HU  No:-iu!i/cvl  muttering  ».ros>  section  c  a»  a  t'unwtion  of  la  for  a  >oft  -sphere 

iSem-.k 
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The  total  scattering  cross  section 

=~  I(2n  +  l)k|2.  (10.20) 

K  *  =  0 

Figure  10.5  shows  the  normalized  total  scattering  cross  section  aT  (2;r<r)as  a  function 
of  ka. 


cig.  10.5.  Normalized  total  scattering  cross  section  aT/(2aa*)  as  a  function  of  ka  fora  spheie 

(King  and  Wu  [1959]). 


10  2.2.2.  LOW  FREQUENCY  APPROXIMATIONS 
For  a  plane  wave  incident  in  the  direction  of  the  ncgati\e  r-uxis.  such  that 

vl  =  (io.2i) 

low  freqae  icy  expansions  may  be  obtained  cither  directly  or  by  power  series  develop¬ 
ments  of  the  Bessel  and  Hankel  functions  appearing  in  the  exact  solution  (Rayleigh 
[1872].  Morse  and  Feshbach  [1953]).  The  first  three  coefficients  appearing  in  eq. 


(10.18)  are: 

ait  -  iAu[l -ika-\(kaf  +  $\(ka)* +  fj(ka)*-/fi(kaf -Q[{kaf]).  (10.22) 

tf,  -  \\ika)}{\-Uka)2-Yi{ka?  +  0[(ka)6]}.  (10.23) 

*:  =  (10.24) 

where  ka  '  1. 

The  scattering  function  in  the  direction  ()  =  0  is  (Senior  [l%5]): 

S(0)  =  -ka;i-iku-;iA:tf)2-Ji(il-fl)3.i:(k'u)4-iJi(kii)?*0[(A-ii)fc]!.  (10.25) 

Similarly .  in  the  forward  direction  ft  = 

Sir.;  =  -ka,  \-\ka-  Ukaf  -  \iikav  -  ^{ka)*  -\:\ikd)'  -0[ikdf]:.  (10.261 
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The  back  scattering  cross  section  is 

g  ~  47rfl2[l~  Kka)2 +1£{ka)*~\.  (10.27) 

The  total  scattering  cross  section  is 

<tt  ~  4«a2[l-i(A:«)2  +  H(^)4]-  (10.28) 

10.2.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  incident  in  the  direction  of  the  negative  >axis,  such  that 

V'  =  e”'k%  (10.29) 

the  high  frequency  behavior  of  the  field  can  be  completely  determined  in  both  near 
and  far  zones  by  applying  a  modified  Watson  transformation  based  upon  Poisson’s 
summation  formula  to  the  exact  expressions  (Nussenzveig  [1965]).  The  various 
regions  of  space  to  be  considered  are  shown  in  Fig.  10.6. 


\  Geometricot 
\  Reflection 


Fig.  10.6.  Gvometricai  representation  of  the  \  arious  regions  in  space  (Nussenzveig  [1965  j>. 


For  points  within  the  deep  shadow  region,  not  too  dose  to  the  surface  of  the 
sphere  (Livy  and  Kei.llk  [1959],  Nlssinzvlig  [1965]), 


l 


r 


a2  ) i  exp  [i k{r2 -a2  I*] 

*-u:'  [kr  sin  0)* 

.  cxP,iv-V/-ii-)-  expio^-lin 

rviV- 


(10.30) 
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where 

y,  =  2lit-0s  +  0 

St  =  (/  +  1)2tt-(0#+0)  (10.31) 

n-6s  =  sin-1  (a/r)  (Fig.  10.6). 

Eq.  (10.30)  is  valid  under  the  following  conditions: 

jn  <  0  <  n 

(r  —  s) »  am"1  (10.32) 

(*r-|vj)»|vj* 

(7T-0)»(fcfl)"1 


with  v„  and  a „  defined  in  Section  10.2.1.3. 

The  physical  interpretation  of  eq.  (10.30)  is  that  the  incident  rays  at  their  points  of 
tangency  to  the  sphere  launch  a  series  of  surface  waves  emanating  from  these  points. 
These  waves  travel  along  the  surface  with  phase  velocity  slightly  smaller  than  that  in 
free  space.  As  they  travel  along  the  surface,  they  shed  radiation  along  tangential 
directions.  The  angular  damping  factor  due  to  radiation  for  the  dominant  surface 
waves  (/  =  0)  is: 

|exp(iv„v0)|  ~  exp  [-W3  a„m(0,-0)]  (10  33j 

|exp(iv„<50)l  ~  exp  [ -  i\'3  a, m{2n -  (0S  +  0)}]. 


If  0  ^  (n-0)  £  (A'#)'1  (Levy  and  Keller  [1959],  Nussenzveig  [1965]): 
V'+V*  e"*'*m  (fl/r)*  exp  [ik(r2  —  a2)*] 


x  r 


I  =  n  n  =  1 


exp[i\„{(2/+l)Jt— 0o}] 
[Ai  ’( -*.)]*' 


(10.34) 


In  the  lit  region,  sufficiently  far  from  the  shadow  boundary,  the  reflected  portion 
of  the  scattered  field  in  the  region  0  5^  •;  0s  —  m~ 1  is  ( Keller etal.  [1956],  Nussen- 

zvl:g  [1965]): 


I 


/»  _ 
rcfl.  “  ~ 


X 


where 


[ -.7— — 3 7]  exP  s  -  ia  sin >] 

L4s(s  sin  *  +  a  cos  S)J 

1  +  T/"  f*~“  ^  ^4  . ~2  *  '  *  s)  +  V<  (  -  “5  sin  *)  ~ 

2 ka  Lsin3 *  2  sin2  *  cos”  *  2*  'sin  ,  / 

+  Oi(ka)-2]\. 


15,  ,  ,w  .  1 

-6 (cos', )(as) 


2 3  sin  ^  cos  C  (v  sin2  *  +  a  cos3  C)j 


(10.35) 


s  —  r  cos  u  -  Ui  sin  ' 

J  =  1  (r.—0  —  u)  (10.36) 

a 

-  co.s  0  --  u  >. 

/• 


Mil.  U 
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Eq.  (10.35)  is  the  Luneburg-Kline  asymptotic  expansion  in  inverse  powers  of  ( ka)\ 
its  first  term  represents  the  reflected  wave  according  to  geometrical  optics  and  the 
remainder  represents  the  correction  to  geometrical  optics  (Keller  et  al.  [1956]).  The 
physical  interpretation  of  the  geometrically  reflected  field  term  is  shown  in  Fig.  10.7. 


Fig.  10.7.  Geometrical  representation  of  the  reflected  field. 


The  creeping  wave  contribution  to  the  scattered  field  at  a  point  in  the  lit  region 
sufficiently  far  from  the  shadow  boundary,  such  that  m~x  <  0  <  Qs~m~\  is  (Levy 
and  Keller  [1959],  Nussenzveig  [  1 965]): 


c'.“’  /  flM1  exp[ifc(r2_-u2)*]  I 

<2ir)*  lr2-fl2/  (kr  sin  0)‘  I 


ii.y  exp(iv„60) 
•-«  [Ai’(  -a„)]2 


V(_u'V  exP "i  +  i'11)  +  exP (>vn»St - Jin) | 
m  [Ai'(  -  a,)]2  i 


(10.37) 


In  the  range  0  ^  0  ^  (ka)1  (Levy  and  Keller  [1959],  Nussenzveig  [1965]): 


UV».  -  e‘  li,m(a/»i  (  ,)‘cxp  [ik(r2-fl2)‘] 

‘  r‘  -  am  ' 

X  V(-|)'V  «P  ['*,!(/+ (10.38) 
»“  [Ai'( -3t„)]2 

On  the  surface  of  the  sphere.  outside  the  penumbra  region  •'  w"1.  an 

accurate  approximation  is  provided  by  the  Kirchhotf  approximation  [geometrical 
optics)  and  is: 


1 

k 


[  (1  >  s) 
i  r 


1  -  2i  cos  0  exp  (  - \kii  cos  (f) 


for  0  \ r  -f  m 

for  0  ■' 


(10.39) 


10.2 


ACOUSTICALLY  SOFT  SPHERE 


365 


Within  the  penumbra  region  (Nussenzvf.ig  [1965]): 

(p1  +  n - exp  {ifca(0-  $«)}/({),  (10.40) 

*  cr  m\  sin  0 


where  ;  =  m(0-  £7:)  and  the  modified  Fock  function  /(£)  is  defined  in  the  Introduc¬ 
tion.  The  Fock  function /(s)  in  eq.  (10.40)  interpolates  smoothly  the  values  in  the 
lit  and  shadow  regions  on  the  surface  of  the  sphere.  However,  it  cannot  be  employed 
in  the  lit  region  too  far  beyond  (Jtt-O)  -  m~\ 

Within  the  Fresnel  region  and  near  the  boundary  of  the  geometrical  shadow  such 
that  am~l  <>  z  <  am  (Rubinow  and  Wu  [1956]): 


where 

i  =  i  =  (fcr/it)‘(O-05). 

A/0  =  1.2550743e1'* 


(10.41) 


(10.42) 


and  /r(xv/7r)  is  the  Fresnel  integral  as  defined  in  the  Introduction. 

In  the  Fresnel-Lommel  region  (Fig.  10.6)  and  within  the  geometrical  shadow 
(Nussenzveig  [1965]): 


r+r 


where 


/(s,  r,  u,  d)  =  L(u,  r)  +  isF(s,  r,  r): 


L(u,  r)  represents  Lommefs  approximation  (Watson  [1948]): 


L(u ,  v)  =  l0(n.  r)  4-ir,(u,  r). 


(10.43) 

(10.44) 

(10.45) 


where  F0(m,  i  ),  !',(//,  r)  are  Lommel  functions  of  order  0  and  1,  and 


F(s,  f.  r)  =  e1'"  f  Al(ve'")  e-i'V„(!-f.v)d.v  + 

J o  Ai(.vc" 

+  cti«l  Al(')  c‘*V0(r  +  ix)dx, 
Jo  Ai(.ve<") 

where 

s  =  ma  r,  t  =  m(  ;-0) 

u  -  ka2  r  ,  v  =  ka(z-O)  =  tu  s  . 


(10.46) 


(10.47) 


On  the  a\i*»  0  =  z: 


I  1  +  1  *  ^  /K  0,  u.  0)  exp  ifcjr-f  ) 


(10.48) 


366 


THE  SPHERE 


10.2 


where 


/(s,  0,  w,  0)  =  l  +  isje*1*  j  C-  -  e~l5Xdx+e4i*  f  — elSJCdxl  .  (10.49) 

L  J0  Ai(xe“^)  J0  Ai(xe*“)  J  V  ; 

If  r  <  ma  (Nussenzveig  [1965]): 

t /»  ma  ["..  /  a2Y]  £  exp  [ie*in<xnmalr]  _ 

1  + "  '  7  r  r  s)J [ferijr  •  <'**» 

If  r  »  ma  (Rubinow  and  Wu  [1956]): 

V' +  V'  ~  £l  +iM0  y  -M,  ~  +  . . .  J  exp  [i  k  (r+  -  J  J  ,  (10.51) 


where 


A/,  =  0  532 250 36 e*‘\ 


(10.52) 


On  comparing  eq.  (10.50)  with  eq.  (10.49)  it  is  found  that  a  Poisson  spot  of  intensity 
comparable  to  that  of  the  incident  wave  is  evident  at  a  distance  r  ~  ma  from  the 
sphere. 

In  a  region  away  from  the  axis  such  that  r  >  ma ,  0  »  tf/r,  the  field  is  (Nussen¬ 
zveig  [1965]): 


x  j[l+iM0mfl/r-Af,m2(a/r)2  +  .  .  .]Jo[ka(n-0y]- 

-i[l+i M,m2(fl/r)2+  7, [7ca(n-0)]+  . .  .) 

a  I 


(10.53) 


In  the  neighborhood  of  the  axis,  for  r  >  ma,  the  intensity  according  to  eq.  (10.53) 
behaves  like  Jo[ka(n-0)]  times  the  intensity  of  the  incident  wave,  so  that  the  Poisson 
spot  actually  corresponds  to  a  Poisson  cone  of  angular  opening  (ka)~l  (Fig.  10.6). 
In  the  far  zone  (r  x) 


S 


=  Sfef|.  +  Sertl 


(10.54) 


where  Srcfl  is  the  contribution  due  to  the  reflected  field  and  Scr  w  s  that  due  to 
creeping  waves. 

For  0  ^  0  £  n  —  m~ 


(10.55) 


Sfcn - Ufl  exp  [-2 ka  cos  W>]  ( 1  4-  -  1  +...), 

\  2 ka  cos3  W  / 

\  r  . .  *■  I  10.56) 

'sin  O’  i  o  i  i  [Ai  (  -3f„)]’ 
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More  refined  expressions  for  ^refl.  and  5cr  w>  in  the  direction  t?=0  are  (Senior  [1965]): 


Sren.  =  -ikae 


-2  Ika 


1+  —  + 


1 


-5S?-(S?+0C(‘'n)'  (10's,) 


2ka  2  (ka)2  4  (ka)2  ( ka ) 


s«...  =  1)'I  [l  +  ^  -  e-^4  +°('"'6)j 

1=0  «= i  l  15m  175m  J 


— —  +  3Lll2  +0(m-6)|l  . 

60m  1400m3  JJ 

(10.58) 


The  first  three  terms  in  eq.  (10.57)  were  previously  obtained  by  Keller  et  al. 
[1956]  using  Luneburg-Kline  expansion  techniques.  The  leading  term  in  eq.  (10.57) 
is  the  contribution  due  to  geometrical  optics.  The  second  real  term  in  eq.  (10.57)  pro¬ 
duces  a  correction  to  the  geometrical  optics  term  exceeding  10  per  cent  if  ka  <  2.23 
and  the  third  real  term  in  eq.  (10.57)  corrects  the  second  by  more  than  10  per  cent  if 
ka  <  5. 

An  accurate  approximation  to  eq.  (10.58)  based  on  a  single  creeping  wave  alone 
and  for  ka  >  1  is  (Senior  [1965]): 


Sc,.w.  =  -e*1* mka  (l  +  +  0(m"*)}; 

\  15#?r  ) 


1 


xexp 


15m2  '  'I  [Ai'(-ai)]2 

\inka-c~i'*nnnl-ek'K  n%x-  +  0(m“3)j, 

L  60m  J 


(10.59) 


where 


a,  =  2.338  10741  ..., 

Ai'(-*i)  =  0.701  21082.. .. 

The  normalized  creeping  wave  contribution  2Scr  wJ(ka)  as  computed  from  eq.  (10.59) 
is  shown  as  a  function  of  ka  in  Fig.  10.8. 

In  the  transition  region  (n  —  0)  -  m~l  the  scattering  function  is  (Nussenzvcig 
[1965]): 

S  ~  \ik*a2 1*--°)'  + 

\sin  0/  I  ka(n-O) 

4 -nr2  ["  |  Ju[ka(n-0)-c-*'nm(n-0)x]dx  + 

Ldo  Aif.vc"1"’) 


+  1  J0[ka[n  —  0)+  m(z  -  /)).v]d.v 

do  Ail.xe1'*) 


+  .  .  .  + 


+  c-‘iWu|l:-(Yv(_,)-V  00.60) 

‘sin  0/  i- 1  [Ai  (  - r 
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where 


Mc  =  1.255074  3e*'',  M,  =  0.532  250  Se*1', 

M2  =  0.093  521 6,  M3  =  0.772  793  e*",  (10.64) 

Ma  =  1.099  2eiw. 

The  total  scattering  cross  section  is  (Wu  [1956],  Beckmann  and  Franz  [1957]): 

-1-  ~  1  +  0.996 1 53  1 9(<ca)~* — 0.357  649  83(lca) "  t + 0.227  598  2(fca)~ 2  — 

2  no2 

~0.0072753(fca)-S— 0.007443(fcu)-H“  +  . . .  (10.65) 


10.3.  Acoustically  hard  sphere 

10.3.1.  Point  sources 

10.3.1.1.  EXACT  SOLUTIONS 

For  a  point  source  at  r0  =  (r0,  0o ,  <f>Q)  such  that 

^ikR 


v'=Vr' 


(10.66) 


the  total  field  is 

V'  +  V’  =  if  f (2n  +  l)[;„(/cr<)-a;/i',,(fcr<)]/;|11>(*.r>) 

n  =  0  /  = I 

X  [p„(cos  0o)P,(cos  0)+2j^~^  Pi(cos  0o)Pi(cos  0)  cos  [l(d>  -d>0)]l  ■ 

(10.67) 

In  particular  for  a  point  source  situated  at  r0  =  (r0t  0,  0)  the  total  field  is 


V'  +  V'  =  i  I  (2n  +  l)P„(cos  O^tkrMkr^-a'X'Xkr^l  (10.68) 

n  =  O 


On  the  surface  r  =  a: 


r+r  =  -  -  -  f  (2d+i  )p„( cos  o)  h"'}kro) . 

(kaf'.o  h"'(ka) 


In  the  far  zone  (r  -*•  x): 

Akr  < 


t‘+r=  X(-i)"(2n  +  l)P,(cosO)[)„(l:r0)-a)/ii"(fcr0)]. 

kr  »  =  o 


(10.69) 


(10.70) 


By  using  a  Watson  transformation  eq.  (10.68)  can  be  transformed  into  the  following 
integral  (Franz  (1954),  Le  vy  and  Keller  [1959]): 


■  i  ,  ...  I  f  (2/i+l)P „(-cos«)  .,,, 


r'+  r  =  - 


4.'u 


sin  r.ti 


h"\kr>) 


li2»/ i  \  (ka)  v 


d/<. 

10.71] 
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where  D  is  a  contour  running  from  -oo+i<5  to  oo  +  i<!>  in  the  upper  half  of  the  complex 
//-plane  and  parallel  to  the  real  axis  with  <5  -►  0. 

Similarly,  on  the  surface  r  =  a.  eq.  (10.68)  can  be  written  as 


r'+V'  - - !— f 

2(/ca)2Ji 


(2/i-f  l)P„(-cos  0)  hl'\kr0) 
sin  itn  h['y(ka) 


dp- 


(10.72) 


Equations  (10.71)  and  (10.72)  are  the  basis  for  most  high  frequency  approximations. 


10.3.1.2,  LOW  FREQUENCY  APPROXIMATIONS 

No  specific  results  are  available;  however,  low  frequency  approximations  for 
different  quantities  can  be  derived  from  the  exact  results  of  the  previous  section. 


iO.3.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 


At  a  point  in  the  shadow  region  the  field  is  given  by  (Franz  [1954],  Levy  and 
Keller  [1959]); 


V'  +  V  = 

x  £  exp  {i[v.(2«— 0)- jiff]} + exp  {i[i,0+ jig]} 

».=  i  i+exp(2hy0 

exp  [-!v.{coS-'  (a/r)+cos_‘  (a/r0)}]  „  i  ri,  _2, 


MAi  (-/?.)] J 


(1  +0(m~2)], 


(10.73) 


where 


V,  -  ka+t"'mp.-  (fS2 +2i)+  (ft + 63^ 4  A  JA)  f  Of,*' 5 ), 

60  m/?„  1400m3/?; 

(10.74) 


whete  n  =  1.  2,  3, . . .  and  /?„  are  the  zeros  of  the  derivative  of  the  Airy  function,  i.e. 
Ai '(“/*„)  •-  0.  Eq.  (10.73)  does  not  apply  on  the  caustics  r  »  a  and  0  ~  n. 

For  a  point  in  the  illuminated  region  the  field  is  (Levy  and  Keller  [1959],  Franz 
[1954]/: 


V%  = 


V,.„  -i  £  Si.  or* 

k  (r  —  a  )*(r5-o2)* 

x  £  exp  [iv„(  2>H-  0) — Jin] + exp  [iv„(2ir — 0) + Ji»r] 


H  -  1 


1+exp  (2iv,n) 


exp[-iv.{cos~'  (3/r)+ cos' '  (a  r0)}]  r,  +  (vm-in 
/>.[Ai(-/l„j  ]2  ‘  J' 


(10.75) 


0 


60 


9  tn  d«gr««t 


»20 


V 


-1 

tao 


Fig.  10.9.  Surface  field  as  a  function  of  0  for  selected  values  of  ka  for  a  hard  sphere. 
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where  the  summation  over  n  represents  the  creeping  wave  contribution  and  K,u. 
is  the  refivCted  part  of  the  field  formally  given  by  (Franz  [1954]): 

l'„r,  =  +  p><)-  d"’ 

(10.76) 

where  the  contour  D  and  Q{^\9)  are  as  defined  in  Section  10.2.1.1.  An  asymptotic 
expansion  of  eq.  (10.76)  in  inverse  powers  of  ka  leads  to  the  Luneburg-Kline  series 
whose  first  term  represents  the  reflected  wave  according  to  geometrical  optics.  The 
creeping  wave  contribution  given  in  eq.  (10.75)  is  not  valid  on  the  caustics  r  =  a  and 
0  =  0. 


10.3.2.  Plane  n  ave  incidence 


10.3.2.1.  EXACT  SOLUTIONS 


For  a  plane  wave  incident  in  the  direction  0O,  0O,  such  that 

V'  =  exp  {ifcr[cos  0o  cos  9  +  sin  0O  sin  9  cos  (<p  -  #0)]}, 
the  total  field  is 


(10.77) 


V'+r  =  lWn  +  lU(kr)-a'X'\kr)-]  P„(cos  0o)P„(cos  OH 

«  =  0  V 

+  21  \n-~.  Pi(cos  e0)P',(cos  0)  cos  [7(0  -  <j>0)']\  .  (10.78) 

In  particular  for  a  plane  wave  incident  in  the  direction  of *gativc  r-axis  the  total 
field  is 


Y'  +  r  =  t(-i)Vn  +  Wn{kr)-a‘X\kr)-]PH(coiO). 


n-0 


On  the  surface  r  =  a: 


+ ''■  *  iLf  * 1(  SS  - 


{ka)  n = o 


h(„iy(ka) 


(10.79) 

(10.80) 


Computed  values  of  the  surface  field  as  a  function  of  9  are  shown  in  Fig.  10.9  for 
selected  values  of  ka. 

In  the  far  field  (r  -+  x): 

S  =  i£(-l)"(2n  +  lKP„(cos0).  (10.81) 

*  =  U 


Computed  values  of  5  as  a  function  of  0  are  shown  in  Fig.  10.10  for  selected  values 
of  ka. 

The  back  scattering  cross  section  is 

a  =  4!;ii(-1)"(2<i  +  l)a;|J.  (10.82) 

k  *  n-0 


10.3 


ACOUSTICALLY  HARD  SPHLRt 


375 


The  normalized  back  scattering  cross  section  0i(na2)  is  shown  as  a  function  of  ka 
in  Fig.  10.11. 


Fig.  10.11.  Normalized  back  scattering  cross  section  n  irta2)  as  a  function  of  ka  fora  hard  sphere 

“  (Senior  [1965]). 


376 


THE  SPHERE 


10.3 


The  total  scattering  cross  section  is 

f  (2n  +  lK|J.  (10.83) 

k  h  =  o 

Fig.  10.12  shows  the  normalized  total  scattering  cross  section  aT/(2na2)  as  a  function 
of  ka. 

10  3.2.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  incident  in  the  direction  of  the  negative  z-axis  such  that 

V{  =  e"‘*z,  (10.84) 

low  frequency  expansions  may  be  obtained  either  directly  or  by  power  series  develop¬ 
ments  of  the  Bessel  functions  appearing  in  the  exact  solutions  (Rayleigh  [1872]). 
The  first  three  coefficients  appearing  in  eq.  (10.81)  are 

a'o  =  1  -  j(ka)2  -  $\(ka)3+j(ka)*  +  0[(ka)5]), 

a\  =  -ii(M3{l-TTi(M2  +  ii(*‘'<j)3+T8(fefl)4  +  0L(M5]}. 

a'z  =  —  TTs'(frfl)5{2~  +  0[(fca)3]}, 

where  ka  ■<'  l . 

The  scattering  function  in  the  direction  0  =  0  is 

S(0)  =  -4(fcfl)3{l-m(fefl)2-Toi(fca)3  +  0[(l.fl)4]). 

Similarly,  in  the  forward  direction  0  =  n\ 

S(n)  =  J(A.a)3{l  +  ^{ka)2  +ii(ka)’  +  0[(fca)4]}. 

The  back  scattering  cross  section  is 

a  =  -95-na2(ka)A { 1  -  \  5 ( ka )2  -f  0[(ka )4] } . 

The  total  scattering  cross  section  is 

aT  ~  ]na2(ka)*. 

10.3.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  plane  wave  incident  in  the  direction  of  the  negative  r-axis  such  that 

p  =  e",k\  (10.92) 

the  high  frequency  behavior  of  the  field  can  be  completely  determined  in  both  near 
and  far  zones  by  applying  a  modified  Watson  transformation  based  upon  Poisson's 
summation  formula  to  the  exact  expressions. 

For  points  within  the  deep  shadow  region,  not  too  close  to  the  surface  of  the 
sphere  (Levy  and  Keller  [1959]), 


(10.85) 

(10.86) 

(10.87) 

(10.88) 

(10.89) 

(10.90) 

(10.91) 
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V'+V*  ~  m  (-J~— 2) 
(2k){  \rl-a2! 


where 


a 2  \*exptiWr2-n2)*] 

-a1)  (Arsinfl)* 

x  y  ( _  i y  y  exP(ii«yi+lilt)+exP(i,Vi-a»0 

to  /?„[Ai{-/?„)]2 


y,  -  21k~()s  +  0 
01  =  (/+  1  )27T  —  (Os-f£i) 
7i  —  0S  —  sin"1  ( ajr ). 


(10.93) 


(10.94) 


Eq.  (10.93)  is  valid  under  the  following  conditions: 

]7r^fls<ft<7r 
(r-<i)  >  am~  1 

(*r- IM)>|vJ' 

(tt-0)  >  (Ac;)" 1 


(10.95) 


with  v„  and  /?„  as  defined  in  Section  10.3.1.3. 

The  physical  interpretation  of  eq.  (10.93)  is  that  the  incident  rays  at  their  points 
of  tangency  to  the  sphere  launch  a  series  of  surface  waves  emanating  from  these 
points.  These  waves  travel  along  the  surface  with  phase  velocity  slightly  smaller  then 
that  in  free  space.  As  they  travel  along  the  surface,  they  shed  radiation  along  tangen¬ 
tial  directions.  The  angular  damping  factor  due  to  the  radiation,  for  the  dominant 
surface  wave  (/  =  0)  is 

|cxp(iv„;o)l  —  exp  [—  iN  3 PM0>-0)], 

( 10.96) 

|exp(ivA)|  -  exp  [-  JN  3jin m {2n -(fls -0)}]. 

If  0  ^  (n-0)  %  (Ac;)  1  (Levy  and  Killer  [1959]): 

1  '+  P  (fl/r)1  exp  [iA(r2 -a2)1] 

'  r*  —  cj*/ 

x  i(-D'i  exp °-o}-  Jol^ - °)i-  o°-97) 

In  the  lit  region  sufficiently  far  from  the  shadow  boundary,  the  reflected  portion 
of  the  scattered  field  in  the  region  0  ^  0  <  0,-w"1  is  (Keller  et  al.  [1956]): 

1» _ r.,,  ,  .  i  fl  +2  sin2  C 


c/‘  sin*  s 


4s(v  sin 2  s'  +  a  cos3  *) 


exp  [\k(s~  la  sin  {)]  1  - 


2ka  L  sin  £ 


-  .  (.i/s)- -5sind(a/s)J-  '^{sin2C-  i)(o,s)J- 

2  sin*  ,  cos*  v  2  \sm  s  /  2 

.]  +0[M-2]}.  U09S 

2  ( s  sin  ,  r  u  cos  O  sin  >  cos  *  J  } 


(10.98) 
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s  =  r  cos  \v-ia  sin  £ 

C  =  i(7r-0-w) 
a 

sin  >v  =  ~  cos  i(7r-0-w). 


(10.99) 


Eq.  (10.98)  is  the  Luneburg-Kline  asymptotic  expansion  in  inverse  powers  of  ka\  its 
first  term  represents  the  reflected  wave  according  to  geometrical  optics  and  the  re¬ 
mainder  represents  the  correction  to  geometrical  optics.  The  physical  interpretation 
of  the  geometrically  reflected  field  term  is  shown  in  Fig.  10.7. 

The  creeping  wave  contribution  to  the  scattered  field  at  a  point  in  the  lit  region, 
sufficiently  far  from  the  shadow  boundary,  such  that  m~x  <,()*&  Qs-m~l ,  is  (Levy 
and  Keller  [1959]): 


e  - 1  in 

- m 

(2n)* 


a2  V  exp  y  exp(iv„<30) 

r2-a2/  (kr  sin  U)i  \  »“  )?„[Ai( -/)„)]2 


+  y ,_,yy  exp(iv,v,+|iR)+exp(iv.<5|-li#) 

/'.[Aif  —  /?„)] 2 


(10.100) 


In  the  range  0  g  0  ^  (Ac/)  '1  (Levy  and  Keller  [1959]): 
~  “  ^,)  exp [i/c(r2-a2)4] 


x  i(- \fi cxp (10 101) 

i  =  o  n=i  A,[Ai(  -/?„)]* 


In  the  far  zone  (r  -►  */)): 


^  ~  ^rcfl.  ^cr.w., 


(10.102) 


where  ^rcfl.  is  the  contribution  due  to  the  reflected  field  and  Scr>w>  is  that  due  to 
creeping  waves. 

For  0  0  <  7r-w"\ 


•/  i  |  *  »  1  +2  cos:  \ 0  1 

2>rcf  i  ^  w;a  exp(— 2iKfl  cos  }W)  I—  +..., 

1  2ka  cos  j0  I 


(10.103) 


s.„.  -  (  9  V  (10.104) 

Vsin0/  /  -  o  n  =  I  />„[Al(-/Oj 

More  refined  expressions  for  5rcf,  and  .VCf  W  in  the  direction  0-0  are  (Senior  [1965]): 


S'n  =  Hue-2'*"  1  — 


5  ,  +  25‘  ,  +  "  +0[«u/)'5j|  .  (10.105) 

I  2ka  2{hi)-  4(kn)s  (ku)*  I 
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at* 


(-iyf  (l+  ~-in2m3n-2\)- 

1=0  »=i  60m  (in 


x  exp  [" i(2/  4-  l)n  { A.o  +  e*inmPH  —  -£-—(fi!+21)  + 
L  l  60mBn 


+ 


'-3-3(^  +  63A3+^1)4-°(m“5)|  . 
3m3/L3 


1400m  /?„ 


(10.106) 


The  first  three  terms  in  eq.  (10.105)  were  previously  derived  by  Keller  et  al.  [1956] 
using  the  Luneburg-Kline  expansion  technique.  The  leading  term  ineq.  (10.105)  is  the 
contribution  due  to  geometrical  optics.  The  5-term  expression  for  Srefl.  shown  in 
eq.  (10.105)  is  accurate  for  values  of  ka  of  order  10  or  greater,  and  continues  to  be 
fairly  accurate  down  to  ka  ^  5.  For  ka  <  3  a  3-term  expression  obtained  by  omit¬ 
ting  the  terms  (A:tf)"3  and  (Ad)'4  in  eq.  (10.105)  should  be  used. 

An  accurate  approximation  to  eq.  (10.106)  based  on  a  single  creeping  wave  alone 
is  (Senior  [1965]): 


S, 


-mkaeiin  j  1  +  (32/if-2t)  +  0(m'4)! 

I  60  nr  B:  ) 


M  Ai(-/i,)]2 


xexp  [inka-e'^’nmli,  -c*’*  ~  (/if  +  21)  + 

\  60  infix 


(10.107) 


where 

fix  =  1.01879297..., 
Ai( -//,)  =  0.53565666.  . .. 


In  the  forward  direction  0  -  n  the  scattering  t unction  is  (Beckmann  and  Franz 
[1957]): 


S(rr) 


rdr 

fll["(ku) 


,+ka  ♦  /  e  $  ’  * 


VUl^ka) 


ka 


Vll['\ka) 


vdv-2 nk  V  C. 


c2i^n  " 

1  +  e:i^v"J ’ 


(10.108) 


V  s 


c(kn) 


1 

2 ka  ' 


where 
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c„=  -mVJi"[l+-J1 (32ft’- 21)- 

n  l  60m  Pi 


■2ft 


-  -i^(i4rfl:+iSi)+OCm— )}■ 

in  ft 


2.  (10.109) 


1  ft[Ai(-ft)] 

The  total  scattering  cross  section  is  (Beckmann  and  Franz  [1957],  Wu  [195*5]): 


2na 


^  =  1  -0.8642(fen)_i  -  1.0052(fca)"4/3  +  0[(fca)~:  j.  (10.110) 


10.4.  Perfectly  conducting  sphere 


10.4.1.  Electric  dipole  sources 

10.4.1.1.  EXACT  SOLUTIONS 


For  an  arbitrarily  oriented  electric  dipole  located  at  r0-  (r0, 90,  0O)  with  moment 
(47T£/A*)£,  the  total  electric  field  is 

E\r)+E\r)  =  4nkVt(r\ru)  •  i,  (10.111) 

where  £  is  an  arbitrary  unit  vector  and  #c(r|r0)  is  the  electric  dyadic  Green's  function 
for  the  sphere  (Tai  [1959]): 


•*« (r|r0)  =  f  1  t  ^±\  J"  {Mj«(r)[M^r0)-«.M"lKr0)]  + 

+  Kt:(rWl'Jr0)  -  fl.  *Or0)]  +  JVjii(r)[JV  ^(r0)  -  bm  JV*«(r0)]  + 

+  ^(rK(«-o)-/>„^’(r0)},  for  r  >  r0,  (10.112) 

»>k„)  =  f  tie,  -2b- + '  —)!  {[M.^(r)-  a„M<3»(r)]M^(r0)+ 

4^  n  i  w - o  n(n  +  l)  (kt/ii)! 

+  [i»Or)  -  M««(r)]»Or0)  +  [lOr)  -  ft  iVi^(«')]^U>- K)  + 

+  t^(r)-h„iV^(r)K3’K)}.  for  r  <  p0.  (10.113) 


where  the  vector  wave  functions  are  (Stratton  [1941]): 

'&)  =  +  Z^U^cos  <>)”"  m<j>6-7JJ'(kr)  cP^  in**,  (10.114) 

o  sin  0  COj  iv  sm 


\o»  =  "('?+  1 J  Z‘J'(kr)P:<MS  0) C°S  m</>  f  + 
o  Ar  Mn 

+  .'  *-  [rZiJ''(fcr)]  ^  ft(cos  (I)  ^  m<t>  0  + 

kr  cr  cO  s,n 

+  ,  mr-  ?  [r^''(fr)]/C(cos(^'n  m^^, 
Arsintf  rr  ^os 


)  =  1  or  3.  and  Z'.'  '(.v)  =  ),(  v).  /^’(.v)  =  ft'  *('). 


(10.115) 
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In  the  particular  case  of  a  z-directed  electric  dipole  at  r0  =  (r0,  0,  0)  with 
moment  (4nelk)it  the  incident  fields  are 


pi  _  e  [~(r  cos  6  —  r0)(r -  r0  cos  0)  /  3  _  3ifc  _  \ 

'  ~  kR  L  R  W  R5  R ) 

+  (£  '  i) 

e>tR  r(r c°s ^  ro Vo  n  _  3i*  _  k2\  _  it  +  i  _fe2i  sin9> 

\K3  K2  R/  R  R2  J 


cos  0  +  k 


2  cos  , 


Ei  = 


L 


Hl+  =  -ifcV  (r-r°  cos  0)  +  ro  ^  ~ -  J  cos  0  sin  0,  (10.116) 

£•-//;  =  //;  =  0. 

The  total  fields  are  (BbLKiNA  and  Weinstein  [1957],  Jones  [1964]): 

E'  +  E*  =  i k2 1  (2n  +  1  )[WAT0)-hnCi,)(/crc)] 


«=  i 

X  ^)[kr)n<:0S  0)f+  t  ^"'{kr)  CP~~  ej .  for  r  >  r0. 

(10.117) 

1 


H+H'  =  -k2Yl  (2n  +  l)~'-)2  [*,(fcr0) Wo)] 

for  r  >  r0  , 


»-<  (kr0)2 

Cn'(kr)  tP„(cos  0)  , 


At 


('0 


(10.118) 


E‘  +  E'  =  i^X(2«  +  i)c"(^)  + 

(kr0)2  L  (Ar)2 


it  -  1 


Ar  ,() 


for  a  g  r  <  r0,  (10.119) 


H  +H'  =  -k2)  t  (2«  +  l)S \  {krf  '  -[Mkr)-b^Xkr)Y  P'(C™0)-4. 

( kr0y  kr  c() 


n  =  ! 


for  a  ^  r  <  r0.  (10.120) 

For  a  dipole  on  the  surface  (r0  =  a)  the  magnetic  field  on  the  surface  is 

C:\ku)  tPJLcosO)  1 


H'  +  H'  =  V(2nrl)^ 


<t> 


( ka )’  <0  ;i"(ko) 

and  the  far  field  is  (Belkina  and  Wi.issti.in  [1957],  Sommerfeld  [1949]): 

//  J  ik 

E,  =  "*=-k:e  7(0). 

V  kR 


(10.121) 


(10.122) 
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where  the  pattern  function  T(Q)  is 

T(0)  =  exp  (i ka  cos  0)  £  (-i)"(2n  + 1)  ,±-  .  (10.123) 

(ka) C*  (ka)  30 

T(0)  is  shown  as  a  function  of  0  for  various  values  of  ka  in  Fig.  10.13  The  function 
T(0)  also  gives  the  radiation  pattern  produced  by  an  annular  symmetric  slot  on  the 
sphere,  provided  its  radius  is  small  in  comparison  with  the  wavelength  and  the  radius 
of  the  sphere.  Such  a  “magnetic  ring’*  is  equivalent  to  a  radial  electric  dipole. 


0  60  120  100  o  CO  no  i»0 


6  m  d«gre«s 


0  >n  d*grt*t 
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For  an  x-directed  electric  dipole  of  moment  (4 Ktk)k  located  at  r0  =  (r0.  0,  0) 
the  incident  field  is 


,  =  e“R  [Mr-  r0  cos  0)  l  3_  _  3jk  _  kh  ik  _  _1_  21 

'  kR  L  R  U5  R2  rJ  +  R  R1  +  J 

,i  e'**  f rr0  sin  01 3  3i*  k2\  .  i:k  1  . 2 

i  =  —  — - -5  -  -r  -  - 1  S’n  U  +  I - +k 2 

kR  L  R  \R3  R2  rJ  PR2 


sin  6  cos  4 >. 


£i  _  e  [rro  sin  0  /  3  _  3iA 


cos  9  cos  <£. 


I  Iff  -  1  -- ;:2]  sin  4> , 

*  kR  LR  R1 

_  j  v.  c'kR  file  n  . 

H ,  =  i/cV  —  - —  r0  sin  0  sin  </>, 

A/?  LR  R‘J 

f/i  =  -ifcV— -■  |  — — M  (r  cos  0-ro)  sin  0, 
fcR  '  R  RV 


(10.124) 


e“*/ifc  1 


//l  =  - \k  Y  6 ■—  ( 1  -  r )  (r  cos  9- r0)  cos  0. 
A.R  \R  R2/ 


fie  H«.l  V  Amplitude  t  )  and  pha>c  ( - i  of  the  far  field  component  u->  functions  of  fi 

procured  b>  a  radial  e'eUnc  dipole  located  on  the  surface  of  a  conducting  sphere  fo*  different  values 

of  ku  < Belkin  \  and  Wei\stun  (1957)). 
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and  the  total  field  is 


T  +  r  =i k*l  ±  [{Wfcr„)-«.Jl,,(fcre)}Mi»yr)+ 

*=  1  n(n+  1)  kr0 


+  {^(^o)~^Ci  '(fcro^iVitiCr)],  for  r  >  r0  f 

H‘  +  IT  =  *2yf  A?l±i  A-  [{Wfer0)-a.Ci‘'(fcr0)}^:(r)  + 

«.=  t  n(n  + 1)  Kr0 

+  {W<.''o)-i>.Ci"’(fc'-o)}M^i(r)],  for  r  >  r0. 


£'*F  =  ifc2  £  ^-VMM')-aMMC:'(kr0)+ 

«=  i  n(n  + 1)  Kr0 

+  W.«r)-fc.iVl»Kr)}Cll»’(*r0)]f  for  r  <  r0. 


H  +H'  =  fc*vf  Alt'-  ~  [{Aii:(r)-o.iViU(r)}Ci,’(fcr0)+ 
•=  i  n(n  + 1)  Kr0 

+  {M|Ji;(r)-fc.M^(r)};i,,'(fcr0)],  for  r  <  r„. 


(10.125) 


(10.126) 


(10.127) 


(10.128) 


In  the  far  zone  (r  -♦  x)  the  components  of  the  total  field  are: 


V  7  rj  T  2  ^  1  T"  /  >v,  2k4,1  * 

E,  =  ZH*  =  fc  —  cos  <f>  y_  (-if  - - -  — 

kr  m=i  n(n  +  l;  kr0 

*  f{Wkr0)-«.Ci,,(fcr0)}^2^.)  +  Wkr0)-bm?.'y(kr0)} 1  P"(~— ]  . 

L  sm  9  cO  j 

(10.129) 

c,kr  .  ,  /  -\d  2 n  4-1  1 

t4  =  -Z//,  =  Jr  — sin</>X(-i)  — - -  -- 

Kr  *  =  i  n(n-f  1)  fcr0 

X  r^jfcr0)-a.fi,Vkr0)}^^+i{Wfcr0)-fc.Cl,*,(fcr0)}  . 

L  c0  sm  0  J 

(10.130) 

For  a  ^’-directed  electric  dipole  of  moment  (4xclk)$  situated  at  r0  -  (r0,  0,  0) 


the 

incident  field  is 

£*; 

eUR 

rKr~r0  cos  9) 

(A- 

3i/c 

"  Vr 

L  K 

n  2 
rv 

£i 

e,k* 

[>r0  sin  0 

(A- 

_  3i* 

F 

’  /iK 

L  R 

'k3 

K:  " 

K 

tlkR 

mik  1 

+*‘l 

COS  <£. 

"  AK 

_K  /?2 

«;  =  |  rO  '>0  0  COS  <t>, 

kK  K  r* 


(10.131) 
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H'9  -  -  i kY  - —  (  r  -  -- \  (r - r0  cos  0)  cos  (f> , 

ikA  -  *  | ,  i  \ 

//i  =  — j - j  (r  cos  0-ro)  sin  <£, 

Art  \*  R2/ 


and  the  total  field  is 

E,J-r  =  -ik2f  *L±L  ±Wj[kr0)-a.i:l,Xkr0)}M, 

*=i  h(pH-1)  kr0 

-:«fcr0)-i..;i"(fcr0)}^i(r)],  for  r  >  r0 ,  (10.132) 

H'-HT  =  k2Y£  -i-r{WEr0)-fl.Cl"(kro)}V,iUr)- 

«=  i  n(n  + 1)  kr0 

-W.(kr0)-b/“Hkr0)}\il]'n(r)l  for  r  >  r0 ,  (10.133) 

r  +  F  =  -iff  — ' J-  -- [{.Mi;i(r)-a„M:>)};:"(l:r0)- 

«  =  i  n(n  + 1)  kt0 

-  ; -'ll i( r) -  fc, > 'i u( r) { ;1  ‘ fc r0 )] ,  for  r  <  r0  ,  (10.134) 

h‘-h’  = 

«=  i  n(n  +  1;  kr0 

for  r  <  r0.  (10.135) 

and  in  the  far  zone  (r-+  x): 

r  7  u  ,2  *lhr  •  ^  v-  2n  + 1  ,  .  „  1 

Ee  =  Z//*  =  k  —  sm  $  >  - (  -i)  - 

/cr  «  =  in(n  +  l)  A:r0 

X  '  ,Un(kr0)  — aH^H  (kr0)f  -  -  —  li¥n\^ro)~’ ^n'ln  (  ^  r0 )  I  „ 

sint?  tO  J 

(10.136) 

r  7„  f*e,fcr  *  2n-l  ,  ..  1 
£#  =  ~ZH$  =  k  cos  <p  V  -  -  -  (  —  i ) 

kr  »iMn(n-l)  krtt 

y  :i/,(tr1.)-a.;:"(kro);  <P-k0S,,)  ~\Wkr0)-b,-"{kr0)}  P'(C°Sf)]  . 

(0  sin  6  J 

(10.137) 


(10.133) 


(10.134) 


(10.135) 


10.4.1.:.  LOW  FREQUENCY  APPROXIMATIONS 


For  a  r-directed  dipole  situated  at  (a,  0,  0)  on  the  surface  of  the  sphere  (Bel¬ 
kina  and  Weinstein  [*957] ): 

7(0)  ^3  sin  0.  as  ka  -  0.  (10.138) 


Thus,  to  this  approximation,  the  moment  of  the  electric  dipole  is  increased  by  a 
factor  3,  No  other  specific  results  are  available.  However,  low  frequency  expansions 
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may  be  obtained  by  using  the  small  argument  approximations  of  the  Bessel  functions 
in  the  exact  expressions  given  in  the  preceding  section. 

10.4.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  the  z-directed  electric  dipole  situated  on  the  surface  of  the  sphere,  the  far  field 
pattern  function  T(0)  is  (Belkina  and  Weinstein  [1957]): 

iia  cos  0 

T(0)  ~  for  in  <  0  <  jr-w-1, (10.139) 

N  sin  0 

T(0 )  -  2NR»iVi,‘a+1"'el‘“”,*(~)1’ 

Vsin  0 / 

xJil''\(*-0)]g(imn)9  for  jr-m”1  £  0  £  n,  (10.140) 

where 

i  =  m(0-i^), 

ii  =  w(Jk-0),  (10.141) 

Vj  =  fcfl  +  me>ix/?j+0(m"1), 


with  Pi  and  the  modified  Fock  function  g(Q)  defined  in  the  Introduction.  In  the 
range  m~l  0  <,  (Belkina  and  Weinstein  [1957]): 


Fig.  10.14.  Amplitude  and  phase  of  the  far  field  component  Ed  as  functions  of  ft  produced  by  a 
radial  electric  dipole  located  on  the  surface  of  a  conducting  sphere  for  ka  10.  <  i  exact  and 
( - )  approximate  (Belkina  and  Weinstein  [1957]l 
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m  =  ,({.),  (10,142) 

N  sin  6 


where 


{'  =  -m  cos  0. 


In  the  range  0£  0£  m~K  T(0)  is  approximated  by  the  first  term  in  eq.  (10.142). 
In  the  limi*  of  geometrical  optics: 


2  sin  0 ,  for  0  <  0  < 

0,  for  \n  <  0  <  n. 


(10.143) 


The  approximation  to  T(0 )  given  by  eqs.  (10. 1 39)— ( 10. 143)  is  compared  with  the 
exact  value  given  by  eq.  (10.123)  in  Fig.  10.14. 

10.4.2.  Magnetic  dipolesources 
10.4.2.1.  EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  magnetic  dipole  of  moment  (4 njk)c  located  at  r0  = 
(r0,  0o »  9o)y  the  total  magnetic  field  is 


H'(r)+fT(r)  =  4nk&m(rjr0)  ■  £, 


(10.144) 


where  £  is  an  arbitrary  constant  unit  vector  specifying  the  dipole  orientation  and 
Vm(r\r0)  is  the  magnetic  dyadic  Green's  function  for  the  sphere  and  is  given  by  (Tai 
[1954]): 

^(nr0)  =  f  i  i  {1V^(r)[Nii>(r0)-«„.\li!,(r0)]  + 

4 71  n  =  i  m~o  n(n  +  1)  (n  +  ni)! 

+  ^(r)[/V^(r0)-a„iVii'„(ro)]  +  MJMaCK)  -  + 

^.VC„(rpOr0)-bnMi>0)]},  for  r  >  r0 ,  (10.145) 

=  f  I  i  «.  ;"  +  ',  ![^:(r)-0„^(r)]N:^(r„)  + 

4/s  n  i  o  #f(n  + 1 )  (m  +  w)! 


+  Mr)  -  «,JV^(r)]JOro)  +  + 

+  [M^(r)-b„.Vf^’(r)]M”:(r0)},  for  r<r0.  (I 


(10.146) 


In  the  particular  case  of  a  r-directed  magnetic  dipole  at  r0  =  (ro,0,  0)  with 
moment  (An'k)i  the  incident  fields  are 

i  •  c'kR  Rr  cos  0-  rv)(r-rt)  cos  0)  /  3  3\k  k2\ 

kR  L  R  */?■  R2  Rt 

^  )  cos  o  *f  k 2  cos  0  ]  , 

\R  R-f  J 


388 


THE  SPHERE 


10.4 


Hi  =  ^  (” ( rcos_0— Tq ) /  3  _  3fc  _  kh  _  i k  1  _fcf|  sin  (10.147) 

kR  L  R  \.R3  R2  R  /  R  R2  •  J 

E* =  ikZ  1r  [(^  ■  '£)  (r~r° cos  0)  +  (r  "  j?)  r° cos  °] sin  0> 


h;  =  e;  =  £*  =  o, 

and  the  total  fields  are 


H'+H'  =  ik2  f  (2»+  1)  ty#r)-fln^>(fcr)}P„(cos  0)>  + 

"=i  (^r0r  L  (kr) 

+  •  {W*c»,)-fl.Ci'),(kr)}-^^S-- il  ,  for  a%r<r0,  (10.148) 

kr  cO  J 

F  +  F  =  k2ZZ(2n  + l)^^o)  -1  [*.(fcr)-fl.Ci,,(M-^~-®- 4>. 

*=l  (kr0)  £0 

for  fl  ^  r  <  r0,  (10.149) 


+  i«r) ?*?-«> *].  for  r>„. 

/vT  £0  J 

E'  +  F  =  /<2Z  I  (2/,  +  -  "{l°s  0)  l 

n = 1  kr  oO 


(10.150) 


for  r>r0.  (10.151) 


In  the  far  zone  ( r  -*  oo): 

ikR 

H0  =  -rf  =  \k2  eitrocos0 
kR 


.  =  ~YE*  =  i*2  *  eil'» 9  £  ( -!)■[*„(  kr0) - a^'  '(kr,,)]  0) .  (10  152) 

C  V 


For  an  .v-directed  magnetic  dipole  located  at  r0  =  (ro,0,  0)  with  moment  (4/r/k)$ 
the  incident  fields  are 


III  « 


c'kK  \ 

~r(r-rn  cos  0)  i 

'  3 

3i  k 

k2\ 

kR  ! 

R  \ 

J?3  ~ 

R2 

r)  + 

ciiR 

[ rru  sin  0  /  3 

3ik 

k2] 

|  sin  0  -F 

kR 

L  R  (r3 

R2  " 

R) 

+  -  ,  -ik2  sin  0  cos  0, 


e,4R  ,  ,k  1 


kR  L R  R2  J 


sin  <j). 
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E'r  =  —\kZ  C  -  M  r0  sin  0  sin  </>, 

AK  \K  R2) 

E'e  =  i/cZ  ^ — M  (r-r0  cos  0)  sin 
fci?  '/?  /?  / 

£;  =  iAZ  ('*  -  (r  cos  0 - r0)  cos  <fi, 
kR  \R  R  / 

and  the  total  fields  are 

H'  +  H'  =i k2f  “-—P— —  i(r)}  + 

i»®  i  n(n +  1)L  Ar0 

+  C"7-r°-){M^I(r)-6ilM<?:(r)}l>  for  r  <  r0, 
Ar0  J 

£+£’  =  -A2Z£  v~J-7(~?){*»i!^r)-a.ill‘Wr)}  + 
«=i  n(n  +  1)  L  Ar0 

+  C,,(^0){iVM),(H_h|iN«3,(r)>1j  for  r<roj 
Ar0  J 


whereas, 


Hl  +  IK  =  f  (2«  +  1R  ^(cos  0),  for  r  >  r0. 

kr0  n  =  i  (Ar) 

H,  +  /r  _|£cos*  '  2>i  +  l  L  fi^Jkr)  ^(cosO)  + 
kr0  **in(n  +  l)l  "  Ar  30 

n  Pn(cos  0)1 

+b,-t—  «-  >  for  r>ro- 

Ar  sin  0  I 

tv  +H'  =  -  ifc2  sin  t  y  2n+1  (.j  £"’(*'•)  f-(cosO)  + 

*  *  Ar0  «=  i  n(n  + 1)  (  "  Ar  sin  0 

+  PnCi"(kr)3Pi(cosO)|  fof  r>ro< 

Ar  £0  ) 

£;  +  £)  =-^s,n^(2n  +  l  P'(cos  0),  for  r>, 

Ar0  n  = i  (Ar)z 

„  _  A2Z  sin  <j>  '  2n  +  l  j  C(kr)  P'jcoj,  0)  _ 

Ar0  n»i/i(n+l)l  "  Ar  sin  0 

r> 

kr  i'll  I 


. 


(10.153) 


(10.154) 

(10.155) 

(10.156) 

(10.157) 

(10.158) 
«.  (10.159) 


(10.160) 
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k2Z  cos  (j>  y  2n  +  \  til\kr)  dPln(cos0) 

kr0  n=  i  n(n  + 1)1  "  kr  dO 

tt’Xkr)  P'Jccs  0)1 

.  }i  *or  r  >  r0 , 

(iO.161) 

Ar  sin  9  J 

4.  = 

(10.162) 

B„  =  Mkr0)-b£'Xkr0). 

(10.163) 

For  a  magnetic  dipole  located  at  r0  =  (a,  0,0)  with  moment  (4 njk)k  the  field  compo¬ 
nents  in  the  far  zone  are  (Belkina  and  Weinstein  [1957]): 

IkR 

He  -  -  YE+  =  k2  —  T{(0)  cos  0,  (10.164) 

kR 
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- e  in  degrees  —  - *  tft  degrees - ► 

Fig.  M.I5.  Amplitude  (  — )  and  phase  ( - )  of  the  far  field  component  £ ^  as  functions  of  0  pro¬ 

duced  by  an  A-directed  magnetic  dipole  located  on  the  surface  of  a  conducting  sphere  for  different 
values  of  ka  (Belkina  and  Weinstein  {1957]). 


where 


W*  =  YE„  = 


UR 

~k2-—T2(0)  sin  <j> , 
kR 


(10.165) 


T.C0,  - 1 

ka  n - 1  «(»i  +  l) 


_iettcos®  t  ,  i 

T,(())  =  ie 

ka  n=l  /l(#I  -hi) 


1  /\!(COS0) _ i  cP]n(cos  0)] 

-C\ka)  sin  0  t"0  J 

(10.166) 

1  0P‘(cos0)_  i  P‘(cos0)l 

in'\ka)  00  tt'(ka)  sin  0~  J 

(10.167) 


7,(0)  and  r2(0)  as  functions  of  ka  arc  shown  in  Figs.  10. 15  a.  *1  10.16.  It  should  be 
noted  that  the  functions  T,(0)  and  T2(0)  also  give  the  radiation  characteristics  of  an 
elementary  (dumb-bell  type)  slot  cut  in  the  sphere  because  such  a  slot  is  equivalent 
to  a  magnetic  dipole  situated  on  the  sphere  (Belkina  and  Weinstein  (1957]). 
The  pattern  functions  T,(0),  T2(0)  in  eqs.  (10.166)  and  (10.167)  are  respectively 
proportional  to  the  total  magnetic  fields  H9(a ,  0,  In)  and  //*(</,  0,  0)  induced  on 
the  sphere  by  a  plane  electromagnetic  wave  incident  in  the  negative  r -direction  and 
basing  its  magnetic  field  vector  polarized  in  the  negative  r-direction. 
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10.4.2.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  an  x-directed  magnetic  dipole  situated  on  the  sphere  (Belkina  and  Weinstein 
[1957]): 

Tt(0)  ~  i  cos  0, 

T2(0)  ~  as  ka  -*  0. 

Thus  to  this  approximation  the  moment  of  the  dipole  increased  by  a  factor  of  $.  No 
3ther  specific  results  are  available. 

10.4.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  an  ^-directed  magnetic  dipole  of  moment  (4 n;k)Z  situated  at  (a,  0,  0)  on  the 
surface  of  the  sphere  (Belkina  and  Weinstein  [1957]): 


2.5 


9  in  degrees 


- 9  <n  degrees 


— 1 0 
180 
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ik a  cos  a 

T](0)  ~  i-^.=  [e,w,-17«)-ie'M1’_*5rU.)]- 

mN/sin  0 


7-  .-■■?===  [ei‘”"-1*,9(5)  +  iei‘“<^-<,,9({l)]>  for  Jx  <  0  <  x-m"  , 
*flS,n®>nfl  (10.169) 


T,(0)  ~  2n1mi  exp  [ii(ka  +  i)x]e'' 


n-0\* 


x  (— Ji[v,(ff-6)'!/(^mn)+i  — -  —  g(jmx)},  for  n-m~' ?  0  >.  n. 

U  ‘  kaSin0  '  (10.170) 


where 


{  =  m(0-in), 

{i  =  m($x-0), 

v,  =  fca  +  me^+OOn-'),  (10.171) 

v,  =  ka  +  meil’pl  +  0(m~'), 


i:tg.  10.16.  Amplitude  (  —  )  and  phase  ( - )  of  the  far  field  component  E9  as  functions  of  0 

produced  by  an  r-directcd  magnetic  dipole  located  on  the  surface  of  a  conducting  sphere  for  different 
\alucs  of  ka  (Belkina  and  Weinstein  (I957J). 


< 
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Fig.  10.17  Amplitude  and  phase  of  the  far  field  component  £ ^  as  functions  of  0  produced  by  an 
A-dirccted  magnetic  dipole  located  on  the  surface  of  a  conducting  sphere  for  ku  10,  (- —  )  exact 
and  ( - )  approximate  (Belkina  and  Weinstein  [1957]). 


.  $  m  degrees  . » 

Fig.  10.18.  Amplitude  and  phase  of  the  far  field  component  E9  functions  of  0  produced  by  an  x- 
dirccted  magnetic  dipole  local*. .»  on  the  surface  of  a  conducting  sphere  for  ka  ■  10,  ( —  )  exact  and 
( - )  approximate  (Belkina  and  Weinstein  [1957]). 
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and  the  modified  Fock  functions/^)  and  g(£)  are  defined  in  the  Introduction; 


\ka  cos  6 

T2(0)  ~  [eiM0  -  wg(i)  -  '  ‘^ ,)]  - 

Vsin  0 

ka  cos  0 

- - - r=[eIM,-**Jr({)+ 

kam  sin  Os! sin  0 


r2(0)  ~  -2iini¥l,‘‘,*lV‘*“’'f--)i 

\sin  0/ 


for  7r  g  0£  n-m~\ 
(10.172) 


l  mka  sin  0  ) 


for  n-m~x  £  0  g  n. 

(10.173) 


For  large  positive  values  of  { the  function /(£)  tends  towards  zero  much  faster  than 
the  g(£)  function.  This  justifies  the  inclusion  of  the  second  term  in  eqs.  (10.169)  and 
(10.170).  In  the  vicinity  of  0  ~  n  the  second  terms  become  dominant.  In  contrast  to 
this,  the  second  term  in  eq.  (10.172)  and  the  first  term  in  eq.  (10.173)  do  not  have 
any  dominant  role  and  are  included  only  for  symmetry. 

At  0  =  7r: 


Tt(7r)  =  -T2{n) 

^n^mi  exp  {i[ka(in-\)  +  in]}  p-/(iW7t)  +  i^(iW7C)j  • 

In  the  range  m~l  £  0  £  \n-m~x  (Belkina  and  Weinstein  [1957]): 

m  ~  “w(0+  c^^£±M3/(^), 

m  m\! sin  0 

W)  ~  -  i  eiiPJifeai£0S  g(a 

V  sin  0 

where  £'  =  ~m  cos  0. 

In  the  range  0  £  0  £  w“  *,  T,(0)  and  T2(0)  can  be  approximated  by  the  first  terms  of 
eqs.  (10.175)  and  (10.176)  respectively.  Figs.  10.17  and  10.18  show  the  comparison 
between  the  approximate  values  of  7\(0)  and  T2(0)  given  by  eqs.  (10. 169)-(10. 176) 
and  the  exact  values  given  by  eqs.  (10.166)  and  (10.167). 

10.4.3.  Plane  wave  incidence 
10.4.3.1.  EXACT  SOLUTONS 

The  exact  solution  for  the  scattering  of  a  plane  electromagnetic  wave  by  a  sphere 
is  usually  referred  to  as  the  Mie  series.  Descriptions  of  the  solution  are  available  in 
the  literature  (Stratton  [1941],  Born  and  Wolf  [1964],  Van  de  Hulst  ; ■  957]). 


(10.174) 

(10.175) 

(10.176) 
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For  a  plane  wave  incident  in  the  direction  of  the  negative  z-axis,  such  that 


the  total  field  is 


E'r  +  Z  = 


COS  </> 


(kr)2 


£'  =  ie-1*1,  H'  =  -j»ye 


I  (-i)"(2«  +  l)[Wkr)-6„C«»(kr)]Pi:(cos 0), 


(10.177) 


(10.178) 


£‘ +£J  =C^i  £  (-i)"  f  {Hkr)-a,C(kr)}  + 

Ar  n  =  i  n(n  +  l)  L  sin  0 

+mkr)-bnt(n"(kr)}  . 

d0  J 

kr  n=i  n(n  +  l)  L  80 


(10.179) 


£■+£;  =  -siLt  \{Ukr)~ 

kr  n=i  n(n  +  l)  L 

Hm-b„C'{kr)}^lp], 

sin  0  J 


(10.180) 


//;+//;  =  ~i- 


.  y  sin  (j) 


*  *  /i  \  7  •  '  /I. 

(kr)  n  =  t 

kr  „-t  n(n  +  1) 


X  (  -  i)"(2n  +  l)|>„(fcr)  -  an  {<‘  >(fcr)]P,l(cos  0),  (10.181) 


{Ukr)-b,CXkr)}  + 

sin  9 


i{«fcr)-0„Ci1,'(fcr)}^(^-)]  , 

50 


(10.182) 


#cr  n=  i  n(n  +  l) 


Wfer)-fo„Ci’>(M}-"5°S0)  + 

ot) 


+mkr)-a„C'(kr)}  . 

sin  0  J 


(10.183) 


The  total  electric  field  has  been  computed  and  measured  by  Huang  and  Kodis  [1951] 
in  the  plane  perpendicular  to  the  incident  electric  field  vector  at  kz  =  -4 n  and  for 
small  values  of  At?.  Fig.  10.19  shows  the  total  electric  field  in  this  plane  for  selected 
values  of  ka. 

On  the  surface  r  =  a: 

pIxF*  _  _  C0S  ^  V  /_  :W1..  i  1\  ^n(C0S  0)  MO  %QA\ 


(ka)1 « =  i  Cn'(ka) 


(10.184) 


where 


Hi+H'e  =  YT,(0)  sin  <j>,  l^+Hl  =  YT2(0)  cos  <t>,  (10.185) 


T(Q)  -  1  V(_jyM  2,1  +  1  f  ^(cosO)  i_  ^(cosOn 

fca»=i  n(n  +  l)  ..(‘^(fca)  sin0  tll\ka)  80 


Cn’(ka) 


(10.186) 
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ka  «  2.61 
z»-2X 


5  10  15  20 


Uil 

—  1  0.4 


5  10  15  20 


1  U4I 
0  & 
1-10  * 


40  ~ 
*UJl 

20 

*UH 

0  « 


Fig.  10.19.  Amplitude  ( - )  and  phase  ( - )  of  £’+£*  in  the  plane  through  the  center  of  the 

sphere  and  perpendicular  to  £'  for  two  values  of  ka  (Huang  and  Kodis  [1951]). 


r(o)  =  —  y  (_i )"+i  2,1+1  r_J_  gp»(cos  °) _ i _ pJ(c°s  o)i 

2  ka  »-i  n(n  +  l)  _£il,-( ka )  dO  \ka)  sinfl  J 

(10.187) 

Ducmanis  and  Liepa  [1965]  have  computed  1\(0)  and  T2(0)  for  0  =  0°  (5°)  180° 
and  ka  =  0.1  (0.1)  5.0  (0.2)  10.0.  Some  typical  results  are  shown  in  Fig.  10.20. 

In  the  far  field  (r  ->  oo): 


E]  =  ZH;  -  cos  </*  S 

l'  H 


(10.188) 


El  =  -ZH'0  =■■  sin<t>  S2(0), 

where 

s,(«)=  -ii(-l)"-2-+'  \b„t-P'"{cOs0)  -anF'”{cO*0) 
n-i  m(h  +  1)L  P0  sin  0 

s,m-  J"+l  k' «'l 

n  =  i  n(/i+l)  L  sin  0  PO 

In  th^  back  scattering  direction  0  =  0: 


(10.189) 


(10.190) 


(10.191) 


s.(0)  =  -s2(0)  -  -iV(-ir(«+lP.-0; 


(10.192) 
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and  in  the  forward  scattering  direction  0  =  n: 

S,(n)  =  S2(k)  -  -if  («+m+«.).  (10.193) 

n  ~  1 

implying  no  depolarization  in  the  back  and  forward  directions.  The  quantity 
G  =  2Si(0)l(ka)  has  been  computed  in  amplitude  and  phase  for  ka  --  0  (0.02)  50  by 
Bechtel  [1962].  Rheinstein  [1963]  has  computed  -iS'l(0)  in  amplitude  and  phase 
for  a/2  =  0.01  (0.01)  19.  Some  typical  results  for  selected  values  of  ka  are  shown  in 
Fig.  10.21.  Additional  data  are  given  by  Hey  et  al.  [1956]. 


5.0  6.0  7.0  8.0  9.0  10.0 


Fig.  10.21.  Normalized  amplitude  ( - )  and  phase  ( - )  of  the  far  back  scattered  field  as  functions 

of  ka  (Bechtel  [1962]). 

The  back  scattering  cross  section  is 

"llt-imn  +  ip.-aj2.  (10.194) 

K  "  n  -  1 

<t/A2  has  been  computed  for  various  values  of  ka  (Bechtel  [1962],  Rubinstein 
[1963]).  A  typical  normalized  cross  section  <rl(na2)  is  shown  as  a  function  of  ka 
in  Fig.  10.22. 

The  bistatic  scattering  cross  section  is 

<r(0,  <!>)  =  4"  [|S, (0)1*  cos2  *  +  |S2(ff)|J  sin2  *]; 
l\ 


(10.195) 


10.4 


PERFECTLY  CONDUCTING  SPHERE 


401 


Fig.  10.22.  Normalized  back  scattering  cross  section  aj(nal)  as  a  function  of  ka  fora  conducting  sphere. 

a(0y  0)  and  cr(0,  Itt)  are  plotted  as  functions  of  0  for  selected  values  of  ka  in  Fig.  10.23. 
The  total  scattering  cross  section  is 

—  -~l  f(2«  +  l)(K|J  +  |b„|1).  (10.196) 

k  n  =  1 

The  normalized  cross  section  aTl(na2)  is  shown  as  a  function  of  ka  in  Fig.  10.24. 

10.4.3.2.  LOW  FREQUENCY  APPROXIMATIONS 

Low  frequency  expansions  may  be  obtained  by  power  series  development  of  the 
Bessel  functions  appearing  in  the  exact  expansions  (Rayleigh  [1872])  or  directly 
(Kleinman  [1965]).  The  first  few  coefficients  appearing  in  (10.190)  and  (10.191)  are 

a,  =  ii(Ka)5[  1  -  ](ka)2  -  Ji(fca)3  +  }(ko)4 + f  i(fca)5  — fflkaf  — tVs  i(*«)7  + 
fc,  =  — +  ■  o(*«)2  +2Aka)'-li4(kaY  +  \i(ka)s  ~  jVUM’  - 

a :  =  ^,si(fc«)5[l  -251(fca)--4,5i(*:a)5+  j^1(fcfl),’+TJ4i(fca),]  +  0[(ko)IJ], 

/.,  =  -  i(  Artf  )*[  1  -  ^(ta)2  +  ,  L(ka)4  + Ai(k«)*  - 


0  in  degrees 


ka  1  I 


_1 _ L 

00  100  1 


0  in  degrees 


-)  and  a(fit  \n)Hnal)  (- 
and  Wu  [1959]). 


-)  as 


function  of  ka  for  a  conducting 
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#3  -  4T(^fl)2+8Ty(^0)4]+O[(^fl)i3]» 

*>3  =  “4ArK^0)7D”67o{M2  +  9'lio(fcfl)4]  +  O[(^fl)13]»  (10.197) 

b 4  =  -  ^  W[l-iV-43o(fc«)J]  +  0[(fca)13]. 

a5 - -1—  i(M,,+0[(*<f)13]. 

1 1(945)2 

b5  - - ? - ,i(ka)11+0[(ka)'3]. 

5  165(315)2  V  ’  LV  ;  J 

From  these,  the  far  fields  may  be  obtained.  In  particular,  to  the  leading  order  in  ka: 


£*  ~  (ka)*  —  [Q+cos  P)  cos  <£0-(l+i  cos  6)  sin  4>(]. 
kr 


(10.198) 


In  the  back  and  forward  directions: 


S(0)  =  !(fca)3{  1  -  ji(ka)2  +  ii(ka)3 +^(ka)4 + \ i(ka)5  -  ^  jl^fka)6  + 

+mi«kay -72AW t&Mka)'  ~  (*«)’}  +  0[(ka)' 3],  (10.199) 

S(n)  =  i(ka)3{l +-V^(M2  +li(fca)3 -if^lca)4  4-|i(fca)5  -^^„4(^)6  - 

(M7  -  tVtW mtM* -Kf^i(^)9}  +  0[(ka)' 3],  (10.200) 

The  scattering  cross  sections  may  be  obtained  from  the  above  expressions.  In  particu¬ 
lar: 

~~  ~  9(k«)4[l (10.201) 
na 

~  J»W[  1  +  ACfca)2 - ,V,Vo(M4 - 4SrW(k«)‘].  (10.202 ) 


10.4.3.3.  HIGH  FREQUENCY  APPROXIMATIONS 


For  a  plane  wave  incident  in  the  direction  of  the  negative  r-axis  such  that 

£'  =  £c~'i:,  H'  =  -pYe-,l‘,  (10.203) 

the  high  frequency  behavior  of  the  diffracted  fields  may  be  obtained  by  applying  a 
Watson  transform  technique  to  the  Mie  series  solutions. 

In  the  shadow  region  (Itt  +  wi"1^  0  <  n  and  for  ka  sin  0  1,  the  total  field  on 

the  surface  r  -  a  is 


H'a  +  m  -  -i 


.  Y  sin  </>  f  1 


X(-l),{e,*“’'/(»i^1)-i  (“7(4)1- 


N  sin  0  Lm  i  =  o 

'  .  — -  i(-l)'{ci“”'<,(m^l)+iei‘«M'»';I)}l. 

2 nr  sin  0/--o  J 


(10.204) 
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h\+h\~  -  — c°!Jf 

N  sin  9  L/=o 

-  A  i(-l)'{e“"’/(m^)+ie'4”V(m»f()}l  . 

2m  sin  9 i  =  o  J 

where 


fU  =  (2ln  +  9-in)y 
fj:  =  (2/7H-J7T-0), 


(10.205) 


(10.206) 


and  the  modified  Fock  functions/^)  and  g(£)  are  defined  in  the  Introduction. 

In  eqs.  (10.204)  and  (10.205)  the  summation  over  /  represents  the  contribution  due 
to  two  groups  of  creeping  waves  which  are  launched  at  the  shadow  boundary  on 
the  surface  of  the  sphere.  These  waves  travel  toward  the  point  0,  $  along  a  geodesic. 
The  dominant  contribution  is  provided  by  the  /  =  0  terms  which  are  the  creeping 
waves  that  travel  thedistancesa(0- i?r)  and  tf(irc-0) along  the  surface  before  reaching 
the  point  0,  </>.  Higher  order  terms  represent  the  contribution  due  to  these  waves  after 
they  have  traveled  /  times  around  the  sphere  before  reaching  the  point  0,  <j).  For  com-* 
putational  purposes,  the  /  =  0  terms  are  adequate  in  eqs.  (10.204)  and  (10.205). 
For  large  positive  values  of  £  the  function  /({)  tends  towards  zero  much  faster  than 
the  g(£)  function.  This  justifies  the  inclusion  of  the  second  summation  in  eq.  (10.204). 
In  contrast  to  this,  the  second  summation  in  eq.  (10.205)  does  not  contribute  appreci¬ 
ably  to  the  field  and  is  included  only  for  symmetry.  Eqs.  (10.204)  and  (10.205)  are 
not  valid  at  0  =  k. 

For  0  ~  n  the  surface  fields  are: 


~  ysin^e^'Vnm  (— V  £  (- 
\sin  0/  i-o 

X  jj//',-’ [fca(n - 0)]f(mru) + - 0)]j(mij,)}  + 

+  V-  {Hi2)[>(*  -  OMm) + H^kain - ,  (10.207) 

2m"  sin  0  J 

//;+  «;  ~  Y  cos  (—--Vi 

\sin  0/  i  =  o 

x  j" ; 1  [ka(n - 0)]g(mru)  +  H[ir[ka(n - 0)Mmij,)} - 

_  7  *  ~  {H'i:'[*:a(’:-(,)]/(w'li)+Wil>[MJt-0)]/(«^i)}]  •  (10.708) 
2m  sin  0  J 

l  or  computational  purposes  it  is  sufficient  to  use  the  leading  terms  /  =  0  in  eqs. 
( in  207)  and  (10.208).  namely  (Belkina  and  Weinstein  [1957)): 
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m2  sin  0 


H',+Hl - Y  sin  cfrJnm*  (— 

\sin  0 1 

x  \ 2/Qm^)Ji[fcfl(7c — fl)]  +  — ~ — giirnn)Jl{ka(n-0)']\  ,  (10.209) 

L  m  sin0  J 

«!+//;  ~  iy  cos  (— 'iV(t“+i"' 

\sin  0/ 

x  r^iimcVJCM*-®)]  -  -^-nm™)J>lka(x-0)]\  .  (10.210) 

L  m  sin  0  J 


In  the  forward  direction  0  =  n: 


H'o  +  Hl - y  sin  (f>  nimJt^l(ka+^)K  f~/(i«t7t)  +  i^/(i»m)j ,  (10.211) 

Im  f 

H;+H ;  ~  y  cos  </.  [- /(i»iR)+is(iinJi)  J ,  (10.212) 


which  imply  that  the  magnetic  field  is  polarized  in  the  y-direction. 

In  the  lit  region  (0^0  ^  in-m~l)  the  total  field  on  the  surface  r  =  a  is 


H  =  ^refl.  +  ^cr.w.  • 


(10.213) 


The  reflected  field  is 


(Hi  +  H J)refI - 2  V  cos  0  sin  0  e 


-  ifca  cos  8 


"  ism3'’  5  sin3  0— sin4  0  1 

x  1+ - ,  +  — ; - ,—  +...  ,  (10.214) 

2 ka  cos3  0  2 (ka)2  cos6  0 


(«♦+«;), .n.~  -2ycos^c 


~  ikfl  cos  0 


i  sin2  0  ^  9  sin2  0-sin4  0 

2 ka  cos3  0  2(fcn)2  coss  0 


(10.215) 


and  the  leading  terms  in  eqs.  (10.214)  and  (10.215)  represent  the  geometrical  surface 
field. 

The  creeping  wave  contribution  to  the  surface  field  for  1  ^  0  £  \n-m~ \  and 
ka  sin  0  »  1  is: 

Nsin  0 

r  i  ® 

x  -  K  - 1  )'{exp  (ika>),  + ,  )/(w^, + ,) + i  exp  (ikan,)f(mij,)}  - 
i_m  f  =  o 

1  *■  1 
-  — - r-r—„  z  ( -  1  )'{exp (ika>), +  + ,)  — i  exp (ika^)g(m^,)}  ,  (10.216) 

2m  sin  0i-o  J 
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(h;+h;)„.w.  ~  Y  c0L*  I"  ^  (—  O'fcxp {ikati,+  i)s(mi/,+ ,)+i  exp  (ikaiji)g(miji)}  — 
v  sin  0  L/=o 

-  — 4-—  I(-l )'{exp (ifcatjI+ , )/(mt;I+ , ) - i  exp (ikarj^fimrj,)}]  ,  (10.217) 

2m  sin  6  i=o  J 

whereas  for  0  <,  0  £ 


(//J  +  HJ)crw>  ~  y^m*  sin  (p  \ 

\sin  0/ 

Lm  /=o 


+ 


+ 


1 


ka  sin  0  /=o 


I(-1)'ei*“,2'”+}'){m,)(^%H1+l)+m2)(^%(^7.)}l(10-218) 


(«i+7/;)c,w  ~  cos  </>  (--'iV1*" 

\sin  0/ 

X  r  J (- l)^(:,"+i”\f//(/>>0)g(mf/l+0+H)2r(/ca%(m^)}  + 

Li  =  o 

mka  sin  0  /  - o  J 

(10.219) 

For  computational  purposes  it  is  sufficient  to  use  the  leading  terms  /  =  0  in  eqs. 
( IC.2 1 8)— (10.219).  For  0  £  0  £  w”1  these  leading  terms  are  (Belkina  and  Weinstein 
[1957]): 


(//J  +  tfJ)cr.w.  -  2  F 7r*m Vi(*a  ”  *)R  sin  (j)  ( — —  j 

\sin  0/ 

x  \JJr~  S(i'njt)+  -  J't(kaO)f(imn)\  , 
L  kaO  m  J 

(H;+H;)cr.w.  ~  2ynimVi,*‘,-1>’'  cos  <t>  (-—)* 

\sin  0/ 


L  m  /ca0  J 

Fo-  0  r,  0. 

(H)  +  H5)cr.w.  ~  Y R1m4e4',,,_lw  sin  <t>  Ujma)+  --/(|mn) 

L  m 

(H;  +  H;)c..  -  TaW'-^cw*  L(jmn)+  --/(imn) 

L  m 


(10.220) 

(10.221) 

(10.222) 

(10.223) 


whichy  impls  that  the  magnetic  field  is  polarized  in  the  ^-direction 
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In  the  transition  region  |i n-0\  £  m-1  the  total  field  on  the  surface  is 


~  i  (-\ka  cos  0)f(-m  cos  Q)  + 

ntyj  sin  0 

CO 

+  I(-l)'{exp  (ika>u+  ,)/(>/( +,)+i  exp  (ikaq,)/(^)}], 
/  =  0 

+  ~  —  _°.S  t-  [exp  (~i ka  cos  0)/(-m  cos  0)  + 

Vsin0 

oo 

+  I  (  -  !)'{exp  (ikat]l+  ,)^(»/,+,)+i  exp  (ikarj,)g(ij,)}']. 

1  =  0 


(10.224; 


(10.225) 


In  the  hack  scattering  direction  ( 0  =  0)  an  asymptotic  expansion  of  the  reflected 
portion  of  the  scattered  field,  uniform  in  rt  a  ^  r  <  oo,  is  (Weston  [1961 J): 


£’ - if 

2  r-a 


.  Q  |  d  y 

1+Ta+(kaY  +  "T 


(10.226) 


where 


a,  -  -2i 


:  ( r-of 


M  I  ^  T  « 

(2r— a)2 

_  a(r-fl)(2r2-4ra  +  3a2) 

and,  in  particular,  the  near  field  back  scattering  cross  section  o  -  47r(r-fl)2|£5|2  is 


=  wfe^)2{1 +0[(fca)'2]}- 


(10.227) 


In  the  far  field  (r  -»  oo)  with  0  g  0  S  n  —  m~'  the  scattering  coefficient  is 

S,(0)  =  [S,(0)]ref,.+[S,(0) 
s2(0)  =  [S2(0)]  refl.  +[S2(0)U,. 

The  reflected  portion  is  (Logan  [I960]): 


(10.228) 


[S|(0)]r«fi.  ~  -)k<te'2l*°C05  }#  ft. - — - 7  s'n*  M  _  . 

L  2 ka  cos3  }0  4 (fcn)2  cos6  40 

t  8  +  1076  sin2 10+  1401  sin4  -J0  +  2IO  sin6  ^0 

16(kii  j*  cos12  )0 


(10.229) 


[S:UM]„fi.  ~  Jkrtc 


-  2ika  cos  10 


.  l-2sin2)0  7  sin2  ]0-2  sin4 

'  2ka  cos 3  )0  4(k«)2  cos"lfl 


.6.1  sin2 1(1  +  7  sin4  10  8-836  sin2  10-683  sin4  10-84  sin6  10 

8 [ka)3  cos6  10  16(fcn)4  cos'2  10  "  J  ’ 


(10.230) 


10.4 


PERFECTLY  CONDUCTING  SPHERE 


41  1 


where  the  leading  terms  in  eqs.  (10.229)  and  (10.230)  are  the  geometrical  optics  con¬ 
tribution. 

The  creeping  wave  contribution  is 
2 mV1'  00 

[Si(0)!c,.w.  ~ - p==3  E  (-  iyw(mr,)  exp ( ikat,) — i$(mt,)  exp  + 

v  sin  0  i=o 

+  w“  ,nl  E  ( —  1V{i?(WTi)  exP  (ifcar,)  -  0(mi,)  exp  (ifcaf ,)},  (10.231) 

»r(sin  Oy  1=0 

2  mV''1  * 

[S2(0)]„.w. - :==-  E(-1)'{^f(mTi)exp(ifcaT|)-ip('»f,)exp  (ifcaf,)}  + 

N  sin  0  i  =  o 

+  "  £  (-  iy{i«(mr,)  exp  (\kat,)-q(mi,)  exp  (ifcat,)},  (10.232) 

sm  Oy  1=0 

where 

T,  =  (2/+ l)7t-0,  (10.233) 

t,  =(21+1)71  +  0, 

and  the  functions  p,  q  are  defined  in  the  Introduction  (see  eqs.  (1.278)  and  (1.279)). 

For  computational  purposes  it  is  sufficient  to  retain  the  /  =  0  terms  in  eqs.  (10.231 ) 
and  (10.232).  However,  it  should  be  noted  that  the  functions  p  decrease  more  rapidly 
than  q  with  increase  in  the  positive  argument,  and  that  for  large  positive  arguments 
the  last  two  terms  in  eq.  (10.232)  become  comparable  to  the  first  two.  In  eq.  (10.231 ) 
the  second  summation  terms  do  not  contribute  appreciably  to  [Sj(0)]cr  w<;  they  are 
retained  for  symmetry  (Fedorov  [1957]). 

ForO  £  0  <  m~l  (Fedorov  [1957]): 

[S.(0VU.w.  -  e,,rt-*»2»»V  (  °  Y 

\sin  0/ 

X  -y3(fcay)l[4(mT0)  +  4(mf0)]-  J^ka0J  [js(,i[r0)  +  /5(mT0)]  + 

IL  kaO  J  ka  sin  0 

+  i  -JAkaO)][q(mT0)-q(»noy}  +  i  J^ka(>'1  [p(mr0)-/)(wf0)]j 

L  kaO  J  ka sm  0  I 

(10.234) 

[S:U»)].,...  -  c V 

\sin  0/ 

X  {  -./;(AijI))1  [p(mr0)  +  p(mf0)]-  [ij(nnu)  t-ii(iin0)]  + 

'  L  kuO  J  ka  sin  0 

.  J 2(kdO)  i  / j  i\\  r '/  \  '/  -  n  Jz(ka0)  r„  ...  _  yA 

+  i  ,  -JAM)  [/»(wr0)-/i(wiru)J  +  i  [</(wT0)-</(wir0)J  ; 

L  k uO  J  ka  sin  0  I 

(10.235) 


more  refined  expressions  are  given  by  Sinior  and  Goodrich  [1964]. 
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In  the  back  scattering  direction  0  =  0  (Scott  [1949],  Logan  [I960]): 

[S,(0)]„f,  =  -[S2(0)]rtfl.  =  -ifc«e-2l“  [l-  -f-  +  +0[(fca)”5]J , 

l  2  ka  2  (ka)*  ) 

and  (Senior  [1965],  Scott  [1949]): 

[S,(0)]cr.w.  =  -[S2(0)]crw.  =  mV"  t  jl+  -^-(32^  +  9)  - 

n  =  i  1  60m  B: 


(10.236) 


\  | 

-  — --  i(l28/lJ+189)  +  0(m-'i)  -  ,  - 

5600 mYn  <«Ai(-/?„)}2 

x  I(-l)'cxp  ri(2/+l)a  ika+e^mpn-  -^(£-9)  + 
i-o  L  l  60  mft. 


3„3(/tf-7/?„3  +  V)  +  0(m-6)  -m4e“'V  1  + 

IK  /J  n=:  l 


\400m  p„ 


-  'm*  +°(m'6)l  {Ai'(— a„)}2  iS,(_  1)1  [i(2,+  ')^^+ei,*«a„- 


*“  a2  a3  —  10  .1“ 

_._3 +  +0(m-s)!  . 

60  m  1400w3  II 


(10.237) 


f  ig.  10.25.  Amplitude  ( —  )  and  phase  ( - )  of  the  normalized  creeping  wave  contribution 

-!S|(0)!cr  w  /(toi)  as  a  function  of  ka  for  a  conducting  sphere  (Senior  (1965)). 
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The  magnitude  of  various  terms  in  eq.  (10.237)  has  been  discussed  by  Senior  [1965] 
and  for  most  computational  purposes  an  adequate  approximation  is 

[S,(0)L.w.  =  -[S2(0)]ct.w.  =  mVto(l+  (32^  +  9)  +  0(m-4)] 

l  60 m  pi  ) 

*  „777~oTT2exp  •  (10-238) 

^,{Ai(-/?i)}  l  60m/?,  I 

The  normalized  creeping  wave  contribution  2[51(0)]cr  w  /(Acr)  as  computed  from 
eq.  (10.238)  is  shown  in  Fig.  10.25  as  a  function  of  ka. 

In  the  forward  direction  0  -  n  (Senior  and  Goodrich  [1964]): 


S,(r)  =  S2(n)  =  — ii[(fca)2— Tr]+2VBm4  (p<0>+ <?<0) —  ~~j  [i'(p(l,+q<1,)+ 

1  m 


+^'  +  K' +  '<')]- [jh(rT-¥^)-^oor\*'  + 

m 


+TJoi(-¥4,,+^i^,)+^-5(95<10)+2is<3>-|s*6))]  +  0(»r6)]  - 


-imV'-y  - - 

n  r  A 


>£(jjfc+!)+o<"',> 


ACAK-W]2 


Pi 


-im  V-  f  — -i--  [l+  !j  e^'  +  0(m'*)l 

»-i  [Ai(-afl)]z  L  15m  J 


X  £ (-1)' exp (*«(/+ 1)  rka  +  m»,eli,,+  (10.239) 

1=0  l  L  60m  JJ 


where 


arc  as  defined  in  Logan  [1959].  By  neglecting  the  summations  over  /  and  n  in 
eq.  (10.239), 
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S,(n)  =  Sj(s) 

=  -  i(2  m6  -  -  im4(0.082972  f 0. 144019i)  -  im2(0.385229  -  0.667169i)  - 

-O.069342i  +  O(m'2).  (10.240) 

The  total  cross  section  is  (Beckmann  and  Franz  [1957],  Wu  [1956]): 

-t-2  =  l+0.0660(Aa)',(+0.4853(fca)'s  +0[(fca)‘2].  (10.241) 
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THE  PROLATE  SPHEROID 

T.  B.  A.  SENIOR  and  P.  L.  E.  USLENGH1 


The  prolate  spheroid,  along  with  its  companion  shape,  the  oblate  spheroid,  is  the 
most  general  finite  shape  for  which  a  substantial  number  of  exact  and  asymptotic 
scattering  formulas  is  available.  Even  so,  no  exact  solution  of  (he  vector  scattering 
problem  has  yet  been  found. 

Whereas  the  fat  spheroid  represents  an  obvious  generalization  of  the  sphere,  the 
thin  spheroid  may  be  used  as  a  model  for  the  wire,  which  is  of  considerable  impor¬ 
tance  in  antenna  theory.  By  bridging  these  two  extremes,  the  prolate  spheroid  is  a 
vehicle  for  studying  the  transition  between  the  creeping  and  traveling  wave  concepts, 
and,  more  generally,  constitutes  a  model  for  the  development  and  testing  of  approxi¬ 
mate  methods  of  analyzing  the  scattering  by  still  mere  complex  shapes. 

1 1.1.  Prolate  spheroidal  geometry 

The  prolate  spheroidal  coordinates  ({,  tj ,  (f>)  shown  in  Fig.  11.1  are  related  to  the 
rectangular  Cartesian  coordinates  (\\y,  z)  by  the  transformation 

.v  =  lds/{(Z2-l)(l-ri2)}cos<t>, 

y  =  i«V{({z-i)(i-y)} sin  Ot.i) 

-  =  iJ(n, 

where  l  ^  i  <  oo,  - 1  g  l.andO  g  <£  <  2ar.  The  r-axis  is  the  axis  of  symmetry, 
and  the  surfaces  (  =  constant.  \tj\  -■  constant  and  (f>  =  constant  are  respectively 
confocal  prolate  spheroids  of  interfocal  distance  </,  major  axis  d(  and  minor  axis 
ds/(Z2  —  I);  confocal  hyperboloids  of  revolution  of  two  sheets  with  interfocal  distance 
d\  and  semi-planes  originating  in  the  r-axis. 

The  scattering  body  is  the  prolate  spheroid  with  surface  i  ~  il%  and  the  primary 

source  is  either  a  plane  wave  whose  direction  of  propagation  forms  the  angle  C  with 

the  positive  r-axis,  or  a  point  or  dipole  source  located  at  <?o)*  The  Icngth-to- 

width  ratio  of  the  scattercr,  i.e.  the  ratio  between  major  and  minor  axes,  is  equal  to 
siVUi-  I)*  Values  of  ix  corresponding  to  a  few  typical  length-to-width  ratios  are 
tabulated  in  the  following: 
major  axis 

-------  100:1  10:1  5:1  2:1 

minor  axis 

it  «  1 .000 050 0  1 .005  037  8  1 .020  620  7  t.l 54  7(H)  5 
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The  definitions  and  notation  for  the  prolate  spheroidal  wave  functions  are  those  of 
Flammer  [1957].  Thus  the  radial  functions  of  the  first,  second  and  third  kinds  are 
indicated  by  /^(c,  c)>  where  j  =  i,  2  and  3  respectively,  whereas  the  symbol  Smn(c,  rj) 
is  used  for  the  angular  functions;  m  5  0  and  n  ^  m  are  integers.  The  quantities 
pmn  and  Nmn  which  appear  in  the  2  lowing  sections  are  functions  of  w,  n  and  c,  and 
are  defined  by  Flammer  [1957].  The  parameter  c  is  the  product  of  wave  number  and 
semi-focal  distance:  c  =  \kd.  Numerical  tables  for  prolate  spheroidal  wave  functions 
and  related  quantities  with  the  notation  adopted  in  this  chapter  are  given  by  Flammer 
[1957],  Lgwan  [1964],  Hunter  et  a).  [1965a,  b],  and  Slepian  and  Sonnenblick 
[1965].  Asymptotic  expansions  of  prolate  spheroidal  wave  functions  can  be  found, 
for  example,  in  Flammer  [1957],  Muller  [1962]  and  Slepian  [1965]. 

From  the  computations  which  were  performed  at  the  Radiation  Laboratory  of  The 
University  of  Michigan,  it  would  appear  that  the  infinite  eigenfunction  series  rep¬ 
resenting  the  exact  solutions  converge  at  least  as  rapidly  as  the  corresponding 
eigenfunction  series  for  a  sphere  of  diameter  d£{ . 

11  2.  Acoustically  soft  spheroid 

11.2.1.  Point  sources 

1 1.2.1. 1.  EXACT  SOLUTIONS 

For  a  point  source  at  r0  =  (;0,  f/0,  $0),  such  that 


then  (Morse  and  Feshbach  [1953]): 
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V'+V'  -G(r,r0)-2i£  I 

m  =  0  « =  m  jY_. 


tac  {<)-  3c4‘!  «<>]  ^  «>: 

L  TVmii  lC»  S  I )  J 


<  Sm„(c,  »Jo)S„„(c.  ij)  cos  m(<£  -  <f> o). 

On  the  surface  <;  =  ^ : 

n  n  x  ®  p  1 

i.(r+n  =  — - — v  y  —  — . 

c(«?-l)--0  •?mNm,R*\c,tl) 

*  Rm»V.  £o)S«,(c.  n»)Sm*(c,  l)  COS  ’»(<!>- 4>0). 

In  the  far  field  (£  -♦  oo): 

V'  +  V‘  =  2 - I  f>„  tac,  W-  *LV(c,  c0)l 

cc  ArM  L  k£’Mi)  -I 

*  S„.(c,  >lo)Sm„(c,  ij)  cos  m(4>-<l>0). 

When  the  source  is  on  the  positive  7-axis  (tj0  =  1 ): 

V'+V  =  2'i~  k’(c «<)-  S!t4'-!r“,(c’ M 
*C(c,{>)Sm(c.1)SJm). 

In  particular,  if  the  field  point  is  on  the  surface  c  =  £, : 


St; 


1 


1 


d  n/i  |  j/sx  __  2  _ 


c0)SJc,  l)S„(c. »,). 


(11.3) 


(11.4) 


(11.5) 


(11.6) 


(11.71 


whereas  in  the  far  field  (;  -*  oo): 

1"+  v  =2~i  t-'i"  \l£'(c,  {„)-  S’y-J  «in’(c.  w]  SJf.  1  )SJc, »/). 

-V0«  L  Kn(CiZ\)  -1 


(11.3) 


11.2  ’  2.  LOW  FREQUENCY  APPROXIMATIONS 

General  methods  (e.g.  Kleinman  [1965a],  Noble  [1962],  Morse  and  Feshbach 
[1953])  for  the  derivation  of  terms  in  the  low  frequency  expansions  are  applicable 
t<>  this  case;  however,  no  specific  results  are  as  yet  available. 


11.2.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  point  source  at  (;0,  i/0,  0),  such  that 


11.2 
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the  geometrical  optics  scattered  field  at  a  point  (£,  tj,  <f>  =  0  or  n)  located  in  the  illu¬ 
minated  region  and  in  the  plane  containing  the  source  and  the  z-axis  is: 


Vs  =r  - 
*«0 


where 


e 


Wo+F) 


r  (l+L+^L.)(l+L  +  ^\r\  („,o, 

L\  F0  F0  ii-nV j 


cFc 


Fo  =  ~ 1 )  V{(«o  ~  1)(1  -  >fo)}]2  +  (4  i  »/  i  “  »/o)2  }*.  (  11-12) 


G  =  j-  w,  - 1  +(- if  (1  -»?2)(1  -if?)] , 


(11.13) 


and 


j  =  h  =  0,  if  (j>  =  0; 

j  =  o,  h  =  1,  if  =  r.  and  v/{(£J-l)(l-fj2)}  <  1  p-  -- 

j  =  1.  A  =  0,  if  and  v'{(«2-l)(l-'l2)}  > 

><V{(4o-i)(i-')o)i- 

The  parameter t;,,  —  1  g  i/,  g  1,  is  determined  as  a  function  of  »/0,  Z,  it,  {,  and  </> 
by  the  relations: 

(F0  +  F)  =  0,  ~~  (F0  +  F)  >  0.  (11-14) 

c»/i  Of), 

In  the  geometrical  shadow  V*t0  =  0.  In  particular,  when  the  source  is  at  (s0,  i )  on 
the  r-axis 


f  =  {[v'«sf-i)(i-»;?)}-v,{(^-i)(i-')2)}]2+«.'/.-^)2}t. 

fo  -[«?-  1K1 -•??)+({« 

C  =  ;  t;»), -1+1  !:i-|(l-rXl-)!)!. 

si  r  S i  *“  1  1 

and  tj j  is  the  positive  root  of  the  equation: 

_ _ n1— ,  -  i,in) + >t ,  v'{({f-i)(  s  2_-  U(  1  -g2)} _ + 

(C\/{(s f  - 1 )( i  - »,•;)}  -  N !( i 2  - 1 )(i  t/2 )}]2  +(« i  j/ ,  - ^))2} * 

+  VI—  ')i(')i-^iso)  _ 

C(cr- i)(i -iff  )+({,*, -s5o)2T!  " 


(11.15) 

(11.10 

(11.17) 


(11.10 
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If  both  source  and  observation  points  are  on  the  z-axis  (t]0  -  rj  -  i), 
y*  _ _ _exp  {ic(co_j- 5  —  2^, )} 


(11.19) 


in  the  illuminated  region  and  zero  in  the  shadow. 

A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  is  available  only  for  the  source  on  the  r-axis.  In  this  case 


V'~  (11-20) 

where  V\  0  is  given  by  eqs.  (11.10,  15,  16,  17)  and  (Levy  and  Keller  [I960]): 

I  s  =  2iexP  !tt >£/(<? i  y^i-I))*  exp  [(ic/<50)V{(£o  — IX^q— £1)}] 


Ktf-tfXtf-iX^-iXi-i1)]* 

^  y  _  fn{^2  1  ~~  _ _ 

[Ai’(~a„)J:[l  +exp  {2A'n(l.  - 1)}]  ’ 


(11.21) 


where 


wo = ic  r  -,f7  v-  i-r-2V  ■ 

(11.22) 

/.('?2)  =  di-'/2)ir2-iexp[-  T2+xn(^. ni)l  (n-23) 

JM  =  (cf-<ji)iT3-iexp[ic73  +  2f0±].  (11.24) 

x:  =  xn(m, -i)+x„(m,  -l).  x;  =  x„(nt  ,n>\  (u  25) 

X+  is  to  be  chosen  if  ^  +  ^  >  0,  and  X~  if  {»/  +  {,  <  0, 

Tj  =  [(^-C,-7;)2+U'[d2-l)(l-'l2)}±N,{dl-l)(l-'/j)}}2]‘.  (H-26) 

j  =  2,  3  and  the  ambiguity  of  sign  in  T  is  removed  by  choosing  the  minus  sign  if 
either  j  =  2,  or  j  =  3  and  iti  +  Zx  >  0,  and  the  plus  sign  if  j  =  3  and  ^  +  ^<0. 
The  coordinates  rflt  rj2  and  are  indicated  in  Fig.  11.2.  Eq.  (11.21)  is  valid  if  the 
observation  point  is  away  from  both  the  z-axis  and  the  surface  £  =  and  if  the 


Fig.  1 1.2.  Geometry  for  the  diffracted  field. 
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product  of  the  wave  number  k  and  the  radius  of  curvature  of  the  surface  {  =  £x 
at  the  end  points  tj  =  ±  1  is  large  compared  to  unity,  i.e. 


c(tf-l) 


(11.27) 


The  field  on  the  surface  {  =  may  be  obtained  by  applying  the  appropriate  caustic 
corrections  to  eq.  (1 1.21)  (Levy  and  Keller  [I960]). 

For  a  point  source  at  (f0 ,  1 )  on  the  z-axis  at  a  large  distance  from  a  long,  thin  spher¬ 
oid,  such  that 


ii:  1. 


c(«- 1) 


(11.28) 


the  field  at  a  point  (£, ,  >/  ,$)  on  the  surface  of  the  spheroid  and  near  the  tip  in  the 
shadow  region  (c(l  +rj)  - :  1)  is  given  by  the  asymptotic  expansion  (Goodrich  and 
Kazarinoff  [1963]): 

‘-(r  +  r1)  ~  -  e’rtl+'°'  N  2£cos[c(l_+j)3  £  £  /  J (,,  29) 
Ct  e( o  (l-scr2K(l-7)  --0  4c/  1 

where  TV  is  the  largest  integer  less  than  c,  and 


^  =  Me— (11  30' 

""  L  (4c)2" + 1  J  ’  ' 


log  i>(i-?  r2)] 


while  in  the  shadow  and  near  the  shadow  boundary  (c(l  -f  >/)  >  1): 


fCo(l-W  )s(l-4) 


x  X  I(-l)"^,  [(-,)"  (L±^"+1e— <— >-  ML  a  (L2?r+ie«.*«  . 
»- 0  m -0  L  \1-If/  c(4c)2"  \1+I)/  J 

(11.31) 

If  only  the  first  residue  contribution  ( n  =  0)  to  the  surface  field  is  considered,  then 
(Goodrich  and  Kazarinoff  (1963]): 

■f.O "  +  »  ') - ,  C7,°  k  /'L  cos  Ml +«)>»“  t  (£)*'>“-.  (11.32) 

<  c  ‘so\d-»l)  1-{i  o  \4c  ’ 

for  c(l  +<;)  •<  1  (near  tip  in  shadow),  and 
T  e'‘!o  ">  a 

.  (I  ■  + 1 0  ~  ,  . 

c|  c'son  (1  ~  9')  1  "si 

X  V  1  ,  (11.33) 

.  =  oL  »  1-nMr  I  1  +  nUr'  J 
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in  the  shadow  and  near  the  shadow  boundary  (c(l  +^)  >  I),  where 

/,-£(  2  +  fl),  (11.34) 

k  k 

The  parameter  L  is  approximately  equal  to  the  length  of  a  geodesic  between  the  tips 
of  the  spheroid,  whereas  lx  and  l2  can  be  approximately  identified  with  the  geodesic 
path  lengths  between  the  field  point  ami  those  points  of  the  shadow  boundary  which 
lie  in  the  plane  containing  the  field  poi:  ‘  and  the  z-a: as  shown  in  Fig.  1 1.3.  Thus 
the  various  terms  in  series  (1 1.32)  and  (1 2.3-3)  are  easily  interpreted  in  terms  of  creep¬ 
ing  waves  (Goodrich  and  Kazarinoff  11963]). 


T)--0 


1 1.2.2.  Plane  wave  incidence 
11.2.2.1.  EXACT  SOLUTIONS 

For  incidence  at  an  angie  £  with  respect  to  the  positive  z-axis,  such  that 

V1  =  exp  {i k(x  sin  {  +  z  cos  ()},  (11.35) 

then  (Senior  [I960]): 

v  =  - 2  i  -f  R2Xc.  tiSJlc,  COS  C)SM,(C, ,,)  cos  nut,.  (1 1 .36) 

»-o  »*«  N„R^t(c,ii) 


On  the  surface  ^  : 


or  or  ;n  —  1 


!;(!’'  + Is)  =  -.,"-7:  1  I  A.'— -  S«,(c.cos;)S™(ctl/)cosm^. 

c;  f({i-l)— 0  —  C(f,f,) 

(11.37) 

In  the  far  field  (;  -►  00): 


®  00  r  t  \ 

s  =  2i  V  S  S,Jr.  cos  f)Smn(c.  r/)  cos  in*.  (1 1.38) 

-‘«  —  .v«  Oc,£.) 


The  total  scattering  cross  section  is 


V  *  f.«.  sj(r.  cos  ;)V. 

"-0 ,v„,  L|Oc.  i,)l  J 


(11.39) 


arg^  —  tv’+V  degrees 


11.2 


10 


Pig.  1 1.6  Phase  of  back  scattering  coefficient  5  for  end-on  incidence  (Senior  [1969]), 


t 


1  i.2 
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The  bistatic  cross  section  normalized  to  the  geometrical  optics  back  scattering  cross 
section  <r|0>  is  shown  as  a  function  of  0  =  arc  cos  q  in  Fig.  11.5,  for  selected  values 
of  c{|  and  of  the  length-to-width  ratio.  For  the  particular  case  of  back  scattering 
(q  =  1),  arg  S  is  plotted  as  a  function  of  for  selected  values  of  {j  in  Fig.  11.6. 
Corresponding  values  of  the  back  scattering  cross  section,  normalized  to  <r8>0 ,  are 
shown  i  n  Fig.  1  i  .7.  For  forward  scattering  (q  =  - 1 ),  arg  S  is  plotted  as  a  function  of 
c(t  for  selected  values  of  { { in  Fig.  1 1.8.  Corresponding  values  of  the  forward  scatter¬ 
ing  cross  section,  normalized  to 

^2  =  )r[j(tf-l)]2  (11.43) 


Fig.  I! .9.  Normalized  forward  scattering  cross  section  for  end-on  incidence  (Senior  [1969]). 
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where  A  is  the  area  of  the  geometrical  shadow,  are  shown  in  Fig.  11.9.  The  total 
scattering  cross  section  is: 

-  _  4*  v1  1  C  _1\1  fii  AA\ 


T  fc2  ■-<>  iV*.  LlOc,  {,)]  °"( 


-,]• 


(11.44) 


The  total  scattering  cross  sectio*.  iormalized  to  2 A  is  shown  in  Fig.  1 1.10. 


0  2  4  ^  6  6  10 

Fig.  11.10.  Normalized  total  scattering  cross  section  for  cnd*on  incidence  (Senior  (1969]). 

11.2.2.2.  LOW  FREQUENCY  APPROXIMATIONS 
For  incidence  at  an  angle  -T  with  respect  to  the  positive  r-axis.  such  that 

1'  =  exp  {ifcf.v  sin  £  +  r  cos  *)»«  (II. 

then  (  \svisias  and  Ku inman  [1967]): 

l '  --  c" '  V  v  1’  V  V  V  ,Oi(4)Py(i/) cos  /(/>. 

n  <>  m  n  (ft  —  »l)!  f  0  k  O  j  M  t  *  »• 
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where  i  =  C"i  h  and  C"ktJ  is  given  by  the  recurrence  relations: 

r«+i  _ _ 2 _ [h(h-l)^  j(j-l)  , 

l,M  h(h  +  \)-j(j+l)l2h-l  2j  —  i 


I.  fc-M.i 


,  (;+0(; (/h-ik/j+z+i)^ 

+ - - - '-'i. it. >+ 1  —  — ~ — : - c/. 

2y  +  3  2/?  +  3 

for  h  /  y  and  m  =  0,  1,  2, . . 


f-'m  +  I  >r>m  +1  ,  j«tl 

*  =  ° 


(11.47) 


(11.48) 


for  /w  -  0,  1, 2, .  . .,  where  ]T'  indicates  that  the  term  h  =  y  is  omitted  from  the 
summation;  and 


r°  —  >4° 

L  o.  o,  o  ~  ^o.  o » 


(11.49) 


0,  for  in  +  j  odd. 


2—'1  '■  (j+/l!  {«m -j» !{«m  +  j  + 1)!  !CS<4 . ) 


for  m+yeven.  (11.50) 


In  the  far  field  (c  -*  x): 


s  =  cj_  £(-icr«pr,£  f cr0. cos ^  (H.5I) 

n  =  0  m - o  (m-  m):  i  =0  ;  =  o 

Starting  from  the  exact  series  solution,  Burke  [1966a]  has  computed  S  through  terms 
0(&6)  for  arbitrary  angles  of  incidence  and  observation. 

For  axial  incidence  (£  =  7r): 

l  '  =  e-i  i  i  <%.»., QM)PJln).  (11.52) 

n-o  m  =  0  (n  —  in ) !  J|  =  0  j  =  0 


and  in  the  far  field  (J:  -*  x): 


S  =  -c  £  (  -i cYun . 


where 


n  |  r  _  it  ^  w  m 

K=  -  I  1  iCo./M 

m  o  (M-m):  /  <» 


(11.53) 


(11.54) 


In  particular  (Si  Mur  [I960)): 


/*«(»/). 


(11.55) 
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(1 1 .56) 


(11.57) 


(11.59) 


!_G_2 
18  Qo 


1  Pj  +  58  |  _  /P0\4_  5  /Po\2_  \27_- 
3  (20  2251  '<j0'  9  \Q0I  2025. 


(11.60) 


where  Pj  =  Pj(ii)  and  The  radius  of  convergence  of  eq.  ( 1 1 .53), 

regarded  as  a  power  series  in  r{1%  is  indicated  in  Fig.  11.11. 


l:ig.  11.11.  Radius  of  convergence  of  low  frequency  expansion  for  end*on  incidence  (Senior  (I9M  ]). 
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The  back  scattering  cross  section  normalized  to  <rg  0>  computed  using  seven  and 
nine  terms  in  the  low  frequency  expansion  (i.e.  wm„  =  6  and  8)  is  shown  for  two 
typical  cases  in  Fig.  1 1.12,  whereas  the  forward  scattering  cross  section  a(n)  normal¬ 
ized  to  the  quantity  given  in  eq.  (11.43),  and  computed  using  eight  and  ten  terms 
in  the  low  frequency  expansion  is  shown  for  the  same  two  typical  cases  in  Fig.  11.13. 

11.2.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  the  scattered  held,  no  specific  results  are  available  for  arbitrary  incidence,  but 
for  axial  incidence,  such  that 

V'  —  e~ikz,  (11.61) 

the  geometrical  optics  scattered  field  at  a  point  (;,  $)  located  in  the  illuminated 

region  {(£2-  1)(1  -tj2)  >  (4j-  1)  with  t]  <0}  is: 


Ko.  =  -exp^F-f.ih)}  1+ 


2tfG 


Hi  -iiW\ 


(11.62) 


where  F  and  G  are  given  by  eqs.  (11.15)  and  (11.17),  and  t]Y  is  the  positive  root 
of  cq.  (11.18)  with  4o-  do.  In  the  geometrical  shadow  V\Q  =0.  In  the  far  field 
(;  -►  »): 

Sg.„.  =  exp{-k'[{,ij,(l+ij)+v'{({l-l)(l->;l)(l-»;2)}]}.  (11.63) 


in  particular,  if  the  observation  point  is  on  the  r-axis  (tj  =  1): 


« -i 


Is  —  -  n'c{ 

rR.O.  “  ■> 

V*  _  £*  _  1 

Sl“* 

and  in  the  far  field  (4  -*  x): 


(11.64) 


so  that  the  geometrical  optics  back  scattering  cross  section  is: 

^2  Cs, -^r')2-  ( 11-66) 

A  more  relined  approximation,  in  which  the  dominant  term  in  the  asymptotic 
expression  for  the  diffracted  field  is  retained,  is  available  only  for  the  far  back  scat¬ 
tered  field  at  end-on  incidence  (Li  vy  and  Ki  i.i.fr  [I960]).  In  this  case  (>/  =  1,  4  -*  f  )■ 


,  XM'*  ,cxpni„  +  2if«1  + 
'  U?-i)4[Ar(-»,)]J  L‘ 


1  7  J';  +  cx?;;iK)c'3ti;2iIN(;;-l);4  I  d! 

i-»r  .  o  \  Ksi  - n 


.  o  %  Ks1?- 'i2)(i -»r)!J 1 

(11.67) 
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where 

<xt  =  2.33810.  ...  Ai'(-*i)  =  0.701  21  ....  (11.68) 

The  total  scattering  cross  section  for  end-on  incidence  (£  =  n)  is  (Jones  [1957]): 

*T  ~  ^«?-l){l+a9962[c(«1-«r,)r*};  (11.69) 

k 

this  results  in  a  good  approximation  if 

4«.-«r‘)»  i.  (ii.7o) 

For  broadside  incidence  (£  =  J;i),  such  that 

F1  =  eUx,  (11.71) 

the  total  scattering  cross  section  is  (Jones  [1957]): 

°t  ~  2yr  «.  v'iMtl  +0.99626(c>/«f  - 1))"1].  (11.72) 

k 

where  b  is  the  hypergeometric  function: 

*>  =  2p.(-i,i;i;SrJ).  (n.73) 

The  result  (1 1.72)  is  a  good  approximation  if 

Cy/tti- 1)>1.  (11.74) 

Values  of  b  for  a  few  length-to-width  ratios  are  tabulated  in  the  following: 

5:4  5:3  5:2  5:1 

0.874  0.761  0.673  0.608 


major  axis  ^ 
minor  axis 

b  •■=  1 


11.2.2.4.  SHAPE  APPROXIMATION 


For  a  spheroid  whose  surface  {  =  <Ji  is  defined  in  terms  of  the  spherical  polar 
coordinates  (/*! ,  %  </> {)by  the  equation 


and  is  such  that 


^  r 


{j-l  )\ 

“COS2  ' 

(11.75) 

i  l. 

(11.76) 

i.o.  the  spheroid  departs  only  infinitesimally  from  the  sphere  r,  ==  a ,  the  scattered 
field  may  be  expressed  as  a  perturbation  of  the  solution  for  this  sphere. 

For  incidence  at  an  angle  C  with  respect  to  the  positive  r-uxis,  such  that 


l1  =  exp  \  \K(x  sin  cos  £)), 


(11.77) 
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then 


Xa. 


(n-m)!  i 


[(*+.««♦ 


m»0  n  =  m  (fl  +  m) 

x  Pf( cos  C)P?(cos  0)  cos  +  0[({?  - 1)“*], 


where 


u  (r\  = _ 1  j~(2tt  +  l)((i2  +  ti— 1  +m2) 

kah['\ka)  L  (2n  —  l)(2n  +  3) 

+  Oi  +  mrl)(n  +  m)  h"\ka)  P,"-;(cosQ  + 
2(2* -1)  A«'_>2(fca;  J>T(cos  Q 

(n-m  +  lXn-m  +  2)  W*)  P;t2(cos  Q1 
2(2ti+3)  '  ‘  W2(ka)  f  7(cos  Q  J  ' 

In  the  far  back  scattered  field  (r  -►  oo,  0  =  7C  —  C,  (j)  =  7t): 


00 

S~X 


m  -  0 


y  £  (Hy  w)!  (  -1)" 

»-m  "(n  +  m)l  h\'\ka) 


[i(2n  +  l)j.(;oa)--L_flm,({)J 

x  [PiT(cos  C)]l-*-0[({|  - 1)“2]. 


For  axial  incidence  (C  =  ti): 


-  -£}"'(l)  [t2"  +  1Wfcfl)+  7: *_j  aJ*)\hi')(kr)P'{cos0)  +  O[(e< 

where 

-(2n  +  l)(,r  +  n  +  \)  +  n(ti-J I)  h['\ka)  + 

(2n-  l)(2n  +  3)  2(2n  - 1)  h'"2(ka) 

+  («  +  l)(ti+2)  K"(ka) -j 

2(2(t +  3)  lC2(ka)\  ' 

and  in  the  tar  back  scattered  held: 

S~Z  -I"?" Ji(2n  +  I )h(ka)-  1  -ijc)]  +  0[(5f - 1)~2]. 

» •'> ",  (ka)  L  s(-l  J 


‘i,M  =  . 


kah'J'lkd) 


11.3.  Acoustically  hard  spheroid 

1 1 .3. 1.  Point  sources 
it.3  i.i.  I:\ac  r  sou Moss 
For  a  point  source  at  r„  (c„,  >/„.  </\>).  such  that 

kR. 
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(11.78) 

(11.79) 

(11.80) 

-I)'2], 

(11.81) 

(11.82) 

(11.83) 


(11.84) 
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then  (Morse  and  Feshbach  [1953]): 

V'  +  V'  =  G(r,  r0)  =  2i  I  f  [. R<!J(c,  {«)-  *£>(„  q] 

■•=»  >=>N-L  R»(c.{i)  J 

X  R%(c,  $>)Sm„(c,  no)Sm„(c,  ij)  cos  m(4>- <j>0). 

On  the  surface  {  =  {j : 

V'  +  V  =  -  -J-r.  £  £  --  {.) 

^0»1  1)  w  =  0  n  =  m  Nmn  /?n;n  (c,  <^j) 

X  Smn(c .  ^/o)Smrt(c,  Ij)  COS  »l(0-0 <>)• 

In  the  far  field  -*•  oo): 


in  =  O  n  =  m  N„„  L  RlS(c.{ ,)  J 


y+r  =  2 


X  Sm„(c,  tlo)S*m(c,  It)  COS  m{4>-  <t> o). 

When  the  source  is  on  the  positive  z-axis  (q0  =  1): 

-  *i£  [*»  «-  IIS  *H 


IcZ  or  /  -yi 

r  +  r  =  2  Y  1  ' 

--0  No, 


(11.85) 


(11.86) 


(11.87) 


x  /C(c,  s%)So,(c,  l)Sjc.  ,,).  (11.88) 

In  particular,  if  the  field  point  is  on  the  surface  £  -  ^  : 

•■'  +  Vs  =  -  J—  £  j-  -  1  ■  R?n\c,  io)Sjc,  DSJC. .,),  (11.89) 

c(fI-l),-o  Non  KL  Mi) 

whereas  in  the  far  field  (£  -♦  oo): 


k:v.  so)-  S'!  «o)l  sjf.  0  sjlc,  i,). 

L  r<on  vl»  £i)  J  (11.90) 


11.3.1.2.  LOW  FREQUENCY  APPROXIMATIONS 

General  methods  (e  g.  Ar  and  Kleisman  [1966],  Noble  [1962],  Morse  and 
Feshbach  [1953])  for  the  derivation  of  terms  in  the  low  frequency  expansion  are 
applicable  to  this  case;  however,  no  specific  results  arc  as  yet  available. 

11.3.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  point  source  at  (£0,  'fin  0),  such  that 

jkh 

V' =  .  (11.91) 


the  geometrical  optics  scattered  field  at  a  point  (;,  t /,  <}>  =  0  or  n)  located  in  the  illu¬ 
minated  region  and  in  the  plane  containing  the  source  and  the  z-axis  is: 
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K..-—r -  1+f  + 

cF0  L\  F0 


cfo  L\  F0  ({*-,  ?)GA  F0 

where  F,  F0,  6’  and  rj,  were  defined  in  Section  11.2.1.3.  In  the  geometrical  shadow 
V't  „,  =  0.  If  both  source  and  observation  points  are  on  the  2-axis  (j/0  =  1  -  1)> 

exp{ic({0+{-2{,)} 

/I  1  oi\ 


V'  = 

g.o, 


c[«0  +  «  -  2{ ,  +  2{,({0 -«»X<-€ .)/({?  - 1)] 


(11.93) 


in  the  illuminated  region  and  zero  in  the  shadow. 

A  moie  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  is  available  only  for  the  source  on  the  z-axis.  In  this  case 

V'=  Vt',.+  Vl  (11.94) 

where  FJ0  is  given  by  eqs.  (i  1.42,  15,  16,  17)  and  (Levy  and  Keller  [I960]): 

,  •  =  2* exP  {jijfKs , \ii ?—  1))*  exp  -{?)}] 

d  jt*(4c)7/6 


x  y _ JnVI2!  vn\f/37 _ 

«-«  AtAi(  -  W]*[l  +exp  {2£„(1,  - 1)}]  ’ 


(11.95) 


where 


A  -  ■»*( virvxr-rt)  • 

(11.96) 

/.(is)  "•  (^-Is)1^;'1  exp  [icT2+A’,(r;1 ,  fj2)],  (11.97) 

/.(is)  =  «?-lS)*rj'*exp  [icTj+j?*],  (11.98) 

=  *„(l,,  -l)+*,(l3,  -1),  X;  =  ^.(l, ,  1j).  (11-99) 

,?,+  is  to  be  chosen  if  )//  +  ),  >0,  and  X~  if  ^ i  <  0, 

Tj  =  [({l-i,l/  +  {V{«2-l)(l-12)}±V{(«?-l)(l-1>)}},]i.  (11-100) 


7  =  2, 3  and  the  ambiguity  of  sign  in  T  is  removed  by  choosing  the  minus  sign  if 
either  j  =  2,  or  j  =  3  and  {>/  +  {!  >  0,  and  the  plus  sign  if  j  =  3  and  {ff  +  Ci  <  0. 
The  coordinates  rj2  and  rj3  are  indicated  in  Fig.  11.2.  Equation  (11.95)  is  valid 
if  the  observation  point  is  away  from  both  the  z-axis  and  the  surface  £  =  ,  and  if 

the  product  of  the  wave  number  k  and  the  radius  of  curvature  of  the  surface  £  =  £x 
at  the  end  points  >/  =  ±  1  is  large  compared  to  unity,  i.e. 


C«f-  1) 


»i. 


(11.101) 


The  field  on  the  surface  {  =  c,  may  be  obtained  by  applying  the  appropriate  caustic 
corrections  to  cq.  (11.95)  (Levy  and  Keller  [I960]). 
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For  a  point  source  ({0 »  0  on  the  r-axis  at  a  large  distance  from  a  long,  thin  spheroid, 
such  that 


<9  0  ^  t  |  1  , 


<«?-!) 


(11.102) 


the  field  a4  a  point  ({t  ,q,  <fr)  on  the  surface  of  the  spheroid  and  near  the  tip  in  the 
shadow  region  (c(1+>/)<1)  is  given  by  the  asymptotic  expansion  (Goodrich  and 
Kazarinoff  [1913]): 

-cosfe(1+^  I  l  (-1 (11.103) 
c$0  VWl-1)}  --o\  4c/ 


where  N  is  the  largest  integer  less  than  c,  and 


“1  4m 

is*-*'11]  : 


(11.104) 


while  in  the  shadow  and  near  the  shadow  boundary  (c(l  +rj)  >  1 ): 


Vl  +  V* 


e  *  {o>  f  y  r  rt-.wi’V 
-r  ’  \i-,/ 

(»!)•’  «.♦«! 


e-i<-(i+.,)+ 


(4c):“  2 


(1 3  '“I' 


(11.105) 


If  only  the  first  residue  contribution  (n  =  0)  to  the  surface  field  is  considered,  then 


V'+V'  ~  *—  C0S  W’  eiiU.  y  iu 

cio  JW-n)}  ™=o 


(11.106) 


for  c(l  +rj)  <  1  (near  tip  in  shadow),  and 


,ic{0  w 


-  KKi-ir1)}2" 
‘'W(*-»? )— o 


1+5  gik(I(  f  2Lm) 

i-*r 


+i(t-irJ)l/,--’?e'*,,!+J1"'" 

'  l+i/  J 


(11.107) 


in  the  shadow  and  near  the  shadow  boundary  (<•(  I  +  //)  1),  where 


.  c  ,  c .  ,  2c 

l>  =  ~  <2  =  fc(2  +  »j),  L  -  -- 


(11.108) 


The  parameter  L  is  approximately  equal  to  the  length  of  a  geodesic  between  the  tips 
of  the  spheroid,  whereas  /,  and  l2  can  be  approximately  identified  with  the  geodesic 
path  lengths  between  the  field  point  and  those  points  of  the  shadow  boundary  which 
lie  in  the  plane  containing  the  field  and  the  r-axis,  as  shown  in  Fig.  1 1.3.  Thus  the 
various  terms  in  series  (1 1.106)  and  (1 1.107)  are  easily  interpreted  in  terms  of  creeping 
waves. 
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1 1.3.2.  Plane  wave  incidence 


11.3.2.1.  EXACT  SOLUTIONS 


For  incidence  at  an  angle  C  with  respect  to  the  positive  z-axis,  such  that 

V1  =  exp  {i k(x  sin  £  +  z  cos  £)},  (11.109) 

then  (Senior  [I960]): 

v s  =  “  2  I  I  £m  ~  t )Smn(c ,  COS  0SJ<\  rf)  cos  m<£.  (11.1 10) 

On  the  surface  s  =  { i : 

'y  T>  QC  Jll  +  l  j 

f/i  +  K*  =  — £  7  Em—  -  —  ,  — -  S„  cos  0S«,(c, »/) cos  m<i>.  (11.111) 

c(«i-l)— «»"  N„„R'J(c.  s',) 

In  the  far  field  ( *  -♦  oo): 

S  =  2.  X  I  >-  -  S,„(c,  cos  QSUc,  r,)  cos  mf  (11.112) 

Spence  and  Granger  [1951]  computed  |5|/(c^)  as  a  function  of  0  -  arc  cos  tj  for 
*x  ~  1.005,  1.020,  1.044,  1.077  with  {  =  0°(30°)90°,  c  =  1(1)3. 

The  total  scattering  cross  section  is: 

ffT  =  -"y  y  A  sm,(c, cos o] \  (ii.ii3) 

m  =  0  «  =  m  iVwn  L|K!j  (c,  £i)|  J 


The  total  scattering  cross  section  normalized  to  2.4,  where 

A  =  i«</V{({i -OK?" cos2  C)} 


(11.114) 


is  the  area  of  the  geometrical  shadow,  has  been  computed  by  Spence  and  Granger 
[1951]  for  selected  values  of  and  (,  and  is  shown  in  Fig.  11.14. 

For  axial  incidence  (£  =  n): 


p*  -  -21  -i-  «SM(c.  -  l)S„„(c,  r\),  (11.115) 

»-oN0,  *»>(<•.«,) 


and  on  the  surface  c  =  : 

<M"‘) 

Amplitude  and  phase  of  the  surface  field  are  shown  for  typical  values  of  c  and 
in  Fig.  11.15.  In  the  far  field  (£  -♦  jo): 


S  =  2il 


1  Cft-W 


rstm,) 


ysjc, -i)s„(c>f)). 


(11.117) 
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Cj  C-  150- 


Fig.  11.  14.  Normalized  total  scattering  cross  section  ^aTfA  for  (a)  £,  -  1  005,  (b) 
=  1.044  and  (d)  ci  =  1.077  (Spence  and  Granger  11951]). 


=  1.020,  (c) 


The  bistatic  cross  section  normalized  to  the  geometrical  optics  back  scattering  cross 
section  a%Q  is  shown  as  a  function  of  0  =  arc  cos  q  in  Fig.  1 1.16,  for  selected  values 
of  cix  and  of  the  length-to-width  ratio.  Computed  results  of  |*S|/(cc1)  were  given 
by  Spence  and  Granger  [1951],  as  previously  mentioned.  Using  an  integral  equa¬ 
tion  approach  for  his  numerical  computations,  Brundrit  [1965]  has  plotted  |S|  as  a 
function  of  0  ~  arc  cos  rj  for  cix  -  1, 2,  3  and  length-to-width  ratios  varying  from 
1 : 1  to  5: 1.  For  the  particular  case  of  back  scattering^  =  1),  arg  S  is  plotted  as  a  func¬ 
tion  of  c£,  for  selected  values  of  in  Fig.  11.17.  Corresponding  values  of  the  back 
scattering  cross  section,  normalized  to  <rro>,  are  shown  in  Fig.  11.18.  For  forward 
scattering  (rj  =  - 1),  arg  S  is  plotted  as  a  function  of  for  selected  values  of  £i 
in  Fig.  11.19.  Corresponding  values  of  the  forward  scattering  cross  section,  normal¬ 
ized  to  the  quantity  of  eq.  (11.43),  are  shown  in  Fig.  11.20. 


1C 


ft 


C  -Cb 


V 


1 

1  0 


Fig.  11.15.  Amplitude  and  phase  of  surface  field  for  end*on  incidence  with  c  •  -  5.0  (Senior  [1969]). 
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Fig.  11.16.  Bistatic  cross  section  normalized  to  rr|  0  as  a  function  of  0  —  arc  cos  t),  for  end-on  invidcn 

t Senior  [1969]). 


The  total  scattering  cross  section  is 


An  ®  1 

k2  n = o  Nn 


«HU)S  {c 


(11.118) 


The  normalized  cross  section  J <tt/A  is  shown  for  selected  values  of  in  Fig.  11.14 
and  for  selected  length-to-width  ratios  in  Fig.  1 1.21.  Brundrit  [1965]  has  plotted  <rr 
as  a  function  of  <  8)  for  length-io-width  ratios  varying  from  1:1  to  5: 1. 


11.3.2.2.  LOW  FREQUENCY  APPROXIMATIONS 
For  incidence  at  an  angle  C  with  respect  to  the  positive  z-axis,  such  that 

V*  =  exp  {iA:(.v  sin  £ +  z  cos  £)},  (11.119) 

then  (Asvestas  and  Kleinman  [1967]): 


Fig.  II.  IS.  Normalized  back  scattering  cross  section  for  end-on  incidence  (Senior  (19691). 
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Fig.  1 1.21.  Normalized  total  scattering  cross  section  for  end-on  incidence  (Senior  [1969]). 

for  m  =  0,  1, 2, . , .,  where  indicates  that  the  term  h  =  j  is  omitted  from  the  sum¬ 
mation;  and 

CS.o,o  =  <o  =  0.  (11-123) 

A " ,  =  0.  for  in  +  j  odd. 

r  =  v 17  «,-««*  ;r_i  u-o! 

'  2™+ 1  {Hm-JWlikm+j+ljj’fljlj,)  0+0! 

x  Jc,  cos  C  ^(m-j)0-/+i)F  +  ,  (  + 

+O+0(«,+;+1)p‘>-i  (if  - 

V  ii  — cos  (j  /  J 
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-(m-jKj-l+njPlV,  (!~“)  - 


(11.124) 


In  the  far  field  ({  -*  »): 


i -mm  m 


even. 


S  =  c 


I  Z  Cf.o.jPfa)  cos  Itj). 

n  3  0  m  =  0  (n  —  Hi)!  /  =  o  j  =  0 


(11.125) 


Starting  from  the  exact  series  solution,  Bup.ke  [1966b]  has  computed  S  through  terms 
O (k*)  lor  arbitrary  angles  of  incidence  and  observation. 

For  axial  incidence  (£  =  7r): 

V  =  eic{f  I(-ic)^LzC"  l  £  CS.,,jQh(()PM  01-126) 

and  in  the  far  field  (£  -*■  do): 

s  =  -c£  (-ic)”u„>  (11.127) 

n  =  0 

where 

01-128) 

«  =  o  (n  —  m):  ;=o 

In  particular  (Senior  [I960]): 


u0  =  u,  =  0, 

M  =  -  —  ?,(>/)  +  -  —  F0(^), 
3g;  9  Q'o 


(11.129) 

(11.130) 


w3  =  0. 


(11.131) 


i/.  =  - 


1  P\ 

75  e; 


!  f4  Pi 

81  (5  Qj 


Pj(l)+  --  r  + 


Pi 

Gi 


p,(i»)+  -1- ^  j->  -  ^  +4J  p,(,)+ 
75e;le;  q;  ) 


+ 1 T— 

3  L175  ei 


i  Pi  m  +  9  p; 

27  0ilCi  2  <2i 


(11.132) 


“5  =  “ 


(11.133) 
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where  P \  =  Pj(ii)  and  Q)  -  Q'j(Z ,).  The  radius  of  convergence  of  eq.  (11.127), 
regarded  as  a  power  series  in  c{t,  is  indicated  in  Fig.  11.22.  The  back  scattering 
cross  section  normalized  to  <r|>0>  computed  using  seven  and  nine  terms  in  the  low 
frequency  expansion  (i.e.  nm9X  =  6  and  8)  is  shown  for  two  typical  cases  in  Fig.  1 1.23, 


Fig  1 1,22.  Radius  of  convergence  of  low  frequency  expansion  for  end-on  incidence  (Senior  [1961]). 


whereas  the  forward  scattering  cross  section  a(n)  normalized  to  the  quantity  given 
in  eq.  (1 1.43),  and  computed  using  eight  and  ten  terms  in  the  low  frequency  expansion 
is  shown  for  the  same  two  typical  cases  in  Fig.  1 1.24. 

11.3.2.3.  HZGH  FREQUENCY  APPROXIMATIONS 


For  the  scattered  held,  no  explicit  results  are  available  for  arbitrary  incidence,  but 
for  axial  incidence,  such  that 

V'  =  e-'“,  (11.134) 

the  geometrical  optics  scattered  field  at  a  point  (£,  rjt  (f>)  located  in  the  illuminated 
region  {(£ 2  -  1 )( 1  -  jj2)  >  (£f  -  l)  with  t]  <  0}  is: 


(11.135) 


where  F  and  G  are  given  by  eqs.  (11.15)  and  (11.17),  and  is  the  positive  root  of 
eq.  (11.18)  with  £0  =  oo.  In  the  geometrical  shadow  V\Q  =  0.  In  the  far  field 
(;  -  x>): 
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f  ig.  11.24.  Normalized  forward  scattering  cross  section  at  end-on  incidence  for  10  :  1  and  2  :  I 

spheroids  (Asvestas  and  Kleinman  [1967]). 


In  particular,  if  the  observation  point  is  on  the  r-axis  (>/  =  1): 


I ' s  __  ^  —  24 1 ) 


and  in  the  far  field  (i  x): 


c  _^M)  e-*lr{. 

-’ao.  —  "  _  „  v  » 


01.137) 


(11.138) 


so  that  the  geometrical  optics  back  scattering  cross  section  is  still  given  by  eq.  (1 1.66). 

A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  is  available  for  the  surface  field  and  for  the  back  scattered  field. 
In  both  cases 

v'  =  r;0  +  rd\  (n.139 
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On  the  surface  s  —  5i  (Levy  and  Keller  [I960]): 

v>  _ _  _ y  exp  XjjO,  g)-i  exp  [.?„(>),  - 1)+^„(0, 

*  PM -«{l+exp  [2*„(1, -lj]} 


£[ _ y  exp  Jf„(0,  q)-i  exp  - 1)+^„(0,  - 1)]  /n  ,40) 

!)(l-n2)l*  »=i  P. Ai( -/?.){!  +  exp  r2^.(l,  -1)1) 


where  %„(* , /?)  is  given  by  eq,  (11.96).  In  the  far  back  scattered  field  ( r\  =  1, 
i  -►  oo)  (Levy  and  Keller  [I960]): 

S  =  £ii!Ziie‘2ic{l  jl  -  - -  exp  [^+2^,  + 

2«.  _ l  (tf-l)*/?,[Ai(-/?,)]2  P  L 

+  2ic  f  ]/ -'--’L  d^  +  exp  (lirtJc'/J,  {2{ ,  V({f  - 1)}}  f  — TTfl  1 » 

Jo'  i-r  Jo  vttii-i  Xi-»i  ))J> 


where 


Pt  =  1.01879...,  Ai(-/?,)  =  0.53565.... 


(11.141) 

(11.142) 


If  we  require  that  the  diffracted  field  contribution  in  eq.  (11.141)  be  at  most  one  fifth 
of  the  geometrical  optics  contribution,  the  following  inequalities  must  be  satisfied 
(Crispin  et  al.  [1963]): 


wv'  «;-D 

!  10  :  1 

i 

8  :  1 

5  :  1 

2  :  1 

4  :  3 

Clt  £ 

575 

375 

160 

33 

14 

c(l i  1 )/l»  £ 

5.75 

5.86 

6.40 

8.25 

10.05 

The  total  scattering  cross  section  for  end-on  incidence  (f  =  7i)  is  (Jones  [1957]): 

<*t  ~  ~ —  0.8640[c({, -i:')]-*};  (11.143) 

k 


(11.145) 


this  result  is  a  good  approximation  if 

c(£ i  •<;:')>  1.  (H.144) 

For  broadside  incidence  (C  =  ]rc),  such  that 

F‘  =  eiu,  (11.145) 

the  total  scattering  cross  section  is  (Jones  [1957]): 

<rr~“,  tl-0.8640i)(c\;ii-l)'<],  (11.146) 

k 

where  b  is  the  hypergeometric  function  of  eq.  (11.73);  the  result  (11.146)  is  a  good 
approximation  if 

<\(sT-U>  1.  (1 1  147) 

Values  of /?  fora  few  lencth-.o-width  ratios  are  tabulated  at  the  end  of  Section  1 1.2. 2. 3. 
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11.3.2.4.  SH  \PE  APPROXIMATION 


For  a  spheroid  whose  surface  £  =  Zx  is  defined  in  terms  of  the  spherical  polar 
coordinates  (r,  >0ly  <j>  J  by  the  equation 

i  —  cos  0,/ 


and  is  such  that 


<f-i  »i. 


(11.149) 


i.e.  the  spheroid  departs  only  infinitesimally  from  the  sphere  r.  =  ay  the  scattered 
field  may  be  expressed  as  a  perturbation  of  the  solution  for  this  sphere. 

For  incidence  at  an  angle  C  with  respect  to  the  positive  r-axis,  such  that 


V{  =  exp  {i k(x  sin  { -f  z  cos  £)}, 


(11.150) 


m  =  0  n^m  (ft  +  m)!  /l*l>(fca)  L  Z\~ 

x  h" \kr)l*( cos  ;)P?(cos  0)  cos  m<j>  +  0[(^J  - 1)-2], 


(11.151) 


where 


6  (')=  -  1  ((2n  + 1  )[(fcq) V  +  n - 1  +  m2) - <i2(n  + 1  )2  -  mV +  n  - 3)] 

(ka)ihi„"(ka)  l  (2)t  +  3)(2n- 1) 

+  (n  +  »i-  l)(n+m)(fc2fl2  — n2  +  n+2)  h[ly{ka)  P"_2( cosp 
272n  - 1 )  WJi(ka)  P"( cos  0 

+  (» - '»  +  0(f “m  +  2)(k  V - n2 - 3n)  h^'(fca)  PjT+  2(cos  0|  ,  ( j  , 52>, 

2(2)) +  3)  “ .  ”  hi'Uka)  K(cHs()V 

In  the  far  buck  scattered  field  (r  ->  oo,  0  =  tt-£,  </>  =  7r): 


x[p:(cosO]2  +  0[(^-1)‘2].  (11.153) 


For  axial  incidence  (C  =  i): 


r  ~  -  Y  {_ir- 
»=o  /)'"'(Ao) 


(2n  +  IWJ(fcfl)+  .  />, 


<f-l 


x  *< ' \kr)P„(cos 0)  +  O[(s2-  O’2].  ( 1 1 •  1 54) 


w  here 


/>  Jr)  = 


1  ((2ji-,  l)[(fcfl)2(w2  +  M-l)“/i2(n  + l)2] 


(A<))'/,I'*(Jtr,)  ( 


(2«  +  3)(2)i-  1) 


+  ))())—  1 )( *c2«2  —  )i2  +  )i  +  2)  h'„u(ka)  ()i  + l)(n  +  2)(A-2u2-)i:-3)i)  /i^1  * (A-u)  1 
2(2)i- 1)  /i‘lr2(M+  2(2)1  +  3 )  "  h\Y:(ku)t' 

(11.155) 
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and  in  the  far  back  scattered  field: 


~  I  r! 077-7  |"i(2*  +  l)£(ta)-  ~  u«)l  +0[«?-ir2].  (11.156) 

n=o  h\l)(ka)  L  {f-1  J 


11.4.  Perfectly  conducting  spheroid 

11.4.1.  Dipole  sources 


11.4.1.1.  EXACT  SOLUTIONS 


Results  are  available  only  in  the  case  of  a  dipole  on  the  r-axis  and  axially  oriented. 
For  an  electric  dipole  at  (<JC,  Vo  =  1)  with  moment  (4 corresponding  to 
an  incident  electric  Hertz  vector  £e‘fcR/(A*/?),  such  that 


H‘i  =  K  =  e;  =  0, 

then  (Bklkina  [1957]): 

Tt lY  00  1 

-  ----  y  (-i)R“ 1  - 


(11.157) 


R\%A<) 


(^/^ClK^^fc.  V  I  )\'  0}  n(3)/„  e  \1  o(J) 


«<)  R\n'(c,  Z>)Sln(c,  If).  (1 1.158) 


mMR'ftc.Mti-i)}  . . 

On  the  surface  %  =  : 

2A2y  "  .  1  1 

U*+n* =  ”  <\  luT'iW-'i)}^"0  pTX 

x  K'.VC**.  Cojs,  Jc.ij).  (11.159) 

In  the  far  field  ({  -►  x>): 

*  b  \  (Co  1 )  «“0  P\nN\n 

X  r i?* 1  r  r  1  (<7t  S|  )[^VnV'  Sl)v(£l  ”  0}  n(J)(  e  \1  (c  n) 

U",-1"'"'- {.MC-ni  “(  WJ  J  ’■ 


If  the  dipole  is  on  the  surface  (so  -=  ^ ): 


2k 2  Y  z 


";+>/;  =  - *  im 


«u’(c.  <)S,„(c, >;) 


(W. ){«*,>. i,K({i- i)l 

If  also  the  observation  point  is  on  the  surface  (;  =sj): 

ir+ir^_  2t2v  y(_ir_i  R\"(c.a,)Sln(c,n) 

<■('}- I).r0-  («•;«, ){R',>.{,)N ({,-!)} 


(11.160) 


(11.161) 


(11.162) 
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whereas  in  the  far  field  (<!;  -*■  oo): 


Hi  +  /#,  _  ^  2jjSY  ^  1  _  S„(c,  ,,) _ 

*  ct  c({j-i).“o'  plnNln 

Hatcher  and  Leitner  [1954]  have  computed  the  quantity 

I  _jl_  y  / _  j _ i _  s,.(y) _ j2 

I  2(^\  —  1)  n  =  o'  puNu  (a/acjlOc.  I 


(11.163) 


(11.164) 


for  c  —  1,2  and  3  with  ^  =  1.005,  1.020,  1.044  and  1.077.  Belkina  [1957]  has 
obtained  the  shape  of  the  radiation  pattern  for  c  =  0.9804,  3,  5  and  7  with  = 
1.000  801,  1.005  037,  1.02,  1.154  700  and  1.341641. 

For  a  magnetic  dipole  at  (io^lo  ~  0  with  moment  (47i/A:)£,  corresponding  to 
an  incident  magnetic  Hertz  vector  iQikRl(kR)t  such  that 


£•  =  El  =  M  =  0, 


(11.165) 


E*+E*  =  -  ~~— 

V(^o-l)»=o 

x  toe.  {<)-  J-'-J  R(,>. ««)]  Jtf.V.  C>)S,„(c.  «).  (1 1.166) 

On  the  surface  £  =  (t : 

ni  ,  us  _  y/  j  ?i")(C!.f0)  C  ... \ 

c  VUfo- OKi-i )Ui-»i  )}»*#  pi.w,.  RiiV.ii) 

(1 1 .167) 

In  the  far  field  (;  -+  oo): 

_')i-27  *  1 

£;+*♦-  .  .  K-o" 


<'S  v'Uo-l)’*0  Pin  A/|„ 


^In  ((  ♦  <9  t  )  n(3)/  .  c  \  i>  /.  . }  j 
»(.M/  ,  g  x  l<,n  '4»  W* 

*'  In  ^  1  )  -1 


X  RWc.i  «)- 


(11.168) 


If  the  dipole  is  on  the  surface  (s0  -*  J,)t  the  electromagnetic  field  components  are 
identically  zero  evcry where. 

11.4.1.2.  LOW  FREQUENCY  APPROXIMATIONS 

A  general  procedure  for  the  determination  of  successive  terms  in  the  low  frequency 
expansion  of  the  scattered  field  has  been  given  by  Stevenson  [1953a];  however,  no 
specific  results  arc  available. 
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11.4.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

Although  the  geometrical  and  physical  optics  approximations  to  the  scattered  field 
are  derivable  by  standard  techniques,  no  specific  results  are  available. 

1 1 .4.2.  Plane  wave  incidence 
11.4.2.1.  EXACT  SOLUTIONS 

For  arbitrary  direction  of  incidence.,  the  coefficients  in  the  vector  wave  function 
expansion  of  the  scattered  field  must  be  determined  from  an  infinite  set  of  infinite 


Fig.  1  i  .25.  Normalized  back  scattering  cross  section  at  end-on  incidence  for  a  10  :  I  spheroid  (Siegel 

et  al.  (1956)). 

systems  of  equations  (Rlitlinger  [1957]);  no  specific  results  have  been  found.  In 
the  particular  case  of  end-on  incidence  (C  =  n ),  the  coefficients  may  be  obtair 'd  by 
the  inversion  of  a  single  infinite  matrix  (Schultz  [1950]);  this  method  has  been 
used  to  compute  rr>g  o  for  a  10: 1  spheroid  at  selected  values  of  c;t  (Siigu.  et  al. 
[1956]),  as  shown  in  Fig.  1 1.25. 

Experimental  data  for  back  scattering  and  bistatic  cross  sections  are  available  only 
for  isolated  values  of  the  parameter  involved  (see  Si.lmor  [1964]).  One  of  the  more 
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complete  sets  is  for  end-on  incidence  on  a  2:  l  spheroid  (Moffatt  and  Kennaugh 
[1956]),  and  is  shown  in  Fig.  1 1.26.  Moffatt  [1965]  has  measured  the  back  scatter¬ 
ing  cross  section  as  a  function  of  J  for  a  2:1  spheroid  with  =  !.0(0.5)9.0;  his 
results  for  two  values  of  are  shown  in  Fig.  1 1.27. 
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t.  deqrees  £,  degrees 

Fig.  11.27.  Measured  back  scattering  cross  section  normalized  to  the  square  of  the  wavelength 

(in  db)  as  a  function  of  the  angle  of  incidence,  for  a  2  :  I  spheroid  with  either  Hl( - )  or  EH - ) 

parallel  to  the  plane  of  incidence  (Moffatt  [1965]). 


where  (/,  nu  /?),  (/, ,  mx ,  >/,)  and  (/2,  m2.  lh )  are  three  sets  of  direction  cosines  satis¬ 
fying  the  relations 


/, $  +  ni,P  +  ii,£  =  (/2£-hh2  J  +  n2£)  A  (l*  +  m$  +  nz), 
/2$  +  m2i>  +  fl22  =  (/$  +  nijl  +  nf)  a  (/, £  +  m,^  4-n, £) 
The  scattered  electric  field  in  the  far  zone  may  be  written  as: 

eikp  *  "  r/  OP^kosO)  -  J7(ces  t/)\ 

t;=  -  I  I  (a™  "V  '  +/n/L-  cos  nuji  + 

kr  m=o  ,=  i  L\  <W  sin  0  / 


rP^fcos  0) 


p:(cos  0)\  . 


|  sin  m<j>  , 


(11.170) 


(11.171) 


£;=-•!  I 

kv  m  =  0  n  --  I 


.  '1P?(cos  0)  P?(cos  0)\  , 

®mn  -W/L,  nV  — ; )  COS  Wl* + 

00  sin  0  / 


0  p:(cos  0)  P?(cos  0) 


|  sin  nuj) j  , 


(11.172) 


where  (r,  (f  c/> )  are  the  spherical  polar  coordinates  of  the  observation  point  and  the 
incident  electric  field  has  unit  amplitude.  Expicssions  have  been  worked  out  (Sn- 


vknson  [1953b])  lor  the  coefficients  i<m,.  51A„  and  /?„„ 

(Explicitly, 

through  lerms  0(C). 

a,,,  =  k*k  \  +  k5 L3. 

(11.173) 

*02  -  -U-(A/I  +  A/2-:A/Jk 

(11.174) 

*0.1  .ini </  k 3  , 

(11.175) 

*M  =  k'Kt+k-Lt  . 

(11.176) 

2,2  -  \k*S2* 

(11.177) 
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^13  ij  'oo^  d  K  i  . 
Pn  =  fc3K2  +  fc5L2, 

P,2  =  Jk*W,. 

flu  =  -iltkWKt, 
a,2  =  -|/c5(M2-M,), 
P22=*ksNi, 


(11.178) 

(11.179) 

(11.180) 
(11.181) 
(11.182) 
(11.183) 


with  all  other  coefficients  zero  through  0(k5).  The  corresponding  “barrtJ”  quantities 
are  obtained  by  “barring”  the  Kj ,  LJ%  Mj  and  NJfj  =  1,  2  or  3.  The  L;,  A/,  ar.d 
yV j  and  their  “barred”  analogues  are  complicated  functions  of  the  direction  and  polari¬ 
zation  of  the  inciuent  field,  and  of  the  spheroid  parameters,  and  their  expressions  are 
given  by  (Stevenson  [1953b],  Senior  [1966b]): 


^  I  “  I  * 

\L  i 

K2  =  f! 


(11.184) 


(11.185) 


VI 


(11.186) 


Ll  "  ('■  [22-5(|,+,,,1|+  i(?|  - 1)  ’  7  ef]  +5"4 


(11.187) 


50  Q'n 
3  Q\ 


+  5 m/2]  , 


(11.188) 


L,  = 


A,^[l4+i(lN,.V4(q-^)+7«].  <".<»> 


^^1  ““  8ft  *0^ 


r  p0- 

•  6 (//r  'i?ni,)nj -  mir  ;  . 

L  G?  G?- 


A/,  - 


<.l4 ti</5  j~ 6f -/»»,)  **;  -  II,  1 ; 

L  Q:  <?2! 


M,  =  JJl.„,/5i»l1/ j. 


s  r  /j*  P1’- 

.V,  =  -  I  (mil,  +»»i|)  :  +51,  '  . 

L  0.  Q\ 


(11.190) 


(11.191) 


(11.192) 


(11.193) 


11.4 


PERFECTLY  CONDUCTING  SPHEROID 


465 


(11.194) 

(11.195) 


where  the  argument  of  the  Legendre  functions  is  Cj .  The  constants  KJy  LJy  M j  and 
Nj  are  obtained  from  the  corresponding  unbarred  quantities  by  making  the  substitu¬ 
tions 


(/| ,  !!,)-♦  (.*2,  Hi2,n2), 

(L  i  m2 ,  n2)  -+ 


(11 . t 96) 


and  by  replacing  the  Legendre  functions  with  their  first  derivatives  and  vice  versa. 
In  the  particular  case  of  end-on  incidence,  such  that 

E1  =  .te’1**,  H1  = 

eqs.  (11.171)  and  (11.172)  reduce  to: 


with 


ln 


Mi- 

Pi 


t  —  _  1-  -/>5 
M2  “  2  7  0( 


2  5  r  1 

^.3-07  5^ 

V  \ 


i»h  *  (22. 

Q\  L  ' 

ft  .  c.5  /P2  _5  p!\ 

2  7  0  W  eir 

VI 


10^'.'  -40  ^ 

0!  Q 


?)] 


(11.197) 


fcr  n  =  i  L\  dO  sin  0  / 

-  ^  .  (H-198) 

\  dfl  sin  0  J  J 


(11.199) 

(11.200) 
(11.201) 
(11.202) 

(11.203) 

(11.204) 


where  the  argument  of  the  Legendre  functions  is  and  all  other  coefficients  are 
zero  through  ()(r5). 

By  retaining  only  the  dominant  term  O (o')  in  eq.  (1 1.1 98),  and  specializing  to  the 
case  0  =  0,  we  obtain  the  Rayleigh  back  scattering  cross  section  (Strutt  [1897]): 
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ici«.)  eitf.) 


(11.205) 


A  numerical  approximation  to  eq.  (11.205)  has  been  proposed  by  Siegel  [1959]  in 
the  form: 

*  ~  -  k*v2  (i + (n.206) 

where  v  =  - 1)  is  the  volume  of  the  spheroid. 

The  dominant  term  of  the  near-zone  (kr  <  1)  field  for  both  axial  (£  =  n)  and 
broadside  (£  =  ]rc)  incidence  has  been  given  by  Lord  Rayleigh  (Strutt  [1897]). 

11.4.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  wave  of  arbitrary  polarization  incident  from  the  half-plane  0  =  0  at  an 
angle  £  with  the  positive  r-axis,  the  geometrical  optics  bistatic  cross  section  in  the 
direction  (0  arc  cos  >/,  0  =  0)  is  (Crispin  et  al.  [1959]): 


*«.(»)  - 


w  Uf-cos2(i(C-0))J 

For  axial  incidence  (£  =  rc),  the  back  scattering  cross  section  is 


... .  ...<o)  - .  r^r, 

L  -ii  J 


(11.207) 


(11.208) 


whereas  in  a  direction  arbitrarily  close  to  forward  scattering  (0  —  it): 

*,...(*)  =  *(^.)2-  (H.209) 

An  expression  for  the  physical  optics  bistatic  cross  section  is  available  for  a  receiver 
in  the  plane  containing  the  direction  of  incidence  and  the  z-axis  (Siegel  et  al.  [1955]), 
viz. 

°pJ0)  =  *tj0)  f  1  -2  -  +  S'~y-]  .  (11-210) 

L  2  M  M  J 


where 


M  =  csin  (KC+0))v  U'f-cos2  (i(C-0))}; 
this  result  is  only  valid  if  £  and  0  satisfy  the  condition: 

tani(;  +  0)--2-5frS??i(«{.-®». 

sin(C-fl) 


(11.211) 


(11.212) 


A  more  refined  approximation,  in  which  an  a*  ymptouc  expression  for  the  diffracted 
field  is  retained,  is  available  only  for  the  far  back  scattered  field  with  axial  incidence 
0/  =  !.£•■♦  x,  £  =  n).  If  this  case,  if 


£'  =*  *e 


H'  = 


(11.213) 
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then  (Levy  and  Keller  [I960]): 

i\  t 


s  =  -  [j+2(ic),{,,(«?-l)'* 

24,  l 


x  exp  +  2ic; .  4  2ic  J  J/  y — -- dtj  j 
X  |(Ai'(-a1)rJexp(txp{|iniria,{2{1N/'(f?-l)}1[ 
exp  (exp  f-5;Mt}c'/J,{24,,/(4i-l)}* 


_ 

»i2Xi— *i2)> 


r1 _ d^_ 

Jo  >/{(«* -fl*X  >-!»*)} 


(11.214) 


where  *lt  filf  Ai'l'-aj)  and  Ai(-/?,)  are  defined  in  eqs.  (1 1.68)  and  (11.142). 

The  total  scattering  cross  section  for  end-on  incidence  (C  =  n)  is  (Jones  [1957]): 

^  (ef  -  i){i +o.o66i[c(«, -er‘)3-*};  (11215) 


°t  ~  ~r  (4{ -!){'- +0.0661[c({I-irl ')]"*}; 


this  result  is  a  good  approximation  if 

c(i.-4r,)»l-  (11-216) 

For  broadside  incidence  (£  =  in),  the  total  scattering  cross  section  is 

<rT  ~  ~  4,  1  +  ( c V4f— 1) " * [0.9301 5  —  0.8640b] }  (11.217) 

A. 


if  £'  is  parallel  to  the  r-axis,  and 
2nc2  „  ,  izr~ 


4iv,4f  - 1 !  I  (csl$  - 1)"}[0.93015(1  -47: 2)— 0.86406]} 


(11.218) 


if  H‘  is  parallel  to  the  r-axis  (Jones  [1957]);  the  quantity  5  is  the  hypergeometric 
function 

B  =  iF  i(M:2;«;2).  (11219) 

whereas  b  is  given  by  eq.  (11.73).  In  particular.,  one  has  thw  following  numerical 
values: 


major  axis 

-  =1:!  10:9  5:4  5:3  5:2  5:1 

minor  axis 

(0.9301 1  0.8640 b)  *  I  0.136  0.204  0.336  0.412  0.535 

(0.9301  ?<(l  -)  0.8640A1  -  1  0.0139  -0.0932  -0.242  -0.361  -0.458 

The  results  (1 1.217)  and  (II. 2 18)  are  good  approximations  if 

f\  (4i~  1) »  1. 


(1 1.220) 


468 


THE  PROLATE  SPHEROID 


11.4 


11.4.2.4.  SHAPE  APPROXIMATION 

For  a  spheroid  whose  surface  £  =  defined  in  terms  of  the  spherical  polar 
coordinates  (r{ ,  0,,  0t)  by  the  equation 


and  is  such  that 


€f-l » 1. 


(11.22!) 

(11.222) 


i.e.  the  spheroid  departs  only  infinitesimally  from  the  sphete  rv  =  a ,  the  scattered 
field  may  be  expressed  as  a  perturbation  of  the  .r  Union  for  this  sphere. 

The  scattered  field  corresponding  to  an  incident  wave  with  arbitrary  polarization 
and  whose  direction  of  propagation  forms  an  angle  f  with  the  positive  z-axis  has  been 
derived  by  Mushiake  [1956].  For  the  particular  case  of  back  scattering,  the  cross 
sections  <rt  and  oL  corresponding  to  an  incident  electric  field  respectively  parallel 
and  perpendicular  to  the  plane  of  the  direction  of  propagation  and  the  z-axis  are: 


*iU.  =  na 
where 


fteriy  (~1)"(2»  +  1)  1 

'  '  I  (  1  )/i  \W  g2  4  1  a 

«■>  K  (kaK„  £f-l 


+  0[(^-l)-2],  (11.223) 


C.  =  kahl'Xka),  (11.224) 

the  prime  indicates  the  derivative  with  respect  to  ka,  and  (Mushjake  [1956)): 

f  “  /  i"  mK{ cos  C)  v  T  i  *MT(cos  0  lim 

A\\  -  l*  L  /  -----  -  L i>' 


-- l.  L  i„-  LV">  I  ,  IS- 

m  =  0  n-m  Sin  Q  l-nt  L£j 

-  i  «sso,..]  + i  ir  P  fr«'±p  -.1  c 

vi  smt,  J  Cn  is*  LC/‘L(A:u)2  j 

,l(‘+l)  ,4„|  ciPflco*  0  _  i  m1  FT  (cos  {)  ,J  | 

M2  I  C.  sin  £  -Jr 


+ 


(11.225) 


A±  is  obtained  from  /ty  by  interchanging  mP”( cos  C)/sin  £  and  -fP“(cos  £)/P£  with 
j  =  n  or  /  in  eq.  (1 1.225), 


j  l  m  _ 
In)  ~ 


i: 


C  =  M 


,  f-0  <V  sin “  (r 

(11.226) 

t'  l>m  \ 

"  PT+  l‘:  Siirddt/, 

ro  fit  ' 

(11.227) 

/T  sin  211  sin  t>  d It, 

:o  • 

(I1.22S) 
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and 

M  =  (2/i  +  !)(//-  m)  !(2>  + !)(/ -  m) ! 

m  /t(/i  +  t)(/i  +  m)!/(/  +  l)(/+m)! 


(11.229) 


The  normalized  back  scattering  cross  section  at  end-on  incidence  is  shown  for  a  5:4 
spheroid  in  Fig.  1 1.28. 


Fig.  1 1.28.  Normalized  back  scattering  cross  section  for  a  5  :  4  spheroid  at  end-on  incidence 

(Mushiake  [1956]). 
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Chapter  12 


THE  WIRE 

O.  EINARSSON 


The  geometrical  shape  corresponding  to  a  thin  wire  is  a  finite  circular  cylinder 
whose  cross  section  is  small  con: pared  to  ;ts  length  and  to  the  wavelength.  The  con¬ 
tribution  to  the  scattered  field  from  the  end  surfaces  of  the  cylinder  is  assumed  to 
be  negligible.  The  wire  may,  for  example,  be  either  a  thin-walled  tube  or  a  solid 
cylinder  with  plane  end-caps. 

The  thin  wire  concep”  is  meaningful  only  for  acoustically  soft  or  perfectly  conduct¬ 
ing  cylinders.  The  acoustically  soft  wire  may  be  treated  by  the  same  methods  as  the 
perfectly  conducting  wire  (Williams  [1956]);  however,  no  specific  results  are  available. 
Furthermore,  the  existing  formulae  for  the  perfectly  conducting  wire  are  limited  to 
plane  wave  incidence. 

Thin  wire  formulae  can  be  considered  as  combinations  of  low  frequency  and 
resonance  region  expansions  (sometimes  extending  up  inio  the  high  frequency 
region).  The  oldest  approach,  which  we  will  call  “the  integral  equation  method", 
is  to  obtain  solutions  by  iterations  applied  to  the  linearized  integral  equation  of 
Hall£n  [1938],  We  give  only  a  few  formulae  related  to  this  method,  and  for  a  more 
complete  account  the  reader  is  referred  to  the  book  by  King  [1956]. 

The  scattering  cross  section  may  be  expressed  as  a  functional  which  is  stationary 
with  respect  to  small  changes  in  the  current  distribution  on  the  wire.  This  approach 
was  introduced  by  Tai  [1951],  and  will  be  called  “the  variational  method”. 

For  the  case  of  a  finite  thin-walled  tube,  there  exists  an  exact  solution  of  the  matter¬ 
ing  problem  expressible  as  an  infinite  sum  of  traveling  waves  (Hall£n  [1961], 
Einarsson  [1963]).  In  the  thin  wire  case,  each  term  in  the  sum  can  be  expanded 
asymptotically  and  the  resulting  sum  can  be  expressed  in  closed  form  (Einarsson 
[1969]).  Wt  designate  this  and  related  methods  “the  direct  method", 

12.1.  Thin  wire  geometry 

The  geometry  of  the  wire  and  the  orientation  of  the  incident  plane  electromagnetic 
wave  are  shown  in  Fig.  12.1. 

The  incident  wave  is  linearly  polarized  with  the  electric  field  vector  in  the  plane 
of  the  direction  of  propagation  and  the  wire  axis;  this  is  no  limitation  since  only 
the  component  of  the  electric  field  parallel  to  the  wire  contributes  to  the  far  field 
scattering. 
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Although  the  results  are  derived  for  wires  of  circular  cross  section,  they  are  also 
valid  for  non-circular  cross  sections  provided  that  the  cylinder  radii. s  a  is  replaced 
by  an  equivalent  radius  (Hall^n  [1938],  Flammer  [1950]).  This  equivalent  radius  is 


E* 


equal  to  the  radius  of  an  infinite  circular  cylinder  that  in  conjunction  with  a  distant 
concentric  conductor  has  the  same  capacitance  per  unit  length  as  an  infinite  cylinder 
of  the  given  cross  section;  vtiues  for  some  simple  geometries  are  given  in  Fig.  12.2. 


Su  and  German  [1966]  have  computed  the  equivalent  radii  for  a  number  of  uorc 
complicated  shapes  employing  an  approximate  formula  given  by  Uda  and  Mushiake 
[1954]. 

The  following  notation  will  be  used  throughout  the  chapter: 

L  -  ikl  =  «//;., 

y  =0.5772156649 .. .  (Euler’s  constant),  (12.1) 

C(3)  =  V  ~  =  1.202056  903.... 

«=  i  n3 

Various  special  functions  are  defined  and  discussed  in  Section  12.6.  For  a  plane 
incident  wave  of  unit  amplitude 

h'i  -  exp  { -ifcr($in  0  sin  0o4-cos  0  cos  0C)},  (12.2) 


the  scattered  far  field  is  written  as 
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12.2.  The  average  back  scattering  cross  section 


The  average  back  scattered  return  for  arbitrary  angle  of  incidence  and  polariza¬ 
tion  is  defined  as 


a 


3  f** 

<r(0)  sin  0d0, 
8  J  o 


(12.4) 


where  <r(0)  is  the  back  scattering  cross  section  related  to  the  polarization  of  the 
incident  wave  shown  in  Fig.  12.1,  and  is  defined  by  eq.  (12.21).  Whereas  the  cross 
section  of  eq.  (12.4)  is  specified  by  the  component  of  the  scattered  field  parallel  to 
the  incident  field,  the  corresponding  cross  section  specified  by  the  perpendicular 
component  is 

The  average  cross  section  has  been  calculated  by  Chu  (see  Van  Vleck  e?  al. 
[1947])  by  assuming  a  simple  current  distribution  along  the  wire  and  determining  its 
magnitude  by  equating  the  real  power  calculated  at  the  wire  surface  to  that  in  the 
far  field  (EMF  method).  For  resonant  wires  (/  =  \nX\  n  =  1, 2,  3, . . .),  the  result  is 


a  _  3  2ftL-j  +  31og4L+3y-log2 
X1  \6n  (y  +  log4L)2 


(12.5) 


For  long  wires,  Chu  gives  a  non-resonant  formula  (Van  Vleck  et  al.  [1947]): 


1  =  J_  2*L-1 

X1  16rc  7r2+4(y+logika)2  ’ 


(12.6) 


which  does  not  predict  any  oscillations  in  the  cross  section  as  a  function  of  wire 
length. 

The  result 

-*•- - ^ -  (12.7* 

X2  45rc{log(2//a)-l}2 

which  is  valid  for  short  wires  (/..  £  0.3),  has  beer  obtained  by  Van  Vleck  et  al. 
[1947]  by  means  of  the  integral  equation  method. 

For  longer  wires  (L  Z  in).  Van  Vleck  et  al.  [1947]  give: 


=  3-  {(F'1+  F"2)(2nl.—  1)+(G'2  +  C  ,3)[2nL- 1  +y  +  iog  4L  + 

):  I67t 

+  (n+4L  log  2)  sin  2L+(4-2y-2  log  4 L)  cos  2L-(log  2)  cos  4 L]  + 
+(H'i  +  H"2)[2nL- 1  +  y  +  Ieg4L-(»t+4L  log  2)siii  2L  + 
+(2log4L  +  2y-})cos2L-(’og2)cos4L]  + 

+  (G'H'+G"//")[8L(log  2)  cos  2L-sin  2  L]  + 

+(F' G'+  f  "G")[7jt  sin  L-2ly+!og  4 L)  cos  L-2(log  2)  cos  ?L]  + 
+(F7/'  +  F"U")[n  cos  I.  - 2(y  +  log  4 L) sin  L  +  2(log  2)  sin  3/1]}. 


(12.8) 
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where 


F'  =  n  - 
n2  +  (22  ’ 

02.9) 

r  =  . 

rt2+fl2 

(12.10) 

(2  =  — 2y — 2  log 

(12.11) 

c'=  Wf>  _  _a  G" 

’  r\L)+Z2(L)  2(2 

(12.12) 

G"=  W9  . 

V2(L)+z2(L) 

(12.13) 

H' -  _ *L  H" 

~  V2(L-]n)+S\L-ii r)  2(2  ’ 

(12.14) 

H„  _  JH(L-in) 

V2(L-in)+Z2(L-iit)’ 

(12.15) 

T(x)  -  in  sin  x  +  (l-iy-i  log  L-Q)  cos  .v, 

(12.16) 

5(x)  =  i(y  +  log  4L)  sin  x-irc  cos  x. 

(12.17) 

Computed  values  based  on  eqs.  (12.5),  (12.6)  and  (12.8)  are  shown  in  Fig.  12.3. 
12.3.  The  back  scattering  cross  section 

The  back  scattering  cross  section  has  been  derived  by  Van  Vleck  et  al.  [1947] 
using  the  integral  equation  method,  and  results  for  normal  incidence  are  given  by 
Dike  and  King  [1952].  Higher  order  terms  are  given  by  Lindroth  [1955],  and  one 
of  Lindroth’s  graphs  is  shown  in  Fig.  12.6.  The  curves  by  Van  Vleck  et  al.  [1947] 
and  by  Dike  and  King  [1952]  are  reproduced  in  King  [1956].  No  formulae  related 
to  the  integral  equation  method  will  be  given  here  because  the  results  obtained  by  the 
variational  and  direct  methods  are  no  more  complex  and  seem  to  be  at  least  as  reliable. 

The  functional  for  the  far  field, 


/Mi  /Mi 

,  J  |  l(z)l(z')K(z-z)dzdz' 

S(lK  0)  [*  sin  0  j  "  /(z)e_'*,c“*drl* 

L  J-u 


(12.18) 


where 


i  =  (k2  +  '  JC 
\  <: 7  kR 


L 

Fig.  12.3.  Average  back  scattering  cross  section:  (a)  integral  equation  method  (Van  Vleck  et  al. 

(1947J)  for  //a  -  900  ( - ),  Ija  -  450  ( - )  and  //a  =  225  ( - );  (b)  integral  equation 

method  (Van  Vleck  et  al.  (1947))  for  /Vi  -  900  ( - ),  Chu  non-resonant  formula  ( - ). 

R  =  v/{(z-z')2  +  o2}.  (12.20) 

and 

^  |S(0,  0)l2,  (12.21) 

7T 

is  used  by  Tai  [1951]  to  calculate  a  first  order  approximation  to  the  cross  section; 
although  the  integral  equation  related  to  eq.  (12.18)  does  not  possess  an  exact  solu¬ 
tion,  the  validity  of  the  numerical  results  is  not  affected.  The  trial  function  for  the 
current  distribution  is  (Tai  [1951]): 

l(z)  =  70{cos  kz  cos  (L  cos  0)- cos  L  cos  (kz  cos  0)+  (12.22) 

-M[sin  kz  sin  (L  cos  0)  —  sin  L  sin  (kz  cos  0 )]}, 


where  the  arbitrary  constant  70  does  not  alTect  the  value  of  the  cross  section,  and  the 
constant  A  is  determined  by  the  condition  CSC  A  =  0.  When  eq.  (12.22)  is  substituted 
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into  eq.  (12.18)  and  approximations  valid  for  small  ka  are  made,  one  finds: 


m  o) 


»i  (*?♦*'). 
V)’c  yJ 


(12.23) 


where 


gc  =  — —  [4  cos  0  cos2  (L  cos  0)  sin  L-(l  +  cos2  0)  sin  (2 L  cos  0 )  cos  L- 


sin  20 


i 


-2L  cos  0  sin2  0  cos  L]y  (12.24) 


(12.25) 


gs  - - [4  cos  0  sin2  (L  cos  0)  cos  L-(l  +cos2  0)  sin  (2 L  cos  0)sin  L-f 

sin  20 

+  2/.  cos  0  sin2  0  sin  L], 

yc  =  cos2  L{-  1  -fcos  2L  cos  (2£  cos  0)  +  cos  0  sin  2L  sin  (2 L  cos  0)  + 

4-  i [sin  2 L  cos  (2 L  cos  0)-cos  0  cos  2 L  sin  (2L  cos  0)]}  - 

-  1  [it”*  cos2  L  cos  (2L  cos  0)  -h  sin  2  L  sin  (2  L  cos  0)1 
2  L  cos*  0  J 

x  [/t(2L  +  2 L  cos  0)~/l(2L  —  2L  cos  0)]  + 

+  cos2  (L  cos  0)A(4L ) -  i  [2  log  (2//a) -  4 (2L  +  2L  cos  0) -  A(2L -  2 L cos  0)] 


j  Lsi 


.  1  l-fcos20  . 

sin*  0+ - sin  (2 L  cos  0) 

cos  0 


cos2  L-sin  2 L  cos2(L  cos  0)  j , 

(12.26) 


y,  =  sin2  L{  -  1  +cos  2L  cos  (2L  cos  0)  +  cos  0  sin  2L  sin  (2 L  cos  0)  + 
:  i [sin  2L  cos  (2 L  cos  0)-cos  0  cos  2 L  sin  (2 L  cos  0)]}  + 


+ 


l  ■{“  cos2  0  i  ~ 

- , —  sin2  L  cos  (2 L  cos  0)-sin  2 L  sir;  (2 L  cos  0) 

_  cos*  0 


x  [A(2L  +  2L  cos  0)-  /l(2iL  —  2iL  cos  0)]-j*  sin2  (C  cos  0)A(4L)  — 
-\[2  log  (2lja)  —  A(2L  +  2L  cos  0)  —  A{2L  -2L  cos  0)] 

L  sin2  0- 


1  +COS2  0  .  flkl  .  1  .  .  .  2  ,  ,  ml 

sin2  L  +  sin  2L  sin2  (L  cos  0)  , 


cos2  0 


sin  (2L  cos  0) 


with 


/l(.v)  =  Cin  (.v)-i  Si  (.v). 


(12.27) 


(12.28) 


and  Cin  (.v)  and  Si  (.v)  arc  defined  by  cqs.  (12.68)  and  (12.66).  Computations  based 
on  eqs.  (12.23)  to  (12.27)  are  shown  in  Figs.  12.4  and  12  5,  and  are  compared  with 
the  results  of  the  direct  method  (see  Section  12.4).  Comparisons  between  the  direct 
method  and  experimental  data  are  given  in  Fig.  12.6,  from  which  it  would  appear 
that  the  discrepancies  evident  in  Figs.  12.4  and  12.5  are  due  to  failures  of  the  varia¬ 
tional  method. 
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In  the  particular  case  of  broadside  incidence,  a  first  order  approximation  has  been 
obtained  by  Hu  [1958]  using  a  trial  function  for  the  current  distribution  different 
from  and  apparently  more  accurate  than  that  of  Tai  [1951].  The  assumed  current  is: 

I(z)  =  /0  — -°S  ^  +/l[sin  (L-/c|z|)4*sin  A:|z|  —  sin  L]) .  (12.29) 

1  1-cosL  ) 


The  corresponding  far  field  coefficient  is: 


!-#>♦ 

E—iF  \ 

where 

A  =  -  [ Si  (4L)  +  4(L  cos  L-sin  cos  L[Ioe  (2//a)-Cin  (2L)] 

(1  -cos  L)  I 

-  —  sin2  L- 2  cos2  L  sin  2 l!  , 
n  ) 


(12.30) 


(12.31) 


B  =  '  -  ,  {-Cin(4L)-(4Lcos2  L-2  sin  2L)  Si(2L)  +  sin2  2L},  (12.32) 

(1  -  cos  Ly 


C  =  1  —  jsi(4L)sinL+(l-cosL)Cin(4L)  + 

1  -  cos  L  I 

+  4(1  -  cos  L-L  sin  L)  Cin  (2L)  cos  L  +  4(l  -  cos  L)  Cin  (L)cos  L  + 

+  4 (L  cos  /.  -  si  n  L )  log  (21/a)  sin  L  +  4(  1  -  cos  L  )2  log  (Ha)  - 

-  (1  -  cos  L)  sin  L~sin2  2 l\  ,  (12.33) 

7T  ) 

D=  -  -1  {(1  -cos  L)  Si(4L)-Cin(4L)sin  L+ 

l  -cos  L 

+  4(1  -  cos  L-L  sin  L)  Si  (2 L )  cos  L  +  4(1  -  cos  L)  Si  (L)  cos  L  + 

+  2  sin2  C  sin  2C).  (12.34) 

E  =  2(1-  cos  L  )  Si  (4 L )  cos  L  +  2(  1  -  cos  L)  Cin  (4C )  sin  Z.  +  4(  1  -  cos  L  )2  Si  (2L )  - 
-4L  Cin  (2L)  sin2  L  +  8(1  -cos  L)  Cin  (/.)  sin  L  + 

+  4  sin  L[L  sin  L-2(l  -cos  L)]  log (2 //a)-  (1  -cos  L)2-2  sin2  L  sin  2L, 

71  (12.35) 

E  =  2(1  -  cos/.)  St  (4/- )  sin  C  -  2( !  -  cos  L )  Cin  (4/. )  cos  L  -4/.  Si  (?./,)  sin2  L- 

•4(1-  cos  /. ):  Cin  (2/. )  f  8(  1  -  cos  /. )  Si  ( )  sin  /.  +  4  sin4  /. ,  ( 1 2.36 ) 

(/  =  2  (sin  L-  L  cos  L),  (12.37) 

!  -  cos  L 


//  4(1  -  cos/.)  21.  sin/ 


(12.38) 
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Fig.  12.5.  Angular  distribution  of  the  back  scattering  cross  section  for  wires  with  //«  ~  150  and  (a) 

/'a  0.5,  (b)  !,X  0.8,  (c)  II/.  --  0.9,  (d)  //A  -  I  0,  (e)  //A  ~  1.25;  ( - )  direct  method  (Einarsson 

[1969]),  ( - )  variational  method  (De  Bettencourt  [1961]). 


The  functions  Cin  (.v)  and  Si  (.v)  are  defined  by  eqs.  (12.68)  and  (12.66). 

In  contrast  to  the  integral  equation  and  variational  methods,  which  are  limited 
to  wires  one  or  at  most  two  wavelengths  in  length,  the  direct  method  gives  results 
which  are  more  accurate  the  longer  the  wire.  The  back  scattering  cross  section  is 
obtained  by  putting  0  -  0,y  in  the  bistatic  scattering  formulae  (12.46)  through  (12.49) 
of  the  direct  method.  At  broadside  incidence,  the  first  order  formula  (12.50)  sim¬ 
plifies  to  (Ufimisi  v  [1962]): 


THE  WIRE 


•4  h 
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Hg.  12.6.  Angular  distribution  of  the  hack  scattering  cross  section  for  wires  with  Au  0.0394  anil 
(a)  1/  0.452,  (h)  /./  I.3N1,  (c>  I*?.  —  5.422:  (  -)  direct  method  (Linxrsson  {1969]), 

( - )  experimental  (Chang  and  Lili*a  {1967  J). 
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s( i*r,  iw)  = 


2i 

(0o+2  log  2)2 


-  .1  +(0o  +  Jog  2)(1  +  i L) - 2 e2,L(0o  +  log  2)20(2L,  \n) 


x 


l-a(2I.in){i+iLr(2L)} 


e,“Ob£(2M>0_1| 

1  +eilLQ0g(2Z.,  0)J) 


(12.39) 


where  0O,  g  and  T  are  defined  in  eqs.  (12.54),  (12.55)  and  (12.65).  The  results  of 
computations  based  on  eqs.  (12.30)  and  (12,39)  are  compared  in  Fig.  12.7. 


Fig.  12.7.  Back  scattering  cross  section  Tor  wires  with  ka  0.022  at  broadside  incidence:  (  > 

direct  method  (Uumtsev  [19621),  ( - )  variational  method  (He  (19581). 


At  broadside  incidence,  the  second  order  formula  (12.52)  becomes  (Einarsson 
[1969]): 


S(\n ,  Jtt)  - 

*  0„  +  21og2 


1  +  iL- 


♦'(°)  _2  «J''- 
<P(  0)  4>J(1) 


x  [/<}*) +  2iL,/-'(2L.  U);/(M(2L)-r-(2/.)!-<rC/..  jR){J+iLT(2/.)!]  + 


e41L  , 

+  2  '  /■(  Jit)[ I  +  C0-  • !  T(2I.,  f  il.T'CL)- T{AL) •]  - 


2c’’l,/(«)/i2()jt)  i 

04(l|f<»>2(U  fc:,tfc(())]l ' 


( 12.40) 
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Fig.  12.8.  Back  scattering  cross  section  at  broadside  incidence:  (a)  ka  —  0.0314,  ( - - )  direct  method 

(Einarsson  [1969]),  ( - )  variational  method  (Tai  [1951]),  (OOO)  numerical  solution  of  integral 

equation  (Richmond  [1965]),  ( - )  experimental  (Kouyoumjian  [1953]);  (b)  l/a  ~  900, 

( - )  direct  method  (Einarsson  [1969]),  ( - )  integral  equation  method  (Lindroth  [1955]); 

(c)  ka  =  0.022,  ( - )  direct  method  (Einarsson  [1969]),  ( - )  first  order  direct  method  (Wu 

[1961]),  (OOO)  experimental  (Sevick  [1952]);  (d)  ka  =  0.026  ( - ),  ka  —0.132  ( - )  direct 

method  (Einarsson  [1969]),  (ooo,  xxx) experimental  (As  and  Schmitt  [1958]);  (e)  ka  —  0.0394, 
( - )  direct  method  (Einarsson  [1969]),  (ooo)  experimental  (Chang  and  Liepa  [1967]). 

where  9*  /».  T ,  /01  and  <P  are  defined  in  eqs.  (12.54),  (12.56),  (12.55),  (12.57), 
(12.65),  (12.70)  and  (12.93),  respectively. 

In  Fig.  12.8,  computations  of  the  back  scattering  cross  section  based  on  eq.  (12.40) 
are  compared  with  a  numerical  solution  of  the  integral  equation  for  the  wire  current, 
with  experimental  data,  and  with  the  results  of  a  first  order  direct  method  formula 
derived  by  Wu  [1961]  using  the  approximation  that  the  vector  potential  is  vanishing 
on  the  z-axis  outside  the  wire. 


12.4.  The  bfctatic  cross  section 

The  functional  corresponding  to  eq.  (12.18)  for  the  bistatic  scattering  cross  section 

is; 


1 

S(0J)o) 


k2  sin  0  sin  0o 


r u 

l(z,0)l(z\0o)K( 

*  -  uy-*1 _ _ _ 

I  /(z,  0o)exp(-  'ikz  cos  0)dz 
'-V 


~z')dzdz' 

'it 

/(z,  0)  exp  ( -  i kz  cos  fl0)dz 
-u 

(12.41) 


where  K(z-z')  is  given  by  eq.  (12.19),  and  /(z,  0Q)  and  /(r.  0)  are  the  current 
distributions  for  incidence  at  angles  0o  and  (K  respectively.  The  bistatic  cross  section  is 


o(lh  0U) 


1  \S{th  0o)\!. 
n 


(12.42) 
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No  specific  results  based  on  eq.  (12.41)  are  available.  However,  the  first  order  current 
distribution  of  eq.  02.22),  from  which  the  back  scattering  cross  section  was  derived, 
has  been  employed  by  De  Bettencourt  [196)1  to  calculate  the  bistatic  cross  section. 
The  result  is: 

S(Mo)  *  i  mcc(00,e)+  .  (12.43) 

Lvc(Oo)  y.(0o)  -I 

w  here  gQ ,  gs ,  yQ  and  y,  are  given  by  eqs.  (12.24)  through  (12.27)  with  0  ----  0O,  and 


GC(0O  *  0)  =  ^  C0S  --  CQS  ^°-  [sin  L  cos  (L  cos  0 )  -  cos  0  cos  L  sin  (L  cos  0)]  - 
sin  0 

2  sir  0  cos  L  r  .  /f  „  *  /t  m 

- 1 - -  [cos  0O  sin  (L  cos  0O)  cos  (L  cos  0)  ~ 

cos  0O- cos  0 

-cos  0  cos  (L  cos  0O)  sin  (L  cos  0)],  (12.44) 


GJ0o «  0)  =  -  [cos  0  sin  L  cos  (L  cos  0)  -  cos  L  sin  (L  cos  0)]  + 

i  sin  0 

2i  sin  0  sin  L  r  n  •  ,  ,,  m 

-w  _  -  [cos  0  sin  (L  cos  0O)  cos  (L  cos  0)-- 

cos  0o-cos  0 

-  cos  0O  cos  (L  cos  d0)  sin  (L  cos  0)].  ( 1 2.45) 


As  in  the  back  scattering  case,  the  result  of  eq.  (12.43)  does  not  seem  reliable  for 

L,  ~>  71. 

For  0  ^  7i  —  0O .  the  far  field  amplitude  coefficient  obtained  by  the  direct  method  is: 


S(0.  0O ) 


_  2i[F(0.  0o;H  F(7T-0,7!-0o)] 

[f}0  -  2  log(i  sin  0)][flo  -  2.  log(i  sin  0O)]  sin  0  sin  0O  ’ 


(12.46) 


It  should  be  noted  that,  in  contrast  to  eq.  (12.43),  the  result  (12.46)  satisfies  the  reci¬ 
procity  relation 

5(0,  0O)  =  5(0O,0).  (12.47) 


A  first  order  expression  for  F(0,  0O)  is  (IJfimtsev  [1962],  Fialkovskii  [1967]): 

m  do)  -  2  — *  ■O  c0-  i0°  [O0-2  log  (cos  AO  cos  )00)]ea,c“',fc'MO»,+ 
cos  0  +  cos  0O 

4-  [g(2L%  0)  sin'  $0  sin"  j0.  n- 0o)  cos2  W  cos2  10O] 

cos  0 -fees  0O 

x (1?0  —  2  log  cos  10)(QO - 2  log  sin  WJ eiL(co>9  :>  + 

+  n0(O 0-2  log  cos  \U)ii(2L.O) 

1  -[<?„</  (2L.0)cJ,,]J 
y  [{fl„  -  :  log  cos  W0)y(2L.  0o) c;l  w  *“  - 
-  3  log  sin  }0„M2/..  OMiL.  n-0„)c,,,: 


(I2.4K) 
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where  and  g  are  defined  by  eqs.  (12.54)  and  (12.55).  The  corresponding  second 
order  formula  is  (Einarssg*  r1969]): 

F(e  e )  =  2cosHflc°s2  + 

0  (.'  ,s  0 + cos  0o)$>(cos  0)4>(cos  09) 

2[/'i?)  sin1  jO  sin"  jQ0 -  ~‘n - fl„)  cos2  j0 cos2  j0o]c!tl'‘,> COT 9;  + :>  + 

(cos  0+- cos  0o)<P2(\)<P(cos  0)<P(  -  cos  0U) 

/(t>)/(0c)ei,(c<>si,+cos,°  4>  (t  {  (l+cosi/)(l+cos00) 

4>4(l)#(cos  9)<P( cos  0o)  I  2(cos  0 + cos  0o)Qg 

x  [l2(4L,  4L  cos2  it ?)  +  /;(4L,  4  /.cos2  i00)-r(4Lcos’  \J))T(4L  cos2  Wf„)]j  + 

/(0)/i(0)eiLlca,9+61  r  h(0)h(0o)eIL(c°* e°':>  _  h(ir.-On)c~'L“"e°  ~| 

<f:(I)[4,4(!)-  /i:(0)c'1'L]  Ld>2(l)4>(cos  0)0(cos  0O)  <P(cos  0)4>(— cos  (10)J 

(12.49) 

where  G0,/,  //,  T,  /,  and  $  are  defined  in  eqs.  (12.54),  (12.56),  (12.57),  (12.65). 
(12.69)  and  (12.93),  respectively. 

For  0  =  iz  —  $0 ,  and  to  the  first  order  (Ufimtsev  [1962]): 


S(O.n-O)  = -  —  -  [-1  + 

{f20-2  log  sin  0)}2  sin2  0 

+  {fl0-2  log  (J  sin  0)}(\  +  i L  sin2 :») 4- G(0)  +  G(n -0)].  ( 12.50) 

where 


G(f>)  =  -(£?o  —  2  log  sin  \0)2g(2L,  7r— 0)e2iL(l  “cos0> 

x  { j  icos2  Ifl  +  iL  sin2  0  T(4L  sin2  \Q)]g(2L,  7r  —  0)}  4- 

+  Q0(fl0-2  log  cos  jO)g(2L,  0)  e,L(C05g+4) 

\-[Qog(2L0)e2'L]2 

x  [(Q0  -  2  log  sin  i0)g( 2 L,  *  -  (fyT iL  cos  9  - 

-fl0(^o-2  log  cos  }%(2L,  0)#(2L,  0)e'L<co'«  +  2>],  <12.51 ) 

and  (20,  g  and  T arc  given  by  eqs.  (12.54),  (12.55)  and  (12.65).  The  corresponding 
second  order  result  is  (Einarsson  [1969]): 


S(lhn-O)  = 


2i 


Jf?0-2  log  (I  sin  (I)]*  sin"  0 

r,  .  .  OS  Of 

x  I  1  -  if.  sin  0-sin  0  - 

L  0(cosfl)J 


,  -cosO-f  [fl0-21og(i  sin  <1)1 
*  sin"  0  I 


+  C{0)  +  G(k-0)\  , 


(12.52) 
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f  ig.  12.9.  Angular  distribution  of  the  bistatie  scattering  cross  section  for  0t ,  10  (20  bM)  , 1 ,/  1 5(1 

and  (a)/'/.  0.5,  (b)  /  /.  -0.75.  (c)  /  /,  1.0,  (d)/,  ?.  1 .25:  {  )  direct  method  (Finxksshs  (19f>9)>, 

(-  -  -)  \ariational  method  (Dt:  Bti  ifnc di  rt  (!%!]). 
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where 


G(0)  =  - 


a2iL(l  -  co»  (?) 


{f(n-0)+ 


02(l)02(-cos  0) 

+  2\L  sin2  6g\2Lt  7i-0)[/ol(4Z,  sin2  *0)-7? (4L  sin2  *0)]- 
-g2(2L,  7i-0)[cos2  *0  +  iL  sin2  0  7(4L  sin2  *0)]}  + 


+ 


_4iL 


*4(0 


[O0-2  log  (|  sin  6j]f(B)f(n-0){i 


+  f20  2 [sin2  j 0  T(4L  sin2  *0)  +  cos2  *0  7(4L  cos2  *0)  + 
+  iL  sin2  0  7(47  sin2  *0)7(41  cos2  *0)-7(4L)]y  - 


f{Q)h(n-Q)e 


,6i  L 


h(7l  0)  -  2iL  cos  0 

c 


with 


02(t)[<?4(l)-/i2(O)e4iL]  l02(-cos  0) 

e2iL[fi0"2'Og(isine)])’ 

G0  =  -2  log  ka-2y  +  in, 
g(x,0 )  =  [Q0+I0(2x)+T(2x cos2  iO)]'1, 

l0(4L)+  T(4L  cos2  id) 


.  ~  I 


/(O)  =  fio  + 


1  +  2/0,(4Lcos2  jO)-T2(4L  cos2  i0)-|n2  ’ 

Q0[/o(4i-)+T(4L  cos’iO)] 


=  ( 


Go  + 


/0(4L)+7(4Lcos2  *0) 


- 1 


i  ■* 

and  in  particular 


2/01(4L  cos2  iO)+/01(4L)+/j(4L,  4L  cos2  40)- 

_ -T2(4L  cos2  jO)-T(4L)T(4L  cos2  i0)-{«2 

fio[/o(4t)  +  T(4L  cos2  i0)f 

/0(4L)  +  T(4L) 


m  = 


(?o+  — 


4/ft,(4L)-2T2(4L)-in2 
Q0[l0{4L)+T(4Lj]  1 


1  + 


-  1 


(12.53) 

(12.54) 

(12.55) 

(12.56) 

(12.57) 


(12.58) 


the  quantities  /0,  7,  /0,  and  /2  are  the  amplitude  functions  of  the  iterated  sine  and 
cosine  integrals  and  are  defined  in  eqs.  (12.64),  (12.65),  (12.70)  and  (12.69),  whereas 
0(a)  is  the  linearized  split  function  related  to  the  Wiener-Hopf  technique  and  is 
given  by  eq.  (12.93). 

The  normalized  bistatic  cross  sections  computed  from  eq.  (12.43)  and  from  eqs. 
(12.46)  and  (12.49)  are  shown  in  Fig.  12.9  as  functions  of  0  for  various  values  of 
A'tf,  L  and  0o. 
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82.5.  The  current  distribution 


The  current  distribution  of  eq.  (12.2?)  which  is  assumed  in  the  derivation  of  the 
back  scattering  and  bistatic  cross  sections  by  the  variational  method  is  (Tai  [1951], 
De  Bettencourt  [1961]): 

/(Z)  =  _  1*1  pL‘/c(z)+  l-  ',<2)1  ,  (12.59) 

k  Lyt  y#  J 

where 

fc(z)  =  cos  (L  cos  0)  cos  kz-  cos  ( kz  cos  0)  cos  L ,  (12.60) 

f%(z)  =  sin  (L  cos  0)  sin  kz- sin  (kz  cos  0)  sin  L,  (12.6a) 

and  gc,  gs,  yc  and  y,  are  given  by  eqs.  (12.24)  through  (12.27). 

The  current  distribution  associated  with  the  direct  method  is  obtained  by  taking 
the  Fourier  transform  of  the  far  field  of  eq.  (12.46)  and  by  expanding  the  resulting 
expressions  asymptotically.  The  result  is  (Einarsson  [1969]): 


l(:.60)  - -  ^'"“""‘o  +  iKL  +  kz.do)* 

\k  sin  0o{&o  -2  log  (i  sin  0O)} 

+  *(L-fcr,ir-0o)].  (12.62) 

where 

0(i)<f(cos  e0) 

+  2/01(2.xcos2  )0o)-r2(2xcos2  W0)-/2(2x cos2  }0o,  2a)-^2]}  + 

t  «)+„•(,.  o)[i„(2x)+ 

<f»  (l)4>(-cos0o  l 

+/„t(2.\  )-T2(2x)  +  T(4L  sin2  i0o)(r(2x  cos2  }fl0)-r(2.v))+ 

+  /.(2.v.  4L ) -l2(4L  sin2  i(>0  4- 2.v  cos2  )0O>  2x  cos2 )90)- 

-/.(4t  sin2  U)0  +  2.x cos2  40o,  4L)+I2(4L  sin2  )0o  +  2.vcos2  }0O,  2x)~ln2]}- 

/(°)e,,l4‘t _ lJ(?o)  eH«.90_  _  MOW* -Op)  _  eiL,2-co,.o,l 

4>(l)[04(!)-/i2(O)e41']  L<J>(cos0o)  4>2(  !)<£(- cos 0o)  J 

x  [nix.  0)  +  S3(.x.  ())[/,  ,(2.v)  +  /„,( 2.x) -  7J(2x)  +  /2(4L,  2.x)  +  /2(2x.  4L)- 
~r(4Z.)r(2.v)-Jn2]},  (12.63) 


and  the  functions  g,  f  and  h  are  given  by  eqs.  (12.55)  through  (12.58),  whereas  the 
quantities  7.  /:.  /()),  /,,  and  0  are  defined  in  eqs.  (12.65),  (12.69),  (12.70),  (12.71) 
and  (12.93). 

Numeric  d  values  calculated  from  a  version  of  eq.  (12.63),  in  which  the  second 
order  quantities  only  are  retained  in  the  last  term,  are  compared  to  computations  of 
the  variational  expression  of  eq.  (12.59)  in  Fig.  12.10,  and  to  a  numerical  soluti  on 
of  the  integral  equation  for  the  current  in  Fig.  12.!  I. 
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Fig.  12. :i.  Current  distribution  for  broadside  incidence  on  a  half-wa  .  igih  wire  {L  -  1.57,  ka  — - 

0.0314):  (  )  direct  method  (Einarsson  [1969]),  ( - )  numerical  solution  of  integral  equation 

(Richmond  [1965)). 


12.6.  Special  functions 

The  functions  l0(x)  and  T(x)  are  defined  as: 

/0(  v)  -  ’/  +  log  .v  -  Jirt,  ( 1 2.64 ) 

T(x)  -  c(.v)-w(.v) 

-  d{  =  do 

Jx  £  %'ll  1+U 


=  — e-’*[Ci (.v)+ i  Si(.v) 

-  Ji tt]. 

(12.65) 

where 

Ci  (  v)  =  -  |  ’  C”S  C  ds%  Si(.v)  = 

Sill  ,c  . 

d-; 

(12.66) 

k  *  s 

*  o  C 

the  cosine  integral  can  be  rewritten  in  the  form 

Ci  (  x)  -  y-f  log  v  — Cin  ( 

V). 

(12.67) 
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.  ,  x  C*  l-COSf 
Jinu)= - -d£. 

'Jo  l 


The  general  iterated  amplitude  function  l2(x ,  .y)  is: 


-  P°  ny+iy)j* 

Jo  1  -Hi 


f00  log(l  +_xw/y) 
Jo  1  +  u 


with  the  special  cases 

JoiW  =  W*.*)  =  ‘  “o.W  =  f  nf-  c««-*>d{ 

*  C 


•'  log(l+»)eU“dw, 

'o  1+1# 


/n(.x)  =  f2(0,.x)  =  (•,,(.x)-i.sl,W  =  J 


[  ^  log(1+"ieijI“du. 


0  u 


(12.68) 


(12.69) 


(12.70) 


(12.71) 


Tables  of  functions  which  are  the  complex  conjugates  of  T,  lQ {  and  /, ,  are  given  in 
Hall£n  [1955]  and  in  Brundell  [19571,  whereas  the  function  l2  is  tabulated  in 
SrROMGREN  [1962].  Some  amplitude  functions  of  the  iterated  sine  and  cosine  integrals 
are  shown  in  Fig.  12.12. 

'  5  in 


ri;-;  12.12.  Amplitude  functions  of  iterated  sine  and  cosine  integrals:  ta)  (  )  <  (  \ ),  (  I  m  ), 

<b>  (  (  )  j01(.v). 
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For  l  ^  .v  <  oo,  the  real  functions  c(x)  and  s(x)  have  the  rational  approximations 
(Hastings  [1955]): 

c(.x)  =  .X 

["  2 1 .82 1 899  +  352.0 1 8498.x2 4- 302.757865.x4  +  42. 242855.x6 + Xs  "] 
.449.690326+1 1 1 4.978885x2 +482.485984x4  +  48.  i  96927.x6  +  ,x“J 

v«(.x). 

|c(.x)|  <  3  x  I0'7, 

(12.72) 

s(.x)  =  - 

,  r  38.1 02495  +  335.677320.x2  +  265. 187033.x4  +  38.027264.x6 + .x“" 
Ll  57. 1 05423  +  570,236280x2 + 322.62491 1  x4 + 40.02 1 433.x6  +  .x8_ 

+e(.x). 

|r(.x)|  <  5  x  !0“7. 

(12.73) 

Approximations  which  are  useful  for  digital  computers  are  listed  in  the  following 
(Einarsson  [I969j): 

for  0  <  x  g  1 : 


c(x)  =  f(x)  cos  .v -  filx)  sin  .v+c^x),  |e, (x)|  <  3  x  10~9,  (12.74) 

.v(.v)  -  r/(.x)  cos  .v  4  J\x)  sin  .v 4 |c_,(.v)|  <  2  x  10"  ^  (12.75) 

where 

f{x)  =  -  y  -  log  .v + 0.25.V2  -  0.0 1 04 1 6660.x4  +  0.00023 1 447.x6  -  0.000003046.x8, 

(12.76) 

c/(x)  «  -  )  ih-0.999999998.x- 0.055555480.x3  +  0.001666289.x5 -0.000027739.x7: 

(12.77) 

for  0  <  .x  g  2: 

<\h(.y)  =  f[x) cos .x+s(.x) sin  .v+c,(.x).  |t:,(.x)i  <8xl0~'°,  (12.78) 

•%i(.y)  =  /(.x)sin.x-(/(.x)cas.x+e2(x).  I«2(v)l  <6xlO'10,  (12.79) 

where 

J(x)  =  )(•/  +  log  .x)2  —  j4 n2  — .x2(0. 1 25 - 2.604 1 6632  x  1 0  ~  3.x2  + 

+  3.857955x  10 "V- 3.87035 x  10"  V+ 2.61455  x  10"V),  (12.80) 

</( x)  =  -  !jt(y  +  !og  x)  —  ,x(0.9999999992 - 0.0 1 85 1 85 1 36.x2  + 

+  3.3332344  x  10 "V  -  4.0422785  x  10" 6.x6  + 3.201 246  x  10' V);  (12.81) 

for  2  <  ,v  <:  /. : 
i ,,,(')  -  -  x  2 

/0.0054l5749|86x"  I- 0.437 1 420242.x"  4  7.I50I69966X4  4  20.96173922.x2 -  \ 
j  -  3.85642854 ) 

'  0.0054 1 5884237.x "  +  0.4965990580.x "  t-  1 1 . 1 6783932  v 4  4-  70.342 1 8899  x 2  4  I  ' 

4i:,(x).  |i:l(.x)|  <  9x  10 


(12.82) 
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Soi(x)  =  -*'J 

/0.009942860283x,+0.8460999768x6  +  14.246573437x4+43.88413692x2+  \ 

v  I  _  _  _  _ V&5423489064  J 

'0.0033 14700857x# + 0.3369899234.<‘> + 8.503549177x4+60.93657000x2  + 1  /  + 

+e2(x),  |e2(jc)|  <  6xl0'9;  (12.83) 

for  2  g  x  <  oo  and  1  g  y  ^  x: 

c2{x,y)  =/(-..  y)+^{x,y),  (12.84) 

•f2(^..v)  =  9(x,  y)+ti{x,  7')>  (12.85) 

with 

l£i(^. >’)l  ^  |e2(AT, >’)l  <  2x  10~ (12.86) 
whereas  for  2  g  x  <  oo  and  0  g  y  <  1 : 

C2<^>’)  =  c0')c(x-^)-50»)i(x-j')-/(jf.Jf->,)-«i(^  *-)')'  (12.87) 

*2(*.>')  =  c(>’M*-v)+j(j-)e(x- -.>')-  g(x, .v->’)-£2(^^-J');  (12.88) 

in  eqs.  (12.84)  through  (12.88): 

f(x,y)  =  i[cJ(i*)-s2(i*)]-c(*)log 2-  +  (2-  -  +log^-)  + 

x  x*  \  y  x  / 

+  Z  +  (>u») 

*  =  ix+a„l  i x2  +  a„  yJaH  xy  +  2an  J 

with 

A0  =  0.066349174,  ^  =  21.8504560, 

/I,  =  0.163725227,  <r2  =  0.770345382,  (12.90) 

.42  =-.  0.341159970,  a 3  =  4.55715659  , 

^  =  0.428765629; 


0{.v,>)  =  f(ix)i( jx)-s(x)  log  --  -  *°.og2->-  - 

X  X  X 


-i  x24 bm 


"1  1  r2  +  *«  /£'  .  (2y-.v)vA 

fxlcg.  2  -Aarctan  ' 

ix2  +  h.  -V  +  26. 


A,  -  0.2<  >27504 17,  />,  =  17.420076, 

=  0.052999360,  62  -  0.501312744, 

B:  =--  0.422384803,  6,  -  3.43966581, 

=  0.241865419 


(12.n 


(12.92) 
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The  function  <P(y)  is  the  linearized  split  function: 

*(*)  =  exp  f  log  k+log*l) ,  (12.93) 

I2frj _x  t-oc  L  1-t  JJ 

.vherc  Q0  is  given  by  eq.  (12.54)  and  where  the  path  of  integration  passes  above  the 
point  - 1  and  below  a  and  +  1.  In  the  interval  0  ^  0  <  (HalUn  [1961]): 

-rr—— :  *  '  Iog(cos2  }0)+Go'2Li2  (sin2  )0)+ 

0(COS0)  0(1) 

+  Go' 3[l°g (COS2  iO)(Lij  (cos2  id)- in2) ^-2  Li3  (sin2  )0)-2  Li3  (cos2  i0)+2{(3)]}, 

(12.94) 

with  C(3)  given  in  eq.  (12.1);  by  differentiating  with  respect  to  cos  0  (0  g  0  g  in): 


«»<!,•'  log  cos  V- 

0(cos  9)  \  1  +  cos  6  sin2  0  1061 


-G0  2{Li2  (sin2  )d)-2(logcos|0)2}]]  ; 


the  dilogarithm  Li2  and  the  trilogarithm  Li3  are  defined  by: 

Li2  (x)  =  -  f  — —dr  =  £  when  |x|  g  1, 

J0  t  ..in 

Li3  W  =  f  L‘2  ^  dr  =  £  -j  •  when  |.x|  g  1. 

J0  r  11=1  n 


(12.95) 


(12.96) 


(12.97) 


The  approximations  (12.94)  and  (12.95)  can  be  extended  to  the  interval  \n  g  0  <  n 
bv  means  of  the  relations: 


0(cos  0) 


=  0(-cos  0){Qo  —  l  log  (i  sin  0)}, 


—  .  J,0,+2>Ot2). 


0'( cos  0)  _  <P'(- cos  0)  _  2  cos  0 

0(cos0)  <P(-cosO)  sin2  0{f2o-2  log  ( J  sin  0)[ 

For  small  values  of  ka  (Hallen  [1956]): 

*  G0-i>t2Gol-4;(3)Go2. 


(12.9b) 


(12.99) 


(12.100) 


(12.101) 


The  dilogarithm  and  the  trilogarithm  arc  shown  in  Fig.  12.13,  and  the  real  and 
imaginary  parts  of  the  linearized  split  function  [0(1)]  2  in  Fig  12.14.  Numerical 
values  of  [0(1)]  ~ 2  and  of  an  auxiliary  function  useful  for  interpolation  are  given  in 
Table  12.1.  Polynomial  approximations  for  Li2  and  Li  *  are  (Finarsson  [I960]): 
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025  050  0.75  1.00 


Fig,  12.13.  The  dilogarithm  ( - )  and  trilogarithm  ( - ). 


Fig.  12.14.  Real  ( - )  and  imaginary  ( - )  parts  (in  radians)  of  the  linearized  split  function  {0(1  )}"•. 


Li,  (*)  =Mx)+cx),  for  0  g  x  g  0.5,  (12.102) 

Li,  (x)  =  |7tJ-/,(l -x)-iog  x  log  (I -x)-c(l -x),  for0.5<xgl,  (12.103) 


where 


|s(.v)|  <  5x  10'7,  (12.104) 

/:(*)  =  0.999999  268.V+0.250  101  283  x1  +  0.103  876  764  xJ  + 

+ 0.080  075  448  x*  -  0.01 9  452  752  ,v5  +  0. 109  355  762  x6 :  11 2. 1051 
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Table  12.1 

The  linearized  split  function 


ka 

Rc[l/</>*(l)) 

Im{l/0*(1)} 

Ke;.V/0'(l)i 

!/0*(  1)} 

0.005 

9.18195 

3.24373 

0.978425 

0.017995 

0.010 

7.73618 

3.25549 

0.970336 

0.025706 

0.015 

6.88188 

3.25435 

0.963496 

0.031392 

0.020 

6.27173 

3.24673 

0.957253 

0.035899 

0.025 

5.79634 

3.23514 

0.951371 

0.03958! 

0.03C 

5.40680 

3.22089 

0.945732 

0.042636 

0.035 

5.07690 

3.20475 

0.940269 

0.045187 

0.040 

4.79093 

3.18721 

0.93494 1 

0.047320 

0.045 

4.53874 

3  16862 

0.929717 

0.049097 

0.050 

4.31336 

3.14925 

0.924579 

0.050568 

0.055 

4.10979 

3  J  2927 

0.919511 

0.051768 

0.060 

3.92435 

3.10883 

0.914502 

0.052731 

0.065 

3.75421 

3.08804 

0.909543 

0.053480 

0.070 

3.59718 

3.06599 

0.904627 

0.054039 

0.075 

3.45150 

3.04376 

0.899749 

0.054425 

0.080 

3.31576 

3.02441 

0.894903 

0,054655 

0.085 

3.18879 

3.00298 

0.890087 

0.054742 

0.090 

3.06963 

2.98153 

0.885297 

0.054701 

0.095 

2.95747 

2.96007 

0.880531 

0.054541 

0.100 

2.85161 

2.93865 

0.875787 

0.054273 

0.105 

2.75146 

2.91728 

0.871062 

0.053907 

0.110 

2.65651 

2.89599 

0.866356 

0.053450 

0.115 

2.56631 

2.87480 

0.861668 

0.052910 

0.120 

2.48048 

2.85372 

0.856996 

0.052295 

0.125 

2.39867 

2.83277 

0,852340 

0.05161 1 

0.130 

2.32058 

2.81195 

0.847699 

0.050864 

0.135 

2.24594 

2.79128 

0.843072 

0.050059 

0.140 

2.17450 

2.77077 

0.838460 

0.049201 

0.145 

2.10605 

2.75042 

0.833861 

0.048296 

0.150 

2.04039 

2.73024 

0.829277 

0.047348 

0.155 

1.97734 

2.71023 

0.824706 

0.046360 

0.160 

1.91674 

2.69041 

0.820149 

0.045338 

0.165 

1.85845 

2.67076 

0.815606 

0.044284 

0.170 

1.80233 

2.65131 

0.811077 

0.043202 

0.175 

1.74826 

2.63204 

0.806562 

0.042096 

0.180 

1.69612 

2.61296 

0.802062 

0.040967 

0.185 

1.64581 

2.59407 

0.797576 

0.039820 

0.190 

1.59724 

2.57538 

0.793105 

0.038657 

0.195 

1.55031 

2.55689 

0.788650 

0.037479 

0.200 

1.50495 

2.53859 

0,784210 

0.036291 
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Li 3  (.v)  -  fi(x)J-e(x\  for  0  ^  ,v  ^  0.62,  (12.106) 

Li3  (x)  =  C(3)  +  J*2  log.x-i(log.T)2  log(l-'c)+i(logx)3-/3(l-x)+ 

+fs  ( ■  7V)  ~ 1/j  ((l  "*■') +£,(x)’  for  0,62  <  x  -  *•  (i2i07) 

where 

|c(.v)|  g  |e,(.v)|  <  5xlCT7,  (12.108) 

/3(.v)  =  0.999999 526  ,v+ 0.1 25  052 531  .v2+0.036  1 10095  x3  + 

+ 0.02 1  439 379 ,v4- 0.007 595  11 8. v5  f 0.021  356  189. v6.  (12.109) 
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Chapter  13 


THE  OBLATE  SPHEROID 

T.  B.  A.  SENIOR  and  P.  L.  E.  USLENGH1 


Although  many  exact  scattering  formulae  are  available  for  the  oblate  spheroid, 
numerical  results  are  almost  non-existent.  Furthermore,  only  a  few  asymptotic 
formulae  have  been  derived,  and  no  exact  solution  of  the  vector  scattering  problem 
has  yet  been  found. 

The  fat  spheroid  represents  an  obvious  generalization  of  the  sphere,  and  the  thin 
spheroid  becomes  a  disc  in  the  limiting  case  of  an  eccentricity  equal  to  unity. 


13.1.  Oblate  spheroidal  geometry 

The  oblate  spheroidal  coordinates  (£,  rj ,  <p)  shown  in  Fig.  13.1  are  related  to  the 
rectangular  Cartesian  coordinates  (jc,  yt  z)  by  the  transformation 

X-  J‘V{s2  +  l)(l-'?2)}  cos  <t>, 

y  =  R/{£2+l)(I-y)}sin^  (13.1) 

-  =  \d  iii, 

where  0^{<x,-l  %  >/  ^  1  and  0  g  (j>  <  2n.  The  z-axis  is  the  axis  of  symmetry, 


Fig.  13.1.  Oblate  spheroidal  geomerty. 
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and  the  surfaces  £  =  constant,  t]  -  constant  and  (j>  -  constant  are  respectively 
confocal  oblate  spheroids  of  interfoca!  distance  </,  minor  axis  d£  and  major  axis 
ds/(£2  +  \)\  confocal  semi-hyperboloids  of  revolution  of  one  sheet  with  interfocul 
distance  d:  and  semi-planes  originating  in  the  e-axis. 

The  scattering  body  is  the  oblate  spheroid  with  surface  {  =  Cj,  and  the  primary 
source  is  either  a  plane  wave  whose  direction  of  propagation  forms  me  angle  J  with 
the  positive  e-axis,  or  a  point  or  dipole  source  located  at  (f0,  4>0).  The  length-to- 

width  ratio  of  the  scatterer,  i.e.  the  ratio  between  the  minor  and  major  axes,  is 
«./>/«*+ ')• 

The  definitions  and  notation  for  the  oblate  spheroidal  wave  functions  are  those 
of  Flammer  [1957].  Thus  the  radial  functions  of  first,  second  and  third  kind  are 
indicated  by  /?„„(- ic,  i£)<  where  j  =  1,2  and  3  respectively,  whereas  the  symbol 
Smn(-\c,fi)  is  used  for  the  angular  functions;  m  ^  0  and  n  ^  m  are  integers.  Tlie 
parameter  c  is  the  product  of  wave  number  and  semi-focal  distance:  c  —  \kd.  The 
quantities  pmn  and  Rmn  which  appear  in  the  following  sections  are  functions  of  w, 
n  and  c,  and  are  obtained  from  the  quantities  pmn  =  pmn(c)  and  Nmn  =  Nmn(c)  intro¬ 
duced  in  Chapter  1 1  and  defined  by  Flammer  [1957]  through  the  relations: 

i>mn  =  Pmn{~  'O’  $„«  =  Nmn{-ic).  (13.2) 

Numerical  tables  for  oblate  spheroidal  wave  functions  and  related  quantities  with 
the  notation  adopted  in  this  chapter  are  given  by  Flammer  [1957]  and  Lowan  [1964]. 
Asymptotic  expansions  of  oblate  spheroidal  wave  functions  are  found,  for  example, 
in  Flammer  [1957]  and  Muller  [1962]. 

Owing  to  the  scarceness  of  computed  data,  no  reliable  statement  can  be  made  on 
the  rapidity  of  convergence  of  the  infinite  series  of  eigenfunctions  representing  the 
exact  solutions. 

13.2.  Acoustically  soft  spheroid 

13.2.1.  Point  sources 

13.2.1.1.  EXACT  SOLUTIONS 

For  a  point  source  at  r0  =  (£0,  j/0,  $0),  such  that 


then 


r+r  =  G(r,r„)  «  2iV  V 

h 


in  O  n 


mn 

<  I  > 


O  -  if.  is:. )  -  "  • !?'  J  fC(  -  if.  ic .  ll  *0  -  i>  - li  , ) 


x  •'w  - if.  )Vm„(  -  if.  >l )  cos  m(  if>  -  (/),, ). 


(13.4) 


acoustically  soft  spheroid 


On  the  surface  £  =  £t : 

(i/'+D  = -  ”-2'  y  y  -i=  1 

('£  C(£i  +  I  )  n.^0  n  -  m  R(J„\  —  it\  i£j ) 


x^mn(-i^  ifo)5,J-ic,  rjo)Smn(-ic,  q)  cos  /?#-<£ o).  (13.5) 


in  the  far  field  (£  -+  qo): 


r  +  r  =  2  l :  Yr.„  tr*  r R*X  -  if,  icfo)  -  .«< >  o  -  if,  i{0)‘ 


X  -  if,  '/o)Sm„(-u',  I/)  ws  m(<t>  -  <j>0). 
When  the  source  is  on  the  positive  r-axis  (qQ  =  1): 


(13.6) 


y'+ r  =  2i  f  1  to -if.  i{<>-  S  ,c’  !f'-J nV(-if-.  k < )"| 

n  =  O  JV0n  L  J 


X  RonX-ic,  i£ >  )S0„(  -  if,  l)s0n(-if, »;). 
In  particular,  if  the  field  point  is  on  the  surface  £  =  : 


(13.7) 


^(F!  +  n  i  d-  dU)/  -  O-if,  i^o)-S0„(  —  it',  l)S0„(_if>  l)> 

Vi  c(i\+\)n=of)0n  Rq„\  —  IT,  IC l ) 

(13.8) 

whereas  in  the  far  field  (£  -►  oo): 

F'  +  V*  =  2e’;'  i  te-if.iW- 

‘•i  «=o  (90„  L  C(-if,i{,)  J 

xS0.(-if,l)S0.(-if,»i).  (13.9) 


13.2.1.2.  LOW  FREQUENCY  APPROXIMATIONS 

General  methods  (e.g.  Morse  and  Feshbach  [1953],  Noble  [1962],  Kleinman 
[1965a])  for  the  derivation  of  terms  in  the  low  frequency  expansion  are  applicable  to 
this  case:  however,  no  specific  results  are  as  yet  available. 


13.2.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  point  source  at  (£y,  0)<  M-ch  ihat 


(13.10) 


the  geometrical  optics  scattered  field  at  a  point  (£.  ri%  c p  ~  0  or  n)  located  in  the  illu¬ 
minated  region  and  in  the  plane  containing  the  source  and  the  :-axis  is: 
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v*  =  — 

rg.o. 


Jc(F0  +  F) 


,  F 

1+  —  + 


1+^  +  «fc\r. 


F o  (£i  F0  + 


where 


c  =  f  >n,  - 1  +(  -  if  V  5t~7  0  -  ^X'-  - ii). 
ii  r  ir+i 


(13.11) 


F  -  {[V{(^+l)(l-^)}-(-l)V{«2  +  l)(l-'/2)}]2+({,'l,-W2}i.  (13.12) 

Fo  =  {[V{(^  +  l)(l-'Z?)}-(-l)V{«o+l)(l-^)}]2+U,»/1-«fo>h)2}i.  (13-13) 


(13.14) 


j  =  h  =  0,  if  <t>  =  0; 

;  =  0,  h  =  1,  if  <£  =  ;t  and  v  {(^2  + 1)(1  —>j2)}  < 

<  K^*!- il)l(io1o~  il)l'/{('»0"i"  1 )(  1  — *lo)}i 
j  =  1,  h  =  0,  if  <t>  =  n  and  ^/{(i^2  + 1)(1  — »;2)}  > 

>  Kft  • - « .  XKo  no  -  { .  )l  o + 1)(  1  ■ -  ll)}  • 

The  parameter  >/ -  1  g  ^  g  I,  is  determined  as  a  function  of  {0,  q0,  {,  <J,  and 

<£  by  the  relations: 

~~(Fq+F)  —  0,  f2(Fo  +  F)>0.  (13.15) 

i  "l, 

In  the  geometrical  shadow  =  0.  In  particular,  when  the  source  is  at  I) 
on  the  z-axis 

F  =  {[N/{({?+l)(l-»J?)}-V{(?2  +  l)(l-12)}]2+(stI1l-{'/)2}‘.  U3I6) 


Fo-[«?+lXl-l})+«,»».-{o),]‘. 

G  =  f  Wi-1+ V;!+-!(l-12KI-»lf). 

Si  Si + 1 

and  tjx  is  the  positive  root  of  the  equation: 

Vi  3<jf(it,  +{,  in)+n,  v'Utf  + 1)(£2  +  i)(i  -n1)} 

{[v/««*+ «Xi  -1?)}- V{«i+ DC  -*2)}]2+(«,  <f.  -irfV 

[Wf+iXi-ifJ+K.v.-W2]* 

If  both  source  and  observation  points  are  on  the  z-axis  (>/0  =  =  i ), 

r  =  _  exp  (ic(^0  +  s -2iJ,)} 

<  (v,  +  4  -  2{ ,  +  24  ,({„  -  £ i)({  -  { , ).( ‘ { +  l )] 
m  the  illuminated  region  and  ^ero  in  the  shadow. 


(13.17) 


(13.18) 


=  0.  (13.19) 


(13.20) 
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A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  can  be  derived  by  means  of  Keller's  theory  of  diffraction;  however, 
no  specific  results  are  available. 

For  a  point  source  ({0,  1)  on  the  z-axis  at  a  large  distance  from  a  flat  spheroid 
(almost  a  disc),  such  that 

«J»1,  c »  1,  c*C,«l.  (13.21) 

the  field  at  a  point  (<$!,  t] ,  (j>)  on  the  shadowed  portion  of  the  surface  of  the  spheroid 
is  given  by  the  asymptotic  expansions  (Goodrich,  Kazarinoff  and  Weston  [1963]): 

r)  N  T 

.  (K54-n-  — (l-^r'I  — ^77,:  (13.22) 

cio  n%\+RnC2'C 

for  |c^|  1  and  t)  <  0, 

t)  N  T 

~0',+  n~  '-(-nYHi-n2)-1! 

Si  cio  n=o  1  +  R„e 

X  {exp  { ic(  1  -v/(t  ->i2))}[/(i?)]"+i  +  i  exp  {ic(l  +v'(l  -VM/MP'1}  (13.23) 
for  rv  (I  ~'/2)  S’  1  an(l  —  1  <  >1  ts  —  tS  <  0  with  S  arbitrarily  small,  and 


r)  eicU  +  {o>  ,  j\nl  N 

fro,,+n~  V—  l 


Si  do  r  n  .foi  +R„d 

for  iy( I  -r\l)  <  1  and  r\  <  0.  In  the  preceding  expansions, 

_  (  —  l)"(2n  t  Die1'* 

"  26"‘t  4jr1c2:+t  "  ’ 

f(r)  =  l±V0-12) 

M  I-VC-'I2)’ 

(-l)T(2ii  +  l)Jc*e*ta 
"•°  2"n!/  n  +  i) 

"  2  4";*n!«V’ 


(13.24) 


(13.25) 


(13.26) 


(13.27) 


(13.28) 


and  N  is  a  positive  integer;  how  la.  ge  N  may  be  once  c  is  chosen  is  not  known.  The 
preceding  residue  series  may  be  physically  interpreted  in  terms  of  traveling  waves,  as 
has  been  done  for  the  thin  prolate  spheroid;  for  details,  see  Goodrich,  Kazarinoff 
and  Weston  [1963]. 

13.2.2.  Plane  wave  incidence 
13.2.2.1,  EXACT  SOLUTIONS 

For  incidence  at  an  angle  {  with  respect  to  the  positive  z-axis,  such  that 

V1  -  exp  {\k(x  sm  4  -Fz  cos  C)},  (13.29) 
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then 

^  =  -2  l  £  a,  f  -J'J  o-«. *> 

m  =  0  n  =  m  Nm„  R”’(  “  'f -  >fl) 

X  Smn(  -  if,  cos  C  )5m„(  -  ic,  n)  cos 
On  the  surface  {  =  £i : 

/I  *>  r  »  i"  1 

.  ([/'+  ys)  =  V.  y  V  e  .... 

c(ti  +  I )  -o  -- "  A?m„  o - ic.  ><? , ) 

X  4»(  -  if.  cos  c  ).v„„(  -if,  f?)  cos  m<t>. 

In  the  far  fieli!  ->  cc): 

r’  y'  r  R{  1  U  —  ir  i,-  1 

S  =  2i  v  y  ^  S,  J  -  i<\  cos  0S„„(  -  ic,  >?)  cos  m<!>. 


-0  nt-m  /C(-ic,K,) 

The  total  scattering  cross  section  is 


-T=4^  £  £  [,S":'’:!,J1^(-ic,c°sc)]1. 


For  axial  incidence  (J  -  rc): 


r  =  -2  £  ~  *°;,J  !C’  !5-'J  R£’(-if,  i{)SJ-ir.  -  l)S„„(-if,  n) 

>  =  »N0,  Ro»(  — if. Ki) 


and  on  the  surface  £  =  £j : 

....  ~2  s  r 


1 


(t/‘+n  =  —  ‘  l  •  •  .  S0n(-ic,  —  1  )S0»(  —  if. •?). 

Os  c({f  +  l).-0  |S0„  Ron  (  —  If.  Is  I ) 

In  the  far  field  (£  -♦  oo): 

p  _  vr  1  ^oi/(  ”  i£  )  „  .  .  ik  f-ir 

S  —  2i  2^  ~  (3,  Soul  ,c»  IPo«(  Ir»  *?)• 

^0,  Ron  (-'f.  !<?,) 

The  total  scattering  cross  section  is: 

4tt  ’  I  ["  Ron(-if.  i£i)  <.  ,  .  _nV 
T  ^  ,?o  tf0„  LlR'oVf  if.  i£i)l  ’  T 

13.2  \2.  LOW  FREQUENCY  APPROXIMATIONS 
For  incidence  at  an  angle  £  with  respect  u>  the  positive  j-axis,  such  that 

V%  =  exp  { iA(.v  sin  £  +  r  cos  £)}, 


I'-c'-'i  £(-.)"<u'  nr" £  £  £<r». .oauipjwco*^. 

»  0  ml)  (fl  -  m)!  I  O  ft  O  f  O 


(13.30) 

(13.31) 

(13.32) 

(13.33) 

(13.34) 

(13.35) 

(13.36) 

(13.37) 

(13.38) 


(13.39) 
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where  C"hmj  -  and  C"hJ  is  given  by  the  recurrence  relations: 

rm+  1  _  ^  h{h  I)  m  7(7  0  rm 

~  *./*. ,  ix  7rrl».‘-».rTr:  1uh  + 


/i(/H1)-;0'+1)  L2A-1  '  *'  27- 1 

,  (7+  0(7+ *+l)  rm  (/l  +  l)(/l  +  /  +  0 
2/+3  W'~  2/i  +  3 


l,h  +  l ,  j 


for  h  #  7  and  m  =  0,  L  2, . . 


^m+l  %i  ett  if,)  +1  .  ii«  + 

*- 0  Q;(^i) 


(13.40) 


(13.41) 


for  w  =  0?  1, 2, . . ..  where  indicates  that  the  term  h  =  j  is  omitted  from  the 
summation;  and 

^o.o.o  =  ^o,0’  { i  3.42) 


Am  — 


0,  form+7°dd, 

-£,  -'f .  (if,  -cos  cr(2;+i)(ir-,)!  /&!.-*■ cos  0/(«.  -«*  0)  , 
2"  1  O+l)!  {l(«-))}!H("»+./+l)}!<2'/«.) 


form +7  even.  (13.43) 


In  the  far  field  (<J  -+  oo): 


s--  ici  i<Zo.jP,An)«»l*.  (13.44) 

„  =  0  m  =  0  (/7  —  //l) !  .*  =  0  j  =  0 

Starting  from  the  exact  series  solution,  Burke  [1966a)  has  computed  S  through  terms 
0(A:6)  for  arbitrary  angles  of  incidence  and  observation. 

For  axial  incidence  (C  =  7r): 


«=o  iff  =  o  —  h-o  j  =  o 


and  in  the  far  field  (<!;  -+  co)\ 


*  n  /:t  M\n-m  m 

S=-icZ  I(-c)-("-">  I  Co.o.jPjM- 

»w - o  (n  —  my.  j  =  o 


(13.46) 


13.2.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 


No  specific  results  are  available  for  arbitrary  incidence,  but  for  axial  incidence, 
such  that 

V1  =  c~i4\  (13.47) 

the  geometrical  optics  scattered  field  at  a  point  (s ,  f/,  0)  located  in  the  illuminated 
region  [ ( 4 : +  !)(!-//*)  >  U;  +  I )  when  <  0[  is: 


■exp  [(l+  — )(l  +  2'7<V)1  ' 

L'  UT  +  i?I)G''  m+ij.  J 
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where  F  and  G  are  given  by  eqs.  (13.16)  and  (13.18),  and  tjt  is  the  positive  root 
of  eq.  (13.19)  with  f0  =  00 •  the  geometrical  shadow  V\Mm  -  0.  In  the  far  field 
(s  -*  oo): 

S,.„.  =  -  +  (>3.49) 

In  particular,  if  the  observation  point  is  on  the  z-axis  (rj  ~  1 ): 


y*  =  - 
K|.0. 


_ €[+_!_ 

2«,-tf  +  l 


Jctf-2',) 


and  in  the  far  field  (c;  -♦  oo): 


2ti 


so  that  the  geometrical  optics  back  scattering  cross  section  is: 

<Vo.  =  ~^.  +  ^')2. 


(13.50) 


(13.51) 


(13.52) 


A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  can  be  derived  by  means  of  Keller’s  geometrical  theory  of  diffraction; 
however,  no  specific  results  are  available. 

The  total  scattering  cross  section  for  axial  incidence  ((  =  zr)  is  (Jones  [1957]): 


trrr 

*T  ~  -~2~  (£i  +  >){>  +0.9962[c({ ,+  ')]”*} ; 

this  results  in  a  good  approximation  if 

c(«i+«r')»i- 

13.2.2.4.  SHAPE  APPROXIMATION 


(13.53) 


(13.54) 


For  a  spheroid  whose  surface  {  =  is  defined  in  terms  of  the  spherical  polar 
coordinates  (r, .  0, ,  </>,)  by  the  equation 


l^-fcos2  Oj 


and  is  such  that 


{?  +1  »  1, 


(13.55) 


(13.56) 


i.e.  the  spheroid  departs  only  infinitesimally  from  the  sphere  rt  =  a,  the  scattered 
field  may  be  expressed  as  a  perturbation  of  the  solution  for  this  sphere. 

For  incidence  at  an  angle  (  with  respect  to  the  positive  z-axis,  such  that 

V1  =  exp  {i£(xsin  C  +  zcos  £)}, 


(13.57) 
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then 

r '  -l 

X  h(„'\kr)p;(cos  0Oc°s  <*)cos  mtf>  +  0[(£?+  l)'2], 

where 

a  _ 1  __  r(2n  +  l)(n2  +  n-i+m2)  (n  +  m~ l)(n-f m) 

0mn{{ ’  “  koh[l)(ka)  L  (2w  —  l)(2n  +  3)  2(2^ \)  ~ 

,<  tij'(ka)  P7_2(cosC)  +  (n-m  +  l)(n-m  +  2)  /Qfca)  PT+2(cos  £)! 

'  hll\(ka)  P:(COs  0  2(2n"+3)  h'"2(ka)  P^cosY)  J  ' 

fn  the  Tar  back  scattered  field  (r  ->  oo,  0  =  ti-  £,  <j>  -  n): 

S-l  I«.  [ \(2n  +  lMa)+ 

m = o  B=m  (n  +  m)!  h'Xka)  L  0  +  1  J 

x[/C(cos0]2  +  O[«2  +  ir2] 

For  axial  incidence  (£  =  it): 

y' - X  tW;-.  F(2n  +  1);„(M-  -J-  <a0„(rr)l  htn'\kr)P„(coiO)  + 

h"\ka)  L  0  +  1  J 

+  0[(tf  +  ir2]. 

where 


+ 


a  (n)  =  1  -  p" +  >)(«!+«  +  ')  +  "(”-!) 

°"W  kahl"(ka)  L  (2n-l)(2n  +  3)'  2(2n-l)  h(„l\(ka) 

(.n  +  l)(n+2)  tj'W] 
2(2n  +  3)  hJVi(*«ijJ’ 

and  in  the  far  back  scattered  field: 


S3.3.  Acoustically  hard  spheroid 

13.3.1.  Point  sources 

13.3.1.1.  EXACT  SOLUTIONS 

For  a  point  source  at  r0  =  (<J0,  i/0,  0O),  such  that 


V{  a  C 


ikR 


(13.58) 


(13.59) 


.  (13.60) 


(13.61) 


(13.62) 


(13.63) 


(13.64) 


512 


F1IF  OBLATF.  Si'HFROll) 


r+r  =  G(r,  r0)  = 


TnU)/  ...  :r  \  ^  K|  )  DC| 


=  2ii  i  >  iv  ^(-ir,i«<) 

,M  “  0  n  =  m  Nmn  L  Kmn  (  -K‘,  !c,) 

x  ^(-ic,  ic>)Smn(-ic,  .^S^-ic,  ij)  cos  m(0  -<£0)« 


(13.65) 


On  the  surface  £  =  si : 

1  +t  "  c({f  +  ljJo  .?■  j” 

x  Sm„(  -  ir,  )5,„„(  -  if, »; )  cos  m(</> -<£„).  ( ! 

In  the  far  field  (;  -►  x): 

r'+r  =  2ey  X  If,'”1’"  f  R'mV(  -  if,  i£„)- 

C{  «-»  »■=«  Nn„  L  RJ(-‘C.  1C,) 


( !  3.66) 


xS,M(-if.  lo)Smn(  -  if,  f;)  cos  m(0  -  <^>0). 
When  the  source  is  on  the  positive  --axis  (i/0  -  I ): 


(13.67) 


V''+V%  =  2\Z  «•  0“i^K<)- 


(  —  ic,  i^i)  D(3> 


XT  UrtV  ’  r,(3)'/  * 

n  =  0  N0r  L  ^on  (■",l’i  Ki) 

x  Kon’(-ic.  is>)Son(-'f.  * )S0„(  —  <<'.  v)- 


O-  if.  «<) 


(13.68) 


In  particular,  if  the  field  point  is  on  the  surface  {  =  {, : 


V'  +  V*-  ,cf  i  -J- 

f(^  +  l)»=o  $o»  C(-UM {,)  (13  69) 

whereas  in  the  far  field  (£  -►  x): 

F'  +  r  =  2C"-  X  (~°"  to-if.iW-  S/"v 

f?  n  =  0  N0n  L  RoV(-um{,)  J 

x  S0„(  -  if,  1  )S0„(  -  if,  ij).  ( 1 3.70) 

13.3.1.2.  LOW  FREQUENCY  APPROXIMATIONS 


General  methods  (e.g.  Morse  and  Feshbach  [1953],  Noble  [1962],  Ar  and  Klein- 
man  [1966])  for  the  derivation  of  terms  in  the  low  frequency  expansion  are  applicable 
to  this  case;  however,  no  specific  results  are  as  yet  available. 

13.3.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  point  source  at  (i0<  >/0,  0),  such  that 


V 


(13.71) 
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the  geometrical  optics  scattered  field  at  a  point  (£,  $  ~  0  or  tc )  located  in  the  il¬ 

luminated  region  and  in  the  plane  containing  the  source  and  the  r-axis  is: 


Vs 

go. 


eh,--!'(l+.F-  +  -J£L-)(.+  F.  +  *?*YT 

cF o  L\  F0  (m+i?i)G' \  F0  tf  +  irf/J 


(13.72) 


where  F,  Fc,  G  and  were  defined  in  Section  13.2.1.3.  fn  the  geometrical  shadow 
V 'g  0  =  0.  [f  both  source  and  observation  points  are  on  the  r-axis  (jj0  =  ^  =  1 ), 

cxpM«o  +  «-2{,)}..  (.3.73) 

c[Co+€-2<l+2«l(«o-«l)({-«, )/«?+!)] 


in  the  illuminated  region  and  zero  in  the  shadow. 

A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  can  be  derived  by  means  of  Keller's  geometrical  theory  of  diffraction; 
however,  no  specific  results  are  available. 

For  a  point  source  (£0,  1)  on  the  r-axis  at  a  large  distance  from  a  llat  spheroid 
(almost  a  disc),  such  that 

(o>  1.  c  >  1.  (•*«,  <:l.  (13.74) 


the  field  at  a  point  ,  rj,  <j>)  on  the  shadowed  portion  of  the  surface  of  the  spheroid 
is  given  by  the  asymptotic  expansions  (Goodrich,  Kazarinoff  and  Weston  [1963]): 


1  n.  0 


Mo  > 

r  +  (i -n2Vkl  _ 

c{0  n  =  °  1  +F„e 


(13.75) 


for  je^/l  1  and  i/  <  0, 

»ifio  N  7 


.  lic(l-V(l-'J2))}[/(7)]"+1  + 


+  i  exp  {ic(l  +  v'(l  -ij2))}[/(ij)]”"_t}  (13.76) 


f  fN/(l  ->V)  I  and  -  !  <  tj  g  — d  <  0  with  <5  arbitrarily  small,  and 


for  c\'(!  -  r) 


eir(l  N  J 

r  +  r~c—  -1/  -I  ■  . 

c(o  1  1  -  =  ol  +  *„e2,c 

(13.77) 

and  n  <  0.  In  the  preceding  expansions, 

k  _  (-  l)"(2n)!eJI" 

"  2tn+ * 

(13.78) 

■ 

(13.79) 

r  i(-D"(2n)! 

",0  22"(n!)2  ’ 

(13.80) 
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m  _  (-’i)"(2n)!eii* 

"  24"+Wc"+*’ 


(13.81) 


and  N  is  a  positive  integer:  how  large  N  may  be  once  c  is  chosen  is  not  known.  The 
preceding  residue  series  may  be  physically  interpreted  in  terms  of  traveling  waves, 
as  has  been  done  for  the  thin  prolate  spheroid;  for  details,  see  Goodrich,  Kazari 
noff  and  Weston  [1963]. 

13.3.2.  Plane  wave  incidence 
13.3.2.1.  EXACT  SOLUTIONS 

For  incidence  at  an  angle  C  with  respect  to  the  positive  z-axis,  such  that 


V'  =  exp  {i k(x  sin  J  +  z  cos  ()}, 


(13.82) 


=  -2  i  i  jf 

m  =  0  n=m  NmnRlJ(- 1-,  if,) 


X  sm„( - i<\  COS  C)S„„(-  if,  >l)  COS  in<t>. 


(13.83) 


On  the  surface  f  : 


2*  »  ;«  i 

^  __  _ y  y  ^  1 _  _  ‘ _ 

’  <(£?  + 1)  A  .f.  "  Ri3/(-ic.  i{, 

x  -  ic.  cos  £)Sm„(  -ic.ij)  cos  imp. 


(13.84) 


In  the  far  field  (£  ->  oo): 


^  ^  dIDV  :s  \ 

S  =  2il  I  ™  ^(-if,  cos  0Sm.(— ie, »,)  cos  mtf.  (13.85) 


and  the  total  scattering  cross  section  is: 


„2  r  dO)' 


-T/i  r~i  t 

aT  =  I  I  -S 


*5  r*-(-ic.i«.) 


Smn(-ic,cosC)  ■  (13.86) 


For  axial  incidence  (f  =  s): 


«  i"  D''i  ( —  \r  \f  \ 

y'  -  -2i  1  o  -  ic.  k ,  )sj  -  ic,  - 1  )s  j  -  ic,  *).  o  3.87) 

>  =  »\  RoV(-ic.i{,) 
and  on  the  surface  {  =  : 

y'+r  =  T-v-rr  I  ’.  -.t  S0„(-ic,  -l^-ie.itf.  (13.88) 

c({f  +  l)„=otf0,  i^,) 

In  the  far  field  (£  oo): 


,  ,IV  L  ^’  (-icii.)  _  .  _.K  f.  , 

S  —  2l  2^  ~  d(3)v"  c  x  0"(  *POn(  IC»  *?)’ 

-0  n 0,  RoV(-ic,i{,) 


(13.89) 
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and  the  total  scattering  cross  section  is: 


4.1*  1  r  «foV'(-ic,  ii,) 


TT  =  7i  I 


k2n%R0n  UO-icj^)! 


ic,  -i 


(13.90) 


Using  an  integral  equation  approach  for  his  numerical  computations,  Brundrit 
[1965]  has  plotted  the  amplitude  \S\  of  the  far  field  coefficient  of  eq.  (13.89)  as  a 
function  of  r\  for  c>/({i  +  l)  “  1,  2, 4  and  length-to-width  ratios  varying  from  1 :1 
to  1:5,  and  the  total  scattering  cross  section  <rT  of  eq.  (13.90)  as  a  function  of 
Cy/(i\  4 1 ),  (Cy/((i  + 1 )  ^  8),  for  1 : 1 ,  9 : 10,  4 : 5,  3 : 5,  2 : 5  and  1 : 5  spheroids. 


13.3.2.2.  LOW  FREQUENCY  APPROXIMATIONS 
For  incidence  at  an  angle  (  with  respect  to  the  positive  z-axis,  such  that 

V1  -  exp  {i/:(x  sin  f  4z  cos  ()}, 


(13.91) 


then  (Asvestas  and  Kleinman  [1967]): 

r  =  i  (13.92) 

n  =  0  m  =  0  (n  —  m)\  1  =  0  h  =  0  >^0 

where  C”htj  =  C”jttr  and  C"h  J  is  given  by  the  recurrence  relations: 


/~»m+  1 


2  [h(h-t)  _  j(j-l)  rm 

*(*  +  !)— j0  +  1)  L 2/1  —  1  2;-l 


+  O'+OU  +  f  +  O 

1/  +  3 


(/l  +  l)(/l  +  /+l) 
2/14-3 


1  ,j 


for  h  #  j  and  m  =  0,  1, 2  .  .  .; 


/~m+ 1  _  _  V#2n(^l)^m+1  ,  v  r>m  ,  ^m+I 

LU.;  ~  L  L  7Ar7T-\l'h'i  +  Ai'1 


(13.93) 


(13.94) 


for  m  =  0,  1,  2, . . .,  where  V '  indicates  that  the  term  h  =  j  is  omitted  from  the 
summation;  and 

Q),  o.o  =  ^o,  o  =  (13.95) 

4”  |  =  0,  for  m  4  j  odd ; 

=  v* _ 0{8-coscr"x _  (j^)! 

2m+1  {i(m  -j)}!{i(m+7  +  l)}!Q;(i«,)  0+6* 
x  L  cos  C  [(m-j)0-(+  !)^.i  (t—-1— + 

'  1?1  — cos  J  /  J  V(^+l) 

x  [o'+»)(»i+j+i)M-,1  (---|  C0SA  _(j t+^+z-opj-j,  (,.7i4‘  cos/)|  - 

L  t  \i{,-cosC/  '  i{,  —  cos  { /) 
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l  \  Is  1  -COS  s  /  \  Kj  -  cos  t, 


for  m  +j  even. 


(13.96) 


In  the  far  field  (<;  -►  oo): 


S=-icf  h-crW'-V’-i  ZC?,c,jP'j(r,)cosI<t>.  (13.97) 
a  =  o  m=o  (n  —  m)!  /  =  o  ;=o 

Starting  from  the  exact  series  solution,  Burke  [1966b]  has  computed  S  through 
terms  0(A6)  for  arbitrary  angles  of  incidence  and  observation. 

For  axial  incidence  (J  =  n)\ 

v'  =  c'r{  Z  Z(-cY(ii.l~jr.y  I  I  C^jQ^Pjin),  (13.98) 

n  =  0  m  =  0  (n  —  m)\  #1  =  0  j  =  0 


and  in  the  f  r  field  (£  -►  oo): 


s  =  -icl  I  (-C)" ^ I  Cq  q  jP 

n  =  o  m=e  (n  —  m)l  ;  =  o 


(13.99) 


13.3.2.5.  HIGH  FREQUENCY  APPROXIMATIONS 


No  specific  results  are  available  for  arbitrary  incidence,  but  for  axial  incidence, 
such  that 

r  =  e~i*%  (13.100) 

the  geometrical  optics  scattered  field  at  a  point  (£,  rj,  </>)  located  in  the  illuminated 
region  {(<;2  4- 1  )(1  ~n2)  >  (Z]  4*  1 )  when  r]  <  0}  is: 


»«.<>.  =  exp  (ic(F- {.ii,)}  [(l+  -7--Fx-)(l+  rPA 


2  r.  \  i  ”  i 


«.  +«l.)C/\  «  +  !». 


(13.101) 


where  Fanil  G  are  given  by  eqs.  (13.16)  and  (13.18),  and  (/,  is  the  positive  root  of 
eq.  (13.19)  with  ;0  =  oo.  In  the  geometrical  shadow  F’0  =  0.  In  the  far  field 
(s  -*  «3): 

exp  {-ic[c,^(l+»?)  +  v/{(«?  +  l)(>-'li)(l-'?2)}]}-  (13.102) 


In  particular,  if  the  observation  point  is  on  the  r-axis  (tj  =  1): 


L-*  _  +  J  _ic(^-2^«) 


and  in  the  far  field  (£  -►  oo): 


_f(«f+D  2if., 

-  -2jr* 


(13.103) 


(13.104) 
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so  that  the  geometrical  optics  back  scattering  cross  section  is: 


a,.„.  =  ^2«1+^')2. 

(13.105) 

A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  can  be  derived  by  means  of  Keller’s  geometrical  theory  of  diffraction; 
however,  no  specific  results  are  available. 

The  total  scattering  cross  section  for  axial  incidence  (£  =  n)  is  (Jones  [1957]): 

aj  -  ~-(^  +  l){l-0.8640tc{«1  +  cr,)]'}}; 

(13.106) 

this  result  is  a  good  approximation  if: 

citiH 

(13.107) 

13.3.2.4.  SHAPE  APPROXIMATION 

For  a  spheroid  whose  surface  i  =  is  defined  in  terms  of  the 
coordinates  (r1$  0lf  <j>t)  by  the  equation 

spherical  polar 

(  t\+i  \! 
r‘  a({f  +  cos20,)  ’ 

(13.108) 

and  is  such  that 

(13.109) 

i.e.  the  spheroid  departs  only  infinitesimally  from  the  sphere  r{  =  a ,  the  scattered 
field  may  be  expressed  as  a  perturbation  of  the  solution  for  this  sphere. 

For  incidence  at  an  angle  £  with  respect  to  the  positive  z-axis,  such  that 

Vx  -  exp  {i k(x  sin  {  +  z  cos  £)},  (13.1 10) 

then 


- i  bju 

m  -o  n-m  (n  +  m)!  h„  (k(i)  L  Cl  +  1 

X  h("(kr)r;(c os  v)P?( cos  0) cos  ni<j>  +  0[(s;  + 1)'2], 


(13.11 


where 


1  |(2/i  -t- 1  )[(ka)2(n2  +  n  -  1  f  m2)-/i2(/i  +  I)2-/h2(w2-M-3)’J 

(MV(M'  (2/t  +  3)(2/i  —  1) 

(»  +  //!-  l)(/t  +  m)(A2tf2-n2  +  n  +  2)  h[>y(ka)  :(cos  C) 

2(2n  ~  I )  ^(*<0  /C(<--osO  + 

+  (/>-i/i  +  I)(;i-//i  +  2)(*;V-/i2-3/i)  h'„"'(ka )  P”t2(cosO|  n^ip 
2(2/i  +  3)  *iVi(*«)  I  ' 
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Ir.  the  far  back  scattered  field  (r  -+  oo,  0  =  7i-f,  <j>  =  n): 

S~Y  XtI) 

m^o  u-m  (n  +  m)!  h{nl)(ka) 

For  axial  incidence  ((  =  n): 


.  [i(2n-H);:(fca)+  in.(o] 

(ka)  L  57  +  1  J 

x  [Ocos  C)]2  +  0[(5f  4 i)~2]. 


(13.113) 


1"  ~  -  I  [(2n+l);;(fcfl)-  M«)l  kl,'\kr)P „(cos 0)+ 

n=o  h'nl)(ka)  L  fl  +  1  J 

+  0[(tf  +  l)-2],  (13.114) 

where 

^  I  f(2«  + 1  )[(A:o)2(mj  +  n  —  1 )—  /i2(h  + 1  )2] 

°"  (ka)3h,,'y(ka)  i  (2n+3)(2n-i) 

+  /i(n-l)(lc2a2-n2  +  n  +  2)  h(„'y(ka )  (  (n+ l)(n  +  2)(fe2a2-n2-3n) /i*u’(fca)l 
2(2m  - 1)  '  WAka)  2(2  n+T)  ft'ZMl' 

(13.115) 

and  in  the  far  back  scattered  field: 


S~E  unvf,  r-'(2«  +  l)):(M+ 

n-o  hi"(fco)  L 


1 

«?+l 


M*)J  +o[(£f+ir2]. 


(13.116) 


13.4.  Perfectly  conducting  spheroid 


13. +. 1 .  Dipole  sources 
13.4.1.1.  EXACT  SOLUTIONS 


Result  are  available  only  in  the  case  of  a  dipole  on  the  r-axis  and  axially  oriented. 
For  an  electric  dipole  at  (f0,  >?o  =  0  with  moment  (4 ne/k)2,  corresponding  to  an 
incident  electric  Hertz  vector  2clkRl(kR),  such  that 


then 


plfcfi  /  •  \  | 

//j  =  H\  =  E\  =  0, 


(13.117) 


H*  +  H*=-,rilU  K-O’-L 

\'({o+0"*°  Pin" 


in 


I  '7l* 


!u!+i«!:’(->r, «.)} 

o -■<■.*{<)-  -V  - - 

V  {>/«?+ io-if.ifi)} 


SI 


X  R‘V(  -  ic,  if  <)  |  K(,V(  -  if.  if  >  )S,.(  -  if.  q)- 


(13.118) 


13.4 


PERFECTLY  CONDUCTING  SPHEROID 


519 


On  the  surface  {  =  : 


-itigLr ,  u  I  ( -  0" + 1  T ~  {■ >/f f  +  ‘  *i V(  -  ic,  if , )} 

C\/{(io+0(il +  0}  n  =  0  Pln^ln  L5{, 


In  the  far  field  -♦  oo): 


xR^>(-ic,  i^0)Sln(-ic,  F7).  (13.119) 


7tk2Y  00  1 

'/;+//;  =  ->■  ■ 1  k-t'  c-V  ^-’(-ic.ifo)- 

ff  V(fo+<)"  =  °  Pl»^ln 


“  {v'^+lRVA-ic.if,)} 

- - - R\\X- ic.ifo)  SJ-ic.if).  (13.120) 


If  the  dipole  is  on  the  surface  (£0  =  4i): 


//;+//;  = 


Ik1  Y  a  1 


«<{?+!) »-0  Lc^ 


{v/ff+lO-ic.if,)} 


xR',3,(-ic,  if)S,„(-ic, ,/).  (13.121) 


l!'  also  the  observation  point  is  on  the  surface  (f  =  <!;,): 


«;+»; 


i  =  -2fc2y.  tc-sr--  1  r5-fv/ 


c(«+l).-0 


P\n^  In  1 


{v'fl  +  l ic.  if,)} 


xR'3„>(-ic,if,)S,„(-ie,a),  (13.122) 


whereas  in  the  far  field  (4  -+  <ju): 
e'*’4  ?A2y  r 

i/;+i/;-  .  K-i)” 


1  r  S  l./rZ_L,  o(H 


C{c(fj+I).% 


{vff  +  1  f?(iV(-ic,  if,)} 


X  SlB(- ic.  If).  (13.123) 


For  a  magnetic  dipole  at  (s<>,  i/0  -  I)  with  moment  (47r/A)i,  corresponding  to  an 
incident  magnetic  Hertz  vector  £e,k*/(A/?).  such  that 


(,+ ,«)  ^  no 


(13.124) 


=  t;  =  //; ,=.  o, 
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4  +  4=  -  ,.2* f  -  L  [V,‘ ’( -  4  i<  < )  - 

\(£o+l)«  =  0  ^In^lnL 

“  S~!C’  'r!  Ru(-4  «<)1  R',V(-4  i£>)S,,(-ic,  r,).  (13.125) 


On  the  surface  {  =  : 

i  s  2/c2 

4+4  -  c*v'{(<fg + 1 M<t + X€ » +V)} -°v  p44b  4»’(-4  4) 


*  l  0-4  i«o)  o  ,  • 

+A  0~  4~4) S‘"  ~  n' 

(13.126) 


In  the  far  field  (£  -*■  oo): 

E27  «  1 


4+4  =  -' . ,  2 

f{  v'({o+l)*“o 


P\n^ \n 

?<U 


X  [  0-4  ifo)-  5;J-!C’  !f '!  0-4  4)1  SJ- if, ,).  (13.127) 
L  O-'c.'^i)  -I 

If  the  dipole  is  on  the  surface  (£0  =  £t),  the  electromagnetic  field  components  are 
identically  zero  everywhere. 

13.4.1.2.  LOW  FREQUENCY  APPROXIMATIONS 

A  general  procedure  for  the  determination  of  successive  terms  in  the  low  frequency 
expansion  of  the  scattered  field  has  been  given  by  Stevenson  [1953a];  however,  no 
specific  results  are  available. 


13.4,1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

Although  the  geometrical  and  physical  optics  approximations  to  the  scattered  held 
are  derivable  by  standard  techniques,  no  specify  results  are  available. 

13.4.2.  Plane  wave  incidence 
13.4.2.1.  EXACT  SOLUTIONS 

For  arbitrary  direction  of  incidence,  the  coefficients  in  the  vector  wave  function 
expan  ion  of  the  scattered  field  must  be  determined  from  an  infinite  set  of  infinite 
systems  of  equations;  no  specific  results  have  been  found.  In  the  particular  case  of 
axial  incidence  (C  -  rc),  the  coefficients  may  be  obtained  by  the  inversion  of  a  single 
infinite  matrix. 


»  I  44.2.2.  LOW  FREQUENCY  APPROXIMATIONS 

Using  the  general  procedure  for  the  determination  of  the  low  frequency  expansion 
given  by  Sh  yisson  [1953a],  explicit  results  nave  been  obtained  for  the  far  field 
corresponding  to  a  plane  wave  incident  m  an  arbitrary  direction  and  with  arbitrary 
r  polarization,  such  that 

;  F*  =  {ll&  +  nti$  +  ni2)c'k{,x*my*n:\  (|3  |28) 

//•  =  )V1t  +  m2p  +  n2tyk""my*'':\ 
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where  (/,  m ,  n ),  (ll ,  m, ,  nt )  and  ( l2 ,  m2 ,  «2)  are  three  sets  of  direction  cosines  satis¬ 
fying  the  relations 


+  +  f  =  (/2i  +  m2j>  +  n2£)A(/i-fmj>  +  ?i£), 

l2&  +  tn2$  +  h2£  ~  (/i  +  m^-j-n£)A(/Ii  +  m,5>  +  n,£). 
The  scattered  electric  field  in  the  far  zone  may  be  written  as: 


(13.129) 


Akr  or.  a, 


£5=-r  I  I  K 

fcr  w=o  n=  i  LA 


^(cosf/)  QcosO) 

dO  Pmn  sin  0 


cos  m<t)  4- 


\  cO  sin  0  /  J 


.iir  nr,  r 


•  ^  w 

AT  m  =  0  «  =  1 


.  t’Ocos  0) 


£;=-M  i 


/C(cos  0) 


)  cos  m<j>  ■ 


\  cO  sin  0  1  J 


where  (r,  0 ,  <£)  are  the  spherical  polar  coordinates  cf  the  observation  point  ;  rd  the 
incident  electric  field  has  unit  amplitude.  Expressions  have  been  worked  out  (Steven¬ 
son  [1953b])  for  the  coefficients  amn,  pmnt  d „„  and  through  terms  0(k5).  Ex¬ 
plicitly, 


*o  i  —  k  A  3  +  k  5L3 , 

(13.132) 

*02  =  -  \k5(M ,  -f  M 2  - 2Af  3), 

(13.133) 

*03  ~  30  c \k5d2K<., 

(13.134) 

*i  i  =  k  K |  -1- k5L, , 

(13.135) 

*12  •=  i k5/V;., 

(13.136) 

*13  ~  y  o  o  k  d*  K  i  , 

(13.137) 

Pn  =  **A2  +  A:5L2, 

(13.138) 

P 12  —  i  k 5  N  i , 

(13  139) 

Pd  ~  qoo^d2 K2 , 

(13.140) 

*22  -  ik5(M,  ~M2), 

(13.141) 

/>22  - 

(13.142) 

with  all  other  coefficients  zero  t  ough  O (A'5).  The  corresponding  “barred  1  quantities 
arc  obtained  by  “barring"  the  i'j%  Lj%  \  1i  and  N f .  j  ~  1,2  or  3.  The  A’,,  Lj%  M , 
and  N ;  and  their  “barred"  analogues  are  complicated  functions  of  the  direction  and 
polarization  ot  the  incident  field,  and  of  the  spheroid  parameters,  and  their  expres¬ 
sions  are  given  by  (Stevenson  [1953b],  Senior  [1966]): 
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where  (/,  m,  n ),  (il ,  ml , «, )  and  (/2 ,  w2 » ^2)  are  three  sets  of  direction  cosines  satis¬ 
fying  the  relations 


Ji*  +  WiJ>  +  n,£  =  (/2$  +  /n2^  +  n2£)A(/$+mJ>  +  n£), 
/2i  +  m2J  +  n2f  =  (/i  +  mj>  +  n£)  A(/,£fw1  J>  +  n,£). 


(13.129) 


The  scattered  electric  field  in  the  far  zone  may  be  written  as: 

_,ikr  ao  -jj 


El  = 


kr  m 

+ 


I  cos^  + 

1=0  11=  i  L\  dG  sin  0  / 

(u.uo) 

\  SO  sin  0  /  J 


e  “  "  [/_  oP^(cos  6)  .  PT(cos0)\ 

£<  *  - 17 [[•-  ~irJ  -mf~  ~krl  “s  "*+ 

\  cO  sin  0  J  J 


where  (r,  0,  0)  are  the  spherical  polar  coordinates  of  the  observation  point  and  the 
incident  electric  field  has  unit  amplitude.  Expressions  nave  been  worked  out  (Steven¬ 
son  [1953b])  for  the  coefficients  amn,  am„  and  #mn  through  terms  0(k5).  Ex¬ 
plicitly, 


«01  =  fc3K3  +  fc5L3, 

(13.132) 

“02  -  -ik'iMt+My-lM,), 

(13.133) 

®03  =  300^  P  ^3 » 

(13.134) 

a,,  =  fc^+k’L,, 

(13.135) 

*12  =  }ksN2, 

(13.136) 

®I3  “  9  00^  P  Ki  t 

(13.137) 

Pn  =  kiK1+k%, 

(13.138) 

Pn  =  $ksNiy 

(13.139) 

P,3  ~  »io k*d  Klt 

(13.140) 

«22  -  hk5(M,-M2), 

(13.141) 

P22  =  -6kiN2, 

(13.142) 

with  all  other  coefficients  zero  through  O (k5).  The  corresponding  “barred”  quantities 
are  obtained  by  “barring”  the  A'jf  Ljt  Mi  and  N • ,  j  ~  1,2  or  3.  The  Kjy  Ljy  Mj 
and  Nj  and  their  “barred”  analogues  are  complicated  functions  of  the  direction  and 
polarization  of  the  incident  fie,#J,  and  of  the  spheroid  parameters,  and  their  expres¬ 
sions  are  gii  en  by  (Stevenson  [1953b],  Semox  [1966]): 
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*.  =  -  Ai A  £ , 
2! 

=  -t || , 


“-iSK . 


M,  = 


-id5  P°2 

-  nn.  — * , 

4320  e® 


^  "  55  [("”'+”"i) gf  +5|,g!]  • 


», .  “L 

2880 


13.4 

(13.143) 

(13.144) 

(13.145) 

,  (13.146) 
,(13.147) 

03.148) 

(13.149) 

(13.150) 

(13.151) 

(13.152) 

(13.153) 

(13.154) 


^7a:;rerfthe^gendre  functions  is  (*>>• The  «>"««*  ^  a, 

stitutions  °m  6  C°rrCiP0ndlng  unbarr8d  quantities  by  making  the  sub- 


(/i,  m, ,  n ,)  -*  (/2,  mlt 
(/l.Wl.Hi)-* 


(12.155) 


!mfdn'!LrCPl!Cin?  'he  Legendre  fURCti°nS  With  their  ftrst  Privative,  and  vice  versa 
In  the  particular  case  of  axial  incidence,  such  that 


E'  =  te‘“' 


«'  =  -pYe-,k’, 


(13.156) 
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eqs.  (13.130)  and  (13.131)  reduce  to: 


dPl,( cos  0)  .  Pl( cos  0) 


-)  COS  <t>  6- 


(.3.57) 

\  50  sin  0  /  J 


-5^). 


„  —  g  ir3  ^ 

*13  ~  -TTJ'C  “T 

Y.\ 


pi' 

fl _ 2-5  *  J 

Pn  -  Trr'c  -7-,, 

\L\ 


(13.158) 


(13.159) 


(13.160) 


Pn  =  Tic1^  [l+iVc2  (22-10 -40^)]  .  (13.161) 

0,:  =t4o“5  (S-5S)’  (0.162) 

'G2  fit' 


(13.163) 


where  the  argument  of  the  Legendre  functions  is  (ifj),  and  all  other  coefficients  are 
zero  through  0(c5), 

By  retaining  only  the  dominant  term  0(c3)  in  eq.  (13.157),  and  specializing  to 
the  case  0  -  0,  we  obtain  the  Rayleigh  back  scattering  cross  section  (Strutt  [1897]): 


a  „  71  P\9(it  1)  _  P\Mi)  2 

36  Cl'flW  C!«i) 


(13.164) 


A  numerical  approximation  to  eq.  (13.164)  has  been  proposed  by  Siegel  [1959]  in 
the  form 

(,3.165) 

tt  \  ^V(i+{ r2)  / 


where  v  =  +  1)  is  the  volume  of  the  spheroid. 

The  near-zone  (kr  <  1)  scattered  fields  have  been  derived  by  Tai  [1952a,  b]  for 
the  case  of  axial  incidence  ((  ■■=  71)  and  through  terms  0[(A:r )2  ].  The  dominant  terms 
in  the  surface  field  expressions  for  the  case  of  broadside  incidence  (C  =  \n)  have 
been  given  by  Bolljahn  [1950], 
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13.4.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  wave  of  arbitrary  polarization  incident  from  the  half-plane  <j>  =  0  at  an 
angle  £  with  the  positive  z-axis,  the  geometrical  optics  bistatic  cross  section  in  the 
direction  (0  =  arc  cos  >/,  </>  =  0)  is  (Crispin  et  al.  [1959]): 


For  axial  incidence  (£  =  7i),  the  back  scattering  cross  section  is 


n  J  * 


whereas  in  a  direction  arbitrarily  close  to  forward  scattering  ( 0  -►  7r): 


(13.167) 


(13.l6t!) 


An  expression  for  the  physical  optics  bistatic  cross  section  is  available  lor  a  receiver 
in  the  plane  containing  the  direction  of  incidence  and  the  z-axis  (Siegel  et  ai.  [1955]), 


*',.(0)  =  a,  JO)  [l  -2 


sin  (2 M)  sin2  M 

2  M  ~Mr~ 


where 


(13.169) 


M  =  c[sin  }(C  +  0)]v/{£?+cos2  [i(£-0)]};  (13.170) 

this  result  is  only  valid  if  £  and  0  satisfy  the  condition: 

...  !(£+»).  2  „3.,7i) 

sin  (£-0) 

A  more  refined  approximation,  in  which  an  asymptotic  expression  for  the  diffracted 
field  is  retained,  can  be  derived  for  the  back  scattered  field  with  axial  incidence  by 
means  of  Keller’s  geometrical  theory  of  diffraction;  however,  no  specific  results  are 
available. 

The  total  scattering  cross  section  for  axial  incidence  (£  =  n )  is  (Jones  [1957]): 


tan  i(£  +  0)  =  2 


(13.171) 


(c? + i){i  +  0.0661  [c({,  +£r')]~}}; 


(13.172) 


this  result  is  a  good  approximation  if: 

I.V4.2.4.  SHAPE  APPROXiMATION 


(13.173) 


For  it  spheroid  whose  surface  ^  =  si  is  defined  in  terms  of  the  spherical  polar 
coordinates  (r, ,  (I, .  </t, )  by  the  equation 


/  tf+i  v 

''  "  i^  +  cos:dJ  ’ 


(13.174) 
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and  is  such  that 


{?+!»!, 


(13.175) 


i.e.  the  spheroid  departs  only  infinitesimally  from  the  sphere  rl  -  a,  the  scattered 
field  may  he  expressed  as  a  perturbation  of  the  solution  for  this  sphere. 

The  scattered  field  corresponding  to  an  incident  wave  with  arbitrary  polarization 
and  whose  direction  of  propagation  forms  an  angle  £  with  the  positive  r-axis  has 
been  derived  by  Musiiiake  [1956].  For  the  particular  case  of  backscattering,  the 
cross  sections  <t,|  and  aL  corresponding  to  an  incident  electric  field  respectively 
parallel  and  perpendicular  to  the  plane  of  the  direction  of  propagation  and  the 
r-axis  are: 


Tta1  (Ln)~2  V  (  l)"(2n+l)  1  ,2_i.nrr«2  ■  w  2l 

111  i(  )  +r?+t  ",1l  [(m  }  ]' 

where 


(13.176) 


C.  =  kahl'Xka),  (13.177) 

the  prime  indicates  the  derivative  with  respect  to  ka,  and  (Mushiake  [1956]): 
y  y  |i  mP™(C0S£)  y  ri  3P"( COS  {)  2m  I  PT(cosC)  rlml  . 

A\\  -  L  L  \7  .  j  -  Li  ---  —.——Li  + 

m  =  0  n  =  m  Sin  4  l=m  L4j  0 4  4,  Sin  4  J 

i"  «PT( cosC)  y  ,  ri  |ri(/+i)  1  1(1+1)  ,4m  1  8PT( cosO 

C  f{  UjtU«7  J  “  (I-W  “ )  at  ' 


i  m2PT(cos  0  j2m 

Cl  Sin  c 


2m  I  . 

nl  I  » 


(13.178) 


/tx  is  obtained  from  Al j  by  interchanging  [wPjfCcos  £)/sin  £]and  [-d/^cos  £) i/d{] 
with,/  ~  ai  or  /  in  cq.  (13.178), 


a  nd 


!m 

>il  ~~ 

XI  I 

(»K 

/pp: 

*P7 

pm  pm . 

+  m2  sin5  Odd, 

(13.179) 

0 

\  ri/ 

CO 

sin2  <1/ 

•2m  _ 
nl 

M 

•  R 

icp: 

PT+ 

rjrn  \ 

'  p:  sin20d0. 

(13.180) 

% 

0 

\  ?u 

(1(1  / 

1 4m  _ 
nl 

A/ 

cPm 

[n  P7  sin 

2(1  sin  0J0, 

(13.181) 

% 

0 

cu 

A  =  (2w+l)(M-«i)!(2/+!M/-m)! 

w  n(n  4- 1 )(/ i  +  /n)!/(l+  1 )(/ 4-  m)! 


4 

f 


526 


THE  OBLATE  SPHEROID 


13 


Bibliography 


Ar,  E.  and  R.  E.  Kleinman  [1966],  The  Exterior  Neumann  Proolcm  for  the  Three-Dimensional 
Helmholtz  Equation,  Arch.  Rational  Mech.  Anal.  23,  218-236. 

Asvestas,  J.  S.  and  R.  E.  Kleinman  [1967],  Low  Frequency  Scattering  by  Spheroids  and  Disks, The 
University  of  Michigan  Radiation  Laboratory  Report  No.  71 33-5 -T,  Ann  Arbor,  Michigan. 

Bolljahn,  J.  T.  [1950],  Small  Dipole-Type  Antennas,  Stanford  Research  Institute  Technical  Report 
No.  14,  Stanford,  California. 

Brundrit,  G.  B.  [1965],  A  Solution  to  the  Problem  of  Scalar  Scattering  from  a  Smooth,  Bounded 
Obstacle  using  Integral  Equations,  Quart.  J.  Mech.  Appl.  Math.  18,  473-489.  It  is  unclear 
what  normalization  has  been  used  in  plotting  |5(;  see,  also,  comment  in  Chapter  11. 

Bi  RKf.  J.  E.  [1966a],  Low-Frequency  Scattering  by  Soft  Spheroids,  J.  Acoust.  Soc.  Am.  39, 
826-831. 

Burke,  J.  E.  [1966b],  Long-Wavelength  Scattering  by  Hard  Spheroids,  J.  Acoust.  Soc.  Am.  40, 
325-330. 

Crispin  Jr.,  J.  W.,  R.  F.  Goodrich  and  K.  M.  Siegel  [1959],  A  Theoretical  Method  for  the  Calcula¬ 
tion  of  the  Radar  Cross  Sections  of  Aircraft  and  Missiles,  The  University  of  Michigan  Radiation 
Laboratory  Report  No.  2591  — I— H,  Ann  Arbor,  Michigan. 

I'cammer,  C.  [1957]  Spheroidal  Wave  Functions ,  Stanford  University  Press,  Stanford,  California. 

(modkku,  R.  F.,  N.  D.  Kazarinoff  and  V.  H.  Weston  [1963],  Scalar  Dillraction  by  a  Thin, 
Oblate  Spheroid,  in:  Electromagnetic  Theory  and  Antennas ,  cd.  E.  C.  Jordan,  27  38,  Pergamon 
Press,  Oxford.  For  a  criticism  of  this  paper  sec  Keller  and  Hansen  [1965]. 

Jones,  D.  S.  [1957],  High-Frequency  Scattering  of  Electromagnetic  Waves,  Proc.  Roy.  Soc.  A240, 
206-213. 

Kelier,  J.  U.  and  E.  B.  Hansen  [1965],  Survey  of  the  Theory  of  Diffraction  of  Shorr  Waves  by 
Edges,  Acta  Phys.  Polon.  27,  217-234. 

Kinsman,  R.  E.  [1965a], The  Dirichlet  Problem  for  the  Helmholtz  Equation,  Arch.  Rational  Mech. 
Anal.  18,  205-229. 

Kleinman,  R.  E.  [1965b],  Low  Frequency  Solution  of  Electromagnetic  Scattering  Problems,  pre¬ 
sented  at  the  URSI  Symposium  on  Electromagnetic  Wave  Theory,  Delft,  The  Netherlands;  re¬ 
printed  in:  Electromagnetic  Ware  Theory,  cd.  J.  Brown,  89 1-905,  Pergamon  Press,  London  (1967). 

L.owan,  A.  N.  [1964],  Spheroidal  Wave  Functions,  in:  Handbook  of  Mathematical  Functions  with 
Formulas ,  Graphs,  and  Mathematical  Tables,  eds.  M.  Abramowitz  and  I. A.  Stcgun,  751-769, 
N.B.S.  Applied  Mathematics  Scries  No.  55,  U.S.  Government  Printing  Office,  Washington,  D.C\ 

Morse,  P.  M.  and  H.  Feshracii  [1953],  Methods  oj  Theoretical  Physics,  McGraw-Hill  Book  Co., 
New  York. 

Mi  1 1  i  K,  H  J.  W.  [1962],  Asymptotic  Expansions  of  Oblate  Spheroidal  Wave  Functions  and  their 
Characteristic  Numbers,  J.  Reinc  Angew  Math.  211,  33-47. 

Mushiake,  Y.  [1956],  Bnckscatlering  for  Arbitrary  Angles  of  Incidence  of  a  Plane  Electromagnetic 
Wave  on  a  Perfectly  Conducting  Spheroid  with  Small  Eccentricity,  J.  Appl.  Phys.  27,  1 549-1556. 

Norik  B.  [1962],  Integral  Equation  Perturbation  Methods  in  Low-Frequency  Diffraction,  in:  Elec¬ 
tromagnetic  Waves,  ed.  R.  E.  Lunger,  139-180,  The  University  of  Wisconsin  Press,  Madison, 
Wisconsin. 

SrsioR,  T.  B.  A.  [1966],  The  Scattering  of  an  Electromagnetic  Wave  by  a  Spheroid,  Can  J.  Phys.  44, 
1353  4  359. 

Sinai,  K.  M.,  II.  \.  Ai.peris,  R.  R.  Bonkowski,  J.  W.  C  rispin.  A.  L.  Mamhi,  C.  F.  Smifnmid 
and  I.  V.  S(  niNXiFi)  [1953],  Bistatic  Radar  Cross  Sections  of  Surfaces  of  Revolution,  J.  Appl. 
Phys.  26,  297  305. 

Silt.it,  K.  M.  [1959J,  Far  Field  Scattering  from  Bodies  of  Revolution,  Appl.  Sci.  Res.  7B,  293-328. 

Suvfnson,  A.  F  [1953a],  Solution  of  Electromagnetic  Scattering  Problems  as  Power  Series  in  the 
Ratio  (Dimension  of  Scattered/ Wavelength,  J,  Appl.  Phys.  24,  1134  1142.  Sec.  also, 
Kiiismw  [ 1 965b | 


13 


BIBLIOGRAPHY 


527 


Stevenson,  A.  F.  11953b],  Electromagnetic  Scattering  by  an  Ellipsoid  in  the  Third  Approximation, 
J.  Appl.  Phys.  24,1143-1151. 

Strutt,  J.  W.  (Lord  Rayleigh)ll 897],  On  the  Incidence  of  Aerial  and  Electric  Waves  upon  Small 
Obstacles  in  the  Form  of  Ellipsoids  or  Elliptic  Cylinders,  and  on  the  Passage  of  Electric  Waves 
Through  a  Circular  Aperture  in  a  Conducting  Screen,  Phil.  Mag.  44,  28-52. 

Tai,  C.  T.  {1952a  J,  Quasi-Static  Solution  for  Diffraction  of  a  Plane  Electromagnetic  Wave  by  a  Small 
Oblate  Spheroid,  IRE  Trans.  AP-1,  13-36.  This  article  contains  several  misprints,  which  have 
been  corrected  in  Tai  (1952b). 

Tai,  C.  T.  [1952b],  Quasi-Static  Solution  for  DilTraction  of  a  Plane  Electromagnetic  Wave  by  a 
Small  Oblate  Spheroid,  Stanford  Research  Institute  Technical  Report  No.  24,  Stanford, 
California. 


Chapter  14 


THE  DISC 

F .  B.  SLFATOR 


By  virtue  of  its  geometric  simplicity,  its  status  as  a  separable  surface  and  limiting 
case  of  the  oblate  spheroid,  and  its  complementarity  to  the  aperture  problem,  the 
circular  disc  is  amenable  to  a  wide  variety  of  analytical  treatments.  Since  Babinet's 
principle  (see  Introduction)  permits  the  trivial  conversion  of  results  for  the  aperture 
into  corresponding  ones  for  the  disc,  nearly  all  the  literature  on  the  former  problem  is 
pertinent  here,  and  many  of  the  formulas  and  curves  included  hereafter  were  originally 
derived  for  the  aperture  and  converted  via  the  above-mentioned  principle  to  forms 
appropriate  to  the  disc.  Furthermore,  since  the  transformation  which  takes  the  oblate 
spheroid  into  the  disc  is  continuous,  the  exact  results  for  the  former  body  are  easily 
modified  to  apply  to  the  disc. 

14.1.  Disc  geometry 

The  separable  coordinate  system  which  contains  the  disc  as  a  coordinate  surface 
is  the  oblate  spheroidal  system  (£,  rj,  $)  described  in  the  preceding  chapter  (sec  Fig. 
13.1).  The  disc  itself  is  specified  by  the  extreme  value  =  0  and  its  radius  is  a  = 
\cl,  so  that  c,  the  product  of  wave  number  and  semi-focal  distance,  is  now  ka.  Aside 
from  these  modifications,  the  geometry  of  the  system  is  identical  to  that  of  the  oblate 
spheroid,  and  the  eigenfunctions  employed  in  the  exact  solutions  are  again  the  oblate 
spheroidal  functions.  Explicit  forms  for  the  limiting  values  of  the  radial  functions, 
iO),  and  of  their  first  derivatives,  are  given  by  Flammer  [1957]. 

In  some  instances  a  cylindrical  coordinate  system  (pt  <t>,  r)  is  preferable  to  the 
spheroidal  system,  and  the  disc  is  then  located  in  the  plane  2  =  0  with  center  at  the 
origin. 

As  in  Chapter  13,  the  primary  source  is  either  a  plane  wave  whose  direction  of 
propagation  forms  the  angle  f  with  the  positive  2-axis,  or  a  point  or  dipole  source 
located  at  (£{),  r;0,  </>0).  In  particular,  for  normal  or  axial  incidence,  either  f  =  n 
or  //„  =  I. 

14.2.  Acoustically  soft  disc 

14.2.1.  Point  sources 

14.2.1.1.  EXACT  SOLUTIONS 

For  a  point  source  at  r0  =  (,:0,  </>0),  such  that 
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04.1) 


the  total  field  is 


(14.3) 


V'  +  V'  =  2i  £  £  -5s-  [ tfjft  -  ic.  if  <)  • -  S  1 (  ~ ie*  *  <  >1 

«'•  /*«(— ir,  lO)  J 

x  O-if.  *{»)SIM(-ic,  r;0)Sn„(-if,  »j)  cos  m(tt>-<l>0).  (14.2) 

On  the  surface  {  =  0: 

A  y*\  —  ZAl  y  V  ^mw(  tc,  i{0) 

*f  c  '^o  O-  ic.io) 

X  Sn„(  -  ic,  n<s)Sm„(  -  ic,  n)  cos  m(<p  -  <f>0).  (14.3) 

In  the  far  field  ({  -♦  oo): 

y+r  -  e4{2Z  £  4^  te-k  if0)- 

CC  m  =  0  n  =  m  N mn  L 

"  R™(~'lc'  id  Sm„(-ic,  ri0)Sm„(-ic,  ij)  cos  m(<j>~4>0). 

O-'c.i0)  J 

(14.4) 

If  the  source  is  on  the  positive  z-axis  (>/0  =  1): 

V'  +  V*  =  2i  I  4  to-ic.i«<)-  §3~S«oV(-if.i{<)l 

•=»n0,  L  ^oV(— ic,  iO)  J 


«!»'»( -ic.  iio)~ 


x  *«»(- ic,  i{>)S0„(-ic,  l)S0„(-ic, »,),  (14.5) 

and,  in  particular,  when  the  observation  point  is  on  the  surface  {  =  0: 

i^'+n  =  ~2t  £  J-  l)So.(-ic,u),  (14.6) 

Ci  c  n  =  o  N0„  «'03J(-ir,  iO) 

whereas  in  the  far  field  ({  -►  oo): 

V'+r  =  C?2X  (;ir  fo-if.iw- 

cf  «=»  /Jo,  L  R'o), !  ~  ic.  iO)  J 


xS„„(-ic,  1  )S0,(  —  ic,  ij). 

14.2.1.2.  LOW  FREQUENCY  APPROXIMATIONS 


(14.7) 


No  explicit  results  are  available.  Various  authors  (see,  for  example,  Bazp.r  and 
Brown  [1959])  have  considered  general  low  Irequency  methods  in  relation  to  this 
problem,  but  final  results  are  given  only  for  the  special  case  of  plane  wave  excitation. 


14.2.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 
In  addition  to  results  obtained  by  rigorous  asymptotic  theory,  a  variety  of  results 
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based  on  KirchhofTs  formula  (see,  e.g.,  Bouwkamp  [1954])  are  available.  The  latter 
arc  here  included  primarily  for  historical  reasons,  and  though  they  have  found  con¬ 
siderable  application,  their  accuracy  is  difficult  to  predict. 

The  scattered  Held  is: 


where  /*  is  the  distance  from  integration  point  to  observation  point,  the  normal  is 
directed  from  the  disc  into  free  space,  and  the  integral  is  over  both  faces  of  the  disc. 
KirchhofTs  approximation  is  to  assume  that  the  values  of  the  total  Held  and  its 
derivative  are  those  of  the  incident  field  on  the  geometrically  illuminated  face,  and 
are  zero  on  the  shadowed  face  of  the  disc.  This  approximation  is  valid  for  the  “black” 
disc;  however,  it  has  been  applied  to  both  soft  and  hard  discs.  The  resulting  normal¬ 
ized  scattered  field  amplitude  was  computed  by  Lommel  [1884]  for  a  point  source  on 
the  axis  and  the  observation  point  on  the  opposite  side  of  the  disc,  selected  results 
are  shown  in  Fig.  14.1. 


0  2  4  6  8  (O  12 


Fig.  14.1.  Normeli/cd  scattered  near  field  intensity  behind  the  disc  for  point  source  on  axis  with 
A:,,  710,  c  29.8  and  (a) A  r  50.5.  (b)  A?  42.9.  (c)A  r  -37.3:  -Kirchholf  approximation, 

•  ••  KirchhofT  double  layer. - experimental  (Bekeh  [1953a]). 

Approximations  based  on  Rayleigh's  formulas  (see*  e.g.,  Bouwkamp  [1954])  lead 
to  the  Kirchholf  double  and  single  layer  results,  i.e.  respectively: 
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Vy  *  » 


±  1  \  \r  f?  (e ' )  dS 

2nJ J  c  n \  r  1 


(14.9) 


^2  - 


i  r  ivr  C" 


(14.10) 


2nj J  < h  r 


where  the  integration  is  over  one  face  of  the  disc,  the  normal  is  directed  into  the 
illuminated  region  and  the  upper  (lower)  sign  obtains  according  as  the  observation 
point  is  on  the  same  (opposite)  side  as  the  source.  The  validity  of  the  approximations 
(14.9)  and  (14.10)  has  been  discussed  by  Bouwkamp  [1954]  and  Bekefi  [1957J. 

For  a  point  source  on  the  z-axis  at  (p  —  0,  z  »  z0).  such  that 


(14.11) 


an  approximate  expression  for  the  scattered  field  at  (p,z)  with  0  >  z  >  —  z0  and 
kz{) .  s  1  based  on  eq.  (14.9)  is  (Bekefi  [195.V]): 


VI  *  (rJ  +  P2)’1  exp[- \k(z-s(z;)  r«2))]+  “ [(z2  +  n2)(zj  +  u2)]“* 

K  K 


xexp  ifc  (N  (r,:,  +  (/2)  +  N  (zJ  +  tf‘)+  ^ 

L  V  2N(zi  +  «2) 


■  M  ■"  i  .7  J-oj', 

L  \  v  (z  +«“)'  a  \(;*  +  a2)/  V 


(14.12) 


which  is  valid  provided  that 


ro-f  u 


sinh" 1  . 


(14.13) 


Results  of  approximations  based  on  cq.  (14.12)  are  shown  in  Fig.  14.1.  If  the  observa¬ 
tion  point  is  also  on  the  axis,  an  approximate  evaluation  of  the  double  layer  formula 
yields  (Slverin  and  Starke  [1952]): 


-(■- 


l;!)e“,:l+  jl~ 


,  ■*  » v  •*  y  22 

s(;’+ir)  +  :■  +  «•_.  c  a  + 
U'»l  ~  H.-* 


+  i  'V,“  ^  *  S'\  +U  l!  -  e,!p !ifcs(;2 +«’)!.  (o.U) 

L  —  1  - ol  1-  id  '  *  ~  o  j  ’  *■  (I 


where  .is  the  corresponding  result  for  the  single  layer  formula  is: 
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+  i  PUl-  -  -L  (1-3  j/£±£L>yi)  exp  (i k<(z'+a% 

L2|2oI  V  |z0|  J  k\z0\  \  |z0l  /J I  V'  " 


(14.15) 


Severin  and  Starke  [1952]  have  compared  values  computed  from  eqs.  (14.14)  and 
(J4.15)  with  experiment;  typical  results  are  shown  in  Fig.  14.2. 


rig.  14.2.  Normalized  scattered  nea*-  field  intensity  on  axis  behind  the  disc  foi  point  source  on  axis 
with  Ar0  =  396  and  c  =  8nt: - Kirchhoff  double  layer, - Kirchhoff  single  layer,  ••  •  exper¬ 

imental  (Sfvfrin  and  Starke  [1952J). 


Rigorous  asymptotic  tesults  are  a  ailable  only  foi  :»  source  on  the  axis  of  symmetry. 
Using  an  asymptotic  development  01  an  exact  solution  of  the  Sommerfeld  type,  the 
total  field  in  the  region  of  geometrical  hadow  resulting  from  fhe  source  of  eq.  (14.1 1 ) 
located  at  (£0,  =  1)  is  (Hansen  [19l>^]): 

--exptKk'd  +  ^  +  x'd+iJ)!] 

2 c  Ll-  (1+C51  *J 

x  L  n +\'(>  (i v<\(i  + 

1  v'(  1  +  $*)+ \T I  +  &-  \'(  I  -*>)  -  x'ft  i  +  <;  !¥'  JoKI-1S)l 

+  (i-oi-yii'Ookvd-^D+iv.K'i- od)l  1  (i4;6) 

\  d  +  {2)  ln  (1  +s-2i)  +  \  (I  ~n2)  +  \  ! U  +<*;(!  +  s 0 K *  - 11)}! 

In  particular,  if  the  observation  point  is  not  too  near  the  xis,  i.e.  A>  =  O(r)  (Hassi  s 
(1962.  1964j): 
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v  ~  exp(ikr0+iin)  ( see  j(fl,  +0)+ cosec  j(9 ,  -  /?)  e,kr.  _ 


2kr0j2n  \  ^'{/cr^l+^/a)  sin  0,)} 

_  sec  Kfla  +  <?)+ cosec  Kg^jg)  e,k  J  /14>1?x 

N/{fer2(l+(r2/a)sin02)}  I’ 

whereas  if  the  point  is  near  the  axis,  i.e.  kp  =  0(1)  (Hansen  [1964]): 

v  _  -  |/2(l-ij  (sin  !WP  cos  8),  04.(8) 

*(r0  +  \/(Z  -fl  ))  *  \  r0/ 

where  the  geometrical  quantities  are  defined  in  Fig.  14.3.  The  above  forms  take  ac¬ 
count  only  of  singly  diffracted  rays.  A  partial  asymptotic  expansion  can  be  constructed 


/\ 


Fig.  14.3.  Geometry  and  notation  for  asymptotic  theory. 

by  taking  into  account  rays  diffracted  p  times  at  diametrically  opposite  points  on 
the  edge  of  the  disc.  For  points  within  the  geometrical  shadow  and  not  too  near 
the  axis  (J:p  -  0(c)),  the  contribution  of  the  ray  diffracted  p  times  (p  =  2,  3, .  .  .) 
is  (Hansen  [1%  ],: 

r  ^  -  ]/-  eikr"  +  ii,t  (V^iiy-i  cos  J/? — sin  \[i 
r  r.  kr{)  Llbf^TrcJ  1  +  sin/J 

| sin  id,  -f  cos  Id,  e1*'1 

\  1-sind,  N/{fcr,(l -f(r,/<i)  sin  d,)} 

_  sin  }d2  +  cosid2  eUr:  \ 

l  -sin  d2  N  {/cr2(l  +  (r2/«)  sin  d2)}( 


(14.19) 
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14.2.2.  Plane  wave  incidence 


14.2.2.1.  EXACT  SOLUTIONS 

For  an  incident  wave  whose  direction  of  propagation  makes  an  angle  £ 
positive  r-axis,  such  that 

V'  =  exp  (i k(x  sin  £  +  z  cos  £}}, 

then 

=  -2  S 

m  =  0  n=>m  Nmn  lO) 

X  Sm„(-ic,  COS  C)s„n(-ic,  n)  cos  m<£. 


with  the 


(14.20) 


(14.21) 


On  the  surface  £  «  0: 


rl  0  w  00  p  i"  1 

--  (K'+p)  =  Y  Y  - - 

K  em^oAftmRSX-u,K>) 

x  Sm„(-ic,  cos  QSj-ic,  tj)  cos  m<t>, 
and  in  the  far  field  (£  -►  oo): 

s  =  2i  £  £  SMn(-ic>  cos  0S,J-ir,  tj)  cos  mtf>. 

»-o  M=™  N„„  lO) 

The  tot:;!  scattering  cross  section  is 


(14.22) 


(14.23) 


-  n  E  I  ~  [S  l£’S  SM,(  -  if.  cos  0] 2.  (14.24) 

k  m  =  0  n-m  L|R^  -1C,  l0)|  J 


For  normal  incidence  (£  =  7i): 

V'=  - 21  S"!f'  S  alft-ir.  i£)S0„(-ic,  -  l)S0„(-ic,  rj),  (14.25) 

"  =  °4  Roni-Wi  «0) 

and  on  the  surface  £  =  0: 

~Wl  +  n  =  -  2  I  «*  1  S0n(-ic,  —  1)S0„(  — ic,  tj),  (14.26) 

<  {  Cn  0  A  -1C,  10) 

whereas  in  the  far  field  -»  co): 

s  =  2i  f  1  f'ij  ~  S0n(  -  ic,  -  OSJ  -  ic.  t,).  ( 14.27) 

- »$<,„  C(-UMO) 

Computed  values  of  |Sj  are  shown  in  Fig.  14.4. 

The  total  scattering  cross  section  is: 

<xT  =  4!  t  J-  rR!?-“'-,0)  S0„(-ir,  -1)]*,  (14.28) 

.-o  J9,,„  L|Ro’’(-ic.  i0)|  J 


(14.26) 


(14.27) 


and  its  normalized  form  is  plotted  as  a  function  of  c  in  Fig.  14.5. 
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Fig.  14.4.  Amplitude  of  far  field  coefficient  lor  three  disc  sizes: - exact,  (a) - KirchhofT  double 

layer  (Spence  11949]),  (b) - KirchhofT  ringle  layer  (Severin  [1952]). 


Fig.  14.5.  Normalized  total  scattering  cross  section  (Bouwkamp  [1954]). 


14.2.2.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  an  incident  wave  whose  direction  of  propagation  makes  an  angle  £  with  the 
posit i\c  r-axis,  such  that 


V1  =  exp  ]  \k(x  sin  £  +  z  cos  £)], 


(14.29) 
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a  complete  low  frequency  expansion  of  the  scattered  field  at  the  point  (£,*;,  <j>)  is 
(Asvestas  and  Kleinman  [1967]): 

v  =  e,f{  £(-c)"V  j£L  t  I  i cos  s<t>,  (14.30) 

if  =  0  m  =  0  (n -m)!  t  =  0  r  =  0  s  =  0 

where  the  coefficients  D™’ta  are  determined  from  the  recurrence  relations: 


Dm+l,s  = 


r(r-s)  :(t-s) 

- -  ur~  1 ,  t  +  “  ™  -  L>rtt-  1 


r(r+l)  — t(H-l)  L 2r —  1  *  2t-l  ’ 

(l+l)(lis  +  l)  ,  (r+  l)(r+s+ 1)  rj™.»  ^  r  .1.  i.  m  _  o  i  2 

2i  +  3  2r+3  J 

(14.31) 

DX,-,+A,m+,-\  mm  0,1,2 .  (14.32) 


D?;Us  =  -  I'  ®  Dr:,+  1,s+^ra+'-1.  m  =  0,  1,  2, . . ., 
r=o  g;(io) 


n°*  0  —  A0’ 0 
uo,  o  —  » 

'  -eJ(-l)Vn(2t+l)(t-s)!P;(sec  Q  cos"1; 
<'S  =  2-+,0+*)!{K«-0}!{4(m+H-l)}!fif(10) 
>0,  for  m  +  fodd, 


,  for  w  +  /even, 


(14.33) 


(14.34) 


and  the  prime  in  eq.  (14.32)  indicates  that  the  term  with  r  =  a  is  to  be  omitted  from 
the  summation. 

In  the  far  field  ({  ->  oo): 

s  =  -if(-cr+l  i  T^-Z  i(-VfsW;;F;(n)  cos  S<t>,  (14.35) 

n  =  0  m  =  0  (n  —  m):t  =  o  s  =  0 

and  the  bistatic  scattering  cross  section  is: 


a(ij,  <t>)  =  4™ 2  £  (-c)"  £  K-m 


«=0  f»|5=0 


where 


n  n  -  m  m  t 

V.  =  z  r~ — 7i  I  Z(-i)’s!o:;,'P?Wcoss^ 

m = o  (n  —  m)\  t - o  s= o 


(14.36) 


(14.37) 


and  the  asterisk  indicates  the  complex  conjugate. 

For  normal  incidence  (J  =  n ),  the  coefficients  A?**,  D%'J  vanish  for  s  ^  0,  thus 
eliminating  the  summations  over  s. 

In  the  far  field  (<J  -♦  oo): 

or  n  n-m  m 

s  =  -i£(-c)"+1  Z  7—,:  Z  DtfPM, 

n  =  O  m=0(n  — m)!i  =  0 


(14.38) 
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where  the  coefficients  are  given  by  eqs.  (14.31)  through  (14.34)  with  f  =  n. 
The  bistatic  scattering  cross  section  is  still  giver  by  eq.  (14.36),  but  with 


ft  fft  ttt 

K  =  I  — ^ - -  lD^P,(n). 

m  =  o  (n-m)!  *~o 


(14.39) 


Explicitly,  the  far  field  coefficient  is: 


2“'  p,..-  [■  ,,♦(?- 4.)  pj  -  *Z  p  p;+  (-'  -  ±)  p.1 + 

7T  I  7T  L9  \9  7T2/  J  71  l_9  \3  TtV  J 


4  c4  -P4  4 


525  \  105  9tt' 


2  _.16  +  ,6U]  _ 

75  9tt2  nV  °. 


2ic5  r  1 


23  4 


7t  L525  \567  9ti- 


;M27  _  20 
1 202 5  9tt2 


+o<4 


(14.40) 


An  alternative  formulation,  in  which  the  incident  and  scattered  fields  are  expanded 
in  Fourier  seres  in  the  azimuthal  angle  0,  has  been  developed  by  several  authors 
(see,  for  example,  Williams  [1962]  and  Boersma  [1964]).  For  arbitrary  intiutnce 
and  in  the  far  field  -►  oo): 


S  =  X  sm  cos  m<j>, 

m  =  0 


(14.41) 


where 


_em4m  +  lrn !(m  4  l)!c2w,f  1  (X/T - >  sin  C)m 


x  1-- 


n(2m)\(2m+2)\ 

2m4  l+(2m  — l)(sin2  (—rj2)  2  4i  .  3 


2(2m-l)(2m4  3) 


-  c*  —  ~  $m.  1  C3  +  0(c4)l  , 

971  J 


(14.42) 


and  S„tl  is  the  Kronecker  delta  (5lti  =  1,  <5m,  t  -  0  for  m  ^  1).  The  normalized 
total  scattering  cross  section  is: 

2na  m-o  L(2m)!(2m  +  2)!  J 


X  1  -c 


i  "  2(2m243m42)  sin2  C -  + 
.(2m-  l)(2m  +  3)2  *  2m+5J 


4  [32m6  + 1 44 m5  + 1 36m4  -  364m3  -  960m2  -  758 m  -  21 3 


L  (2m  — 3)(2m  —  l)2(2m  +  3)3(2m  +  5)2 

8m3  +  32m2  +  40m  + 19  „  m  +  2 

4  -  -  - , - Sin  {  +  — - z - - - 

(2m  -  1  )(2m  4  3)3(2m  4  5)  (2m  4  3)2(2m  4  5) 


- + 


sin4  (J  4-  0(c6)j  . 


(14.43) 
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Bazer  and  Hochsta&t  [1962]  have  given  explicitly  the  first  two  Fourier  components 
(m  =  0  and  1).  Heins  and  MacCamy  [1960]  have  obtained  similar  results  for  the 
surface  field. 

For  normal  incidence  (£  =  n)  and  on  the  illuminated  face  (Bazer  and  Brown 
[1959]): 


~  -«*?+  - 

CQ  7T  n  =  0 


(14.44) 


in  which  the  first  few  coefficients  are: 


n  '2  it2/  it'  9  it 2/ 

t  I  2  16\  4  i  / 14.1  44  32 v  , 

+  \24  it2  +  it4)  ^  it  '900  9it2  +  it4’  + 

+  -  2,71  +  m  _  6J)e*  +  0(r7), 

*720  4050it2  9  it 4  it*/ 

/l,  =  -M-  1  f*+  ('  -  Mr4-  1  (,3-  M  e5  + 

2  3/r  M2  3tt'  n  \90  3r"/ 

">+<*’>. 

\80  I35it2  3  it4/ 

•4.  =  —  c4-  ■  ‘  r5  +  (  '  -  '  r"  +0 (c  ), 

72  60  it  '240  30it2’ 

•4.,  =  -.rtoo^  +  O  (,7}> 

and  the  remaining  coefficients  are  0(e8). 

In  the  far  field  (<;  -»  oo): 


(14.45) 


/  l  _  49  8  \ 

'80  1 3  5  7r 2  +  3  nV 


(14.46) 

(14.47) 

(14.48) 


2c  f, 

2i 

/I 

4  1 

.  1 

A  < 

,  2i  (4 

r  + 

- 

— 

sirr 

0)  r 

- 

n  1 

n 

*  3 

n2  6 
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,  4 

4- 
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Lt:4 

9tt2 

15 

'  3tt" 

15' 

120 

2i  ri6 
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71 

/  2 

19 ) 

— 

— 

4* 

4 

— 

sin"  0  + 

7T  L7T4 

3/7  2 

075 

'3  n 

270 1 

r  n2 
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64 

448 

/ 

16 

S 

1  !  .  4 

— 

+ 

— 

1  9r 

315 

67572 

\ 

45/r 

374 

sin"  0  \  c  + 


120  J 


S  1  \  *  , 

-  I  sin"  (>4- 

rr4  IOV 


.  I  sin"  (I  -  sin  Mm  c  '  4  0(c' )  , 
2  0  30.V '  5040  J  I 


(14.49) 


w  here  0  arc  cos  tj. 
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The  normalized  total  scattering  cross  section  is  (Hurd  [1961]): 

-  =  8  [  |  +  0.039  160  c2  -  0.000  748  9  cJ  -  0.000  260  2  ch + 

2na2  n‘ 

+ 0.000 009 206 ts+ 0.000 00 1  846c'°  +  0(i'2)];  (14.50) 

numerical  values  computed  from  this  series  agree  with  the  exact  results  of  Bouwkamp 
[1954]  to  within  one  percent  for  c  <  2.5. 

14.2.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 

No  explicit  results  are  available  for  arbitrary  incidence.  For  normal  incidence, 
results  have  been  obtained  by  Kirchhoff  theory,  geometrical  theory  of  diffraction 
(Kei  ler  [1957]),  rigorous  asymptotic  methods  (Jones  [1965a],  Hansen  [1964])  and 
variational  techniques  (Levine  and  Wu  [1957]). 

The  amplitude  of  the  far  field  coefficient  computed  from  Kirchhoff’s  single  and 
double  'ayer  formulas  is  compared  with  the  exact  result  in  Fig.  14.4.  The  normalized 
scattered  field  amplitude  is  shown  as  a  function  of  the  distance  along  the  axis  behind 
the  disc  in  Fig.  14.6,  and  «s  a  function  of  the  radial  distance  in  the  plane  z  =  On- 
in  Fig.  14.7. 


Fig.  14.6.  Normali£ed  scattered  amplitude  on  axis  behind  disc  with  (a)  c  3rr  and  (b)  c  4.7: 
KirchhotV  double  layer, - KirchhofT  single  layer,  •••experimental  (Severin'  (1952]). 


540 


THE  DISC 


14.2 


2.0  i 


V. 

V ' 


1.5  4 


i.o  4 


0.51 


(*) 


i  \  /  ;  i  \ 

r\  Pi  *  \ 

r  v  '  * 


\ 

\ 


-4 


-2 


0 


±Pj 


Vs 

V* 


1.5 


1.0- 


0.54 


(b) 


4ULA  3.** 


-4 


-2 


~o  r 
*'4 


Fig.  14.7.  Normalized  scattered  amplitude  on  r  =  0+  with  (a)  c  —  ln  and  (b)  c  —  An: - Kirchhoff 

double  layer, - Kirchhoff  single  layer,  •  •  •  experimental  (Severin  [1952)}. 


For  a  plane  wave  at  axial  incidence  (C  =  rc)»  such  that 

V 5  =  e“ifcz, 


(14.51) 


an  approximation  for  the  far  field  coefficient  based  on  an  integral  equation  formula¬ 
tion  is  (Case  [1964]): 


S  ~  \\c  sin  ^  +i*/°i^_sinJl] 
L  sin  \0  sin  \ 0  J 


(14.52) 


where  0  is  the  spherical  polar  angle;  cq.  (14.52)  is  valid  for  0  <  and  for  0>  \n 
the  symmetry  relation  S(n-0)  =  S(0)  may  be  used.  In  the  far  field  and  in  the  back 
scattering  di  ection  (Hansen  [1964]): 


r  i  1  "1 

The  normalized  total  scattering  cross  section  is  (Jones  [1965a]): 


(14.53) 


2nir 


1  ~  4c: 


1  cos  (2c*  —  i7r)  7  sin  (2c-  , [tt) 


+ 


4- 


4c2N,7tc  64c\,7rc 

+  >  sin  (4c- J*)  , 

IZ...4  CA-..* 


16c* 


64  ^c 


(14.54) 
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The  first  three  terms  of  this  expression  have  also  been  derived  via  a  variational 
formulation  (Levine  and  Wu  [1957])  and  via  the  geometrical  theory  of  diffraction 
(Karp  and  Keller  [1961]).  Numerical  values  computed  from  the  first  three  terms 
of  eq.  (14.54)  agree  with  Bouwkamp's  exact  values  out  to  three  decimal  places 
for  c  ^  4.0  (Levine  and  Wu  [1957]). 

Rigorous  asymptotic  results  are  available  only  for  a  plane  wave  at  axial  incidence. 
Using  an  asymptotic  development  of  an  exact  solution  of  the  Sommerfeld  type,  the 
total  field  in  the  region  of  geometrical  shadow  and  away  from  the  axis  resulting 
from  the  incident  field  of  eq.  (14.51)  is  (Hansen  [1964]): 


1  [  gifcri  +  iin 

V2n  I  J{krt(  1  +(r,/a)  sin  0,)} 

+  4  in 


sini0|+cosl0, 
sin  Ox 


[1  +/i(ri » 0t)]  + 


+  -  — . . Jinjej+cos  j02  ^  >  (14.55) 

v{fcr2(l+(r2/a)sin  02j}  sin  02  ! 

where  the  geometrical  quantities  rlt  r2, 0t  and  02  are  shown  in  Fig.  14,3,  and 

/.(«•.  0)  =  — rjz.  ("(2 -sin  0 )  (-  +sin  o)  -  — 1  (14.56) 

csin  0L  \r  ]  2(a/r+sin0)J 


represents  the  second  order  term  in  the  contribution  of  the  singly  diffracted  rays. 
A  partial  asymptotic  expansion  can  ht  constructed  by  summing  the  contributions 
due  to  rays  diffracted  p  times  at  diametrically  opposite  points  on  the  edge  of  the 
disc.  For  points  within  the  geometrical  shadow  and  not  too  ner.r  the  axis,  the  con¬ 
tribution  of  the  ray  diffracted  p  times  (n  =  2,  3 _ )  is  (Hansen  [1964]): 


--£{ 


,2ic  +  $i*-|  p-1 


1 6cyjnc\ 

....  sini°L±cos^r)+nr  0)1- 

N//{kr,(l+(rl/a)sin  0,)}  1  —sin  0, 


gifcrj  +  Jin 

\/{kr2(l  +(r2/a)  sin  02)} 


sin  ^02  +  cos  \0 
1  -  sin  02 


?[1+/P(r2.02)]). 


(14.57) 


where 


=  in  [6fl/r  4-3  _  31  —  19p 
c  1.1 -sin  0  4 


+  sin  0 


(14.58) 


represents  the  second  order  term  in  the  contribution  of  the  ray  diffracted  p  times. 
In  the  region  near  and  including  the  axis,  a  caustic  correction  must  l>e  made.  The 
result,  for  the  first  two  terms  of  the  singly  diffracted  field,  is  (Hansen  [1964],  Buchal 
and  Keller  [I960]): 

V  ~  )e“,,(sini0l+cos)01)(fi(on  +  f_!.^,!)  + 

+  )e“'-(sin  )02  +  cos)02)(K,o2,  +  c',0,  (14.59) 
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where 

R(o"  =  H(o2,(-T|)e'lT|, 
R'o2’  =  Ho\Tt)e~iTl, 


R\"  =  -e‘ 


\ 


[f-T1;,--  T,2+i(sin  0,  -  1)T,  -ii  sin  0, 1  //(02,(- T,)- 
IL  sint),  2  b  J 

T, lm"(-r,)j, 

Lsmt),  2sin01  J  I 

R\:i  =  -e-‘r‘  jr,  co-2--2  T22+^(sinfl,-l)7’2--isin02l  H(0"(T,)  + 

( L  sin  02  2  8  J 

+  [  ">4^7^  «VOi)|. 

L  sin  0,  2  sin  02  J  J 

T„  =  (kr„  +  .  ‘  -\sin20„,  (h  =  1  or  2). 

\  sin  ()„/ 


(14.60) 

(14.61) 


(14.62) 


(14.63) 

(14.64) 


For  the  field  of  the  doubly  diffracted  rays  near  the  axis,  only  terms  of  order  c°  are 
given.  The  result  is: 

1,  -  e2  r  -1  [  Sm  °'-  (sin  Idj  +cos  fOiJe'^'Ro ’+ 

16c./irc  Ll  —sin  0, 

+  (sin  )02  +cos  102)e“,J«o2,j  •  (14.65) 

The  above  forms  based  on  asymptotic  treatment  of  the  exact  solution  agree  with 
result.:  derived  from  variational  methods  or  the  geometric  theory  cfdiffraction  whet  ever 
comparison  is  possible. 


14.3.  Acoustically  hard  disc 


14.3.1.  Point  .sources 
!4  i.l.l.  I  XACT  SOLUTIONS 
For  a  point  source  at  r0  =  (40,  </> 0 ) ,  such  that 

ikR 

I"  *  ,  (14.66) 

kR 


the  total  field  i> 

»"+»'*  -  2i  I 


m  0  « 


i  lm  [ 0(  -  if.  a. )  ■ -  Kj  “  ■ ,0!  fC'(  -  if.  '»  •  )1 
-A™.  L  RlV  -if. to  J 


iO) 

X  R'mS  -  if.  K ..  )s„.(  -  IC.  -  ir.  »|)  cos  /»(</)  -  (14.67) 
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On  the  surface  {  =  0: 

V'  +  V'~-  1  i  S" kr--£  SJ[ - k, ,0)M( -if.,) COS  - *c). 

f  «-0  Rm»  (-If.  lO) 


(14.68) 


In  tile  far  field  (C  -*  «): 

irsl  «  'o  /  :yi  r 

V"  +  r  =  2  l  lem  (-'±  Rli*(-ic,  i<0)_ 

m  =  0  n  =  m  L 

-  O-'c.  id  Sm„(-ic,  ,o)Sm.(~«c,,)cos  m(4>-<t>0). 

(14.69) 

If  the  source  is  on  the  positive  r-axis  (i;0  =  1): 

»"  +  »'’  =  21  f  .1  [o-ic.icj-  C(-ic,  !{<)] 

»“oJV0„L  «^’(-<c.  *0)  -I 

x  *&>(  -  ic,  a  >  )SU  -  if,  t)S0„(  -  if,  >l),  ( 14.70) 

and,  in  particular,  when  the  observation  point  is  on  the  surface  £  =  0: 

V'+V'  =  -  I  d  Sd-t!  "o„(-if.  DM -if,  n),  (14.71) 

c  »=0  A0„  Ro„  (  -if,  lO) 

whereas  in  (he  far  field  (i  oo): 

.*hi  at  [o-MU- 

cc  n-o  N0n  l  R{oV(-ic<  10)  J 

x  S0„(~ic,  l)S0n(— ic,  rj).  (14.72) 

14.3.1.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  a  point  source  on  the  z-axis  at  ((0,  rj0  -  I),  the  normalized  total  scattering 
cross  section  can  be  formally  written  as  (Jones  [1956]): 

_  <  i  „2ii  a>  In 

\  =  -Re T  .  "  -  -  -i0-JImy  -  -  - - 

2  m*  ,*o(2n  +  l)!(2n  +  3)  .-o  (2n  +  l)!(2n  +  3) 

x  Jit  „4  (l  +  f— )  +iP-  4.)  +  O({0'*),  (14.73) 

I  \  2n  +  5'  c  1.4  (2« -r 5)(2n 4- 7)J  J 


which  is  \  alt  J  if 


>  1,  5o>ir: 


1 14.74) 


only  the  first  inequality  is  significant  at  low  frequencies.  The  first  summation  in  eq. 
(14.73)  correspond  to  plane  wave  excitation,  whereas  the  second  summation  is  a 
correction  due  to  the  finite  distance  of  the  source.  The  coefficients  An,  Bn  and  Cn 


r 


THB  DISC 


are  specified  by  an  infinite  system  of  linear  equations;  if  the  system  is  truncated  at 
/i  =  1,  i.e.  An>  Bn  and  Cn  are  set  equal  to  zero  for  n  §  2,  then: 

_  r  o  /  'sn-Z  \i 


1+-C 

25 


!+We)'2( 


f  27a*  2 
1+ - c2 

too 


(14.75) 


14.3.1.3.  *:IGH  FREQUENCY  APPROXIMATIONS 


No  results  are  available  for  an  arbitrary  location  of  the  source.  For  a  point  source 
located  on  the  axis  of  symmetry  at  (f  0 ,  rj0  =  1 ),  such  that 

,  ikR 


(14.76) 


the  total  field  in  the  region  of  geometrical  shadow  is  (Hansen  [1962,  1964]): 

x  ( _ (1  -  V(  i  -  nz))Vo(cJ(  1  -  n2))  -  u  ,(f y/j i  -  »2))]  _ 

^\/(l +{2)  +  ^/(l  +  «o)  -  VO  ~  ^2) — V {(!  +  £2)0  +'Jo)(l  ~  -7‘j} 

>/(l  +^2)  +  V(^  +^o)  +  -s/(l  —  ff2)  + V7  {(1  +  ^2)(1  ^o)(l  — ^2)}1 
In  particular,  if  the  observation  pr  at  is  not  too  near  the  axis,  i.e.  kp  =  0(c): 


(14.77) 


ei*r0  +  ±i* 

|seci(01  f/?)- cosec  i(0,-/O 

2kr0j2n 

i  V{fcri(1+(ri/a)sin°i)} 

sec  j(02  +  /?)- cosec  \(02-P)  eikr,\  ()4  7g, 

J{kr2(l  +(r2/a)  sin  02'l}  )’ 

whereas  if  the  point  is  near  the  axis,  i.e.  kp  =  0(1): 

v  ~  -P-^-0 ± -#-1+ fpli  1/2(1+-)  (cos  i 8)J0(kp  cos  <5),  (14.79) 

*(ro  +  V(z  +fl"))  '  ro' 

where  the  geometrical  quantities  are  defined  in  Fig.  14.3.  The  above  forms  take 
account  only  of  singly  diffracted  rays.  A  partial  asymptotic  expansion  can  be  con¬ 
structed  by  taking  into  account  rays  diffracted  p  times  at  diametrically  opposite  points 
on  the  edge  of  the  disc.  For  points  within  the  geometrical  shadow  and  not  too  near 
the  axis  (kp  =  O(c)),  the  contribution  of  the  ray  diffracted  p  times  (p  -  2,  3,  . . .) 
is  (Hansen  [1964]): 

I/')  car0+iin  r  :-+  x»k-i  p-  I 

■/“  .  ,  -■  (cos  i/l  +  sin )/?)~‘ 

n  kr{)  L  2n  ttc  J 

(  eikr' 

x  - - - (cos  UJ,  -sin  jd,)'  !  + 

i(l  +(r,/(i)  sin  0,)} 


+  - r  — 


J{kr2(\+(r2:a)sin  02)} 


—  (cos  \02  —  sin  i^2) 


(14.80) 
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If  the  point  source  is  located  at  the  center  (p  =  0,  z  =  0  +  )  of  the  disc,  the  total 
field  obtained  by  the  geometrical  theory  of  diffraction  is  (Keller  [1963]): 


eI*r+Ic 


(27tcsin  0)~*  ± 


elcsm0-il*  e-i«?sln0  +  ii*-j 

cos(j7t-i0)  sin(irc-i0)J 


(14.81) 


where  r  and  0  =  arccoi  q  are  the  spherical  polar  coordinates  of  the  observation 
point  with  origin  at  the  center  of  the  disc,  the  upper  sign  applies  in  the  shadow 
region  \n  <  0  g  it  and  the  low  -r  sign  in  the  illuminated  region  0  g  0  <  \n. 

14.3.2.  Plane  wave  incidence 
14.3.2.1.  EXACT  SOLUTIONS 

For  a  plane  wave  incident  at  an  angle  C  with  the  positive  z-axis,  such  that 


V 1  =  exp  {i k(x  sin  £  +  2  cos  ()}, 


(14.82) 


the  scattered  field  is 


^=-21  £ «-  f  Sr--?  «) 

0  K,J(  — 1C,  lO) 


x  Sm,(-ic,  cos  ()Sm„(— ic,  tj)  cos  m<l>. 


(14.83) 


On  the  surface  f  =  0: 


V'  +  V*  =  l  £  f  e„  Sm„{- ic,  cos  QSmn(-ic,  n)  cos  m<t>. 

C  m-0  n=m  Nm„  lO) 


(14.84) 


In  the  far  field  ({  -►  oo): 


s  =  2i  I  £  tT  “faTT— •— ?  S"»( " ic’ cos  0S».(  -  ‘C,  n)  cos  m<t>.  (14.85) 

™=o  .=.N„  R„J(-ic,  tO) 

The  total  scattering  cross  section  is: 

4?r  £  ^  el  f  Rmn‘ ( ~  i0)  -  /  •  r\l2 

ar  =  ~2  I  Ir  . cos  {)  .  (14.36) 

k  m  =  0  n-m  Nmn  L|ALv~IC>  l0)|  J 

For  axial  incidence  (C  =  tt),  the  scattered  field  is: 

l'=-2l  R»(~ic'  i0>s«.(-ic.  -  USj-fc.  ■>),  (14.87) 

--•oJV0„  R„v(-ic.i0) 

and  ('n  the  surface  J;  =  0: 

>''  +  y '  =  2  i  S0,(-ic,  -  l)S0„(-ic, »,),  (14.88) 

c»-o  N0»  i0) 
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whereas  in  the  far  field  (<;  -»  oo): 

J 


s.aI  • 

»*0  fl0n  Ro„’(-lC,  lO) 


iW-if.  n)- 


(14.89) 


The  total  scattering  cross  section  is: 


rrT  =  4-*  Y  -L  r«o|lH£. jO)  So>(_ie  _j)T 

k1  ~0  R0n  L|R(03  (— ic,  i0)|  J 


(14.90) 


A  variety  of  results  for  the  field  on  the  disc  surface  and  along  the  axis  have  been 
computed  by  Leitner  [1949],  Meixner  and  Fritze  [1949],  Braunbek  [1950]  and 
Severix  [1952].  Selected  results  are  shown  in  Figs.  14.8  through  14.1 1,  together  with 
high-frequency  Kirchhoflf  approximations. 


Fig.  14.8.  Real  and  imaginary  parts  of  scattered  field  on  upper  surface  (j  --  Or)  for  five  different 

disc  sizes  (Leitner  [1949]). 

The  amplitude  |S|  of  the  far  field  coefficient  is  shown  in  Fig.  14.12  for  various  values 
of  c,  and  the  normalized  total  scattering  cross  section  is  plotted  in  Fig.  14.13. 

14.3.2.2.  LOW  FREQUENCY  APPROXIMATIONS 

For  an  incident  wave  whose  direction  of  propagation  makes  an  angle  £  with  the 
positive  r-axis.  such  that 

P  =  exp  {ik(x  sin  C  +  r  cos  £)},  (14.91) 

a  complete  low  frequency  expansion  of  the  scattered  field  at  the  point  (£,  t/,  (p)  is 
(Asvistas  and  Kliinman  [1967]): 

nr>  cr  n-m  m  m  t 

l'  =  ck'T(-.fI  ,  -I  I  (14.92) 

n  0  —  Hi)!  1-0  r:-0  s  0 


Fig.  14.11.  Amplitude  and  phase  of  total  field  at  center  p  =  0  of  illuminated  face  (z  —  0+): 
- exact, - Kirchhoff  single  layer  (Meixner  and  Fritze  [1949]). 


0  (in  degrees) 

Fig.  14.12.  Amplitude  of  far  field  coefficient  for  three  disc  sizes: - exact, - Kirchhoff  single 

layer  (Sbverin  [1952]). 
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Fig.  14.13.  Normalized  total  scattering  cross  section: - exact  (Bouwkamp  [1954]), - Rayleigh 

(see  eq.  (14.104)). 


where  the  coefficients  D”\a  are  determined  from  the  recurrence  relations: 


ry*+l,s  _ 

u*i - 7" 


r(r-s) 


K»+l)-t(t+i)  L 2f  —  i 

.<(»-*)««..  (/+l)(J+s  +  l)n„.,  (r+l)(r+s+l) 


+  — — —  D" 1  - 
2/  —  I 


/v  n«,»  v  ’  */v  ’  “  •  nm-J  I 

- - - - ur,t+  1  _  * - - - I  ur+  l.r  » 

2f+3  2r  +  3  J 

r  ^  i,  i#  =  0,i,2,. (14.93) 


r,frt+l.s_  T' /  Qf  (10)n  m+ l.i  ,  Cr(iO)  nw,l  ,  im  +  1,1  m—  n  f  "> 

»,.I  =  ~  L  -- :  — ;Or,,  +  2.  -/■7rrr£>r,.  +  A  .  m  =  U,  1,2..., 

.-■oQjCiO)  i-«oQf(iO) 


(14.94) 


d°0:?j  =  o. 


(14.95) 


(—  nre.y'icw-C _ («-*)! 

2",+  1  {}(»'- 0} !{l(m  +  (  +  !)} !QJ(iO)  (f  +  s)! 

x[(m-i)(<-s-l)l>iI+i(sec()+(m  +  i+l)(r+s)P1J-1(sccC)]>  for  w  +  t  even. 
=  0,  for  m  +  rodd.  (14.96) 


where  V’  in  eq.  (14.94)  indicates  that  the  term  with  r  =  s  is  to  be  omitted  from  the 
summation. 
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In  the  far  held  (c  ->  x): 

s  =  -i i(-cr '  i  -  £’~  i  i <- ov 05? w, 5*.  (14.97) 

n-*0  m  =  0  (W  — m)!  f  =  0  s=^0 

and  the  bistatic  scattering  cross  section  is: 

•Ol.  *)  =  4jm*  f  ("tf  I  K...C  (14.98) 

n ~ 0  m=0 

where 

i'n  =  t  i  i(-iys!D^;p;Mcoss</>,  (14.99) 

m-o  (n  —  m):  r  =  o  s= 0 

and  the  asterisk  indicates  the  complex  conjugate. 

For  normal  incidence  ((  =  tt),  the  coefficients  A”''5,  D™\%  vanish  for  s  7*  0,  thus 
eliminating  the  summations  over  s.  Explicitly,  the  far  field  coefficient  is: 

s  =  -  2-f  jp.(>»)+,V3[P3('/)+4Pl(*l)]+  l~  cJP,(t,)  +  0(c4)) .  (14.100) 

3tt  l  25  9;  J 


An  alternative  formulation,  in  which  the  incident  and  scattered  fields  are  expanded 
in  Fourier  series  in  the  azimuthal  angle  has  been  developed  by  several  authors 
(see,  for  example,  Williams  [1962]  and  Boersma  [1964]).  For  arbitrary  incidence 
and  in  the  far  field  ({  ->  00): 

00 

S  =  £  S„,  cos  nuj>,  (14.101) 

m  =  0 

where 


Sm  =  - 


c„,  4m  + 1  hi  !()»  + 1 )  !c2”+  ’r/  ( y  1  - 1;2  sin  C)m  cos  C 
n(2m  +  1  )!(2m  +  3) !~ 

[  |  -  2m  - 1  +(2m  + 1  )(sin2  C  -^)  ^  +  2i  3  +  0(c.4)l 
L  2(2m  +  l)(2m  +  5)  9  n  '  J 


(14.102) 


and  <im  0  is  the  Kronecker  delta  (<50i0  =  1,  <>m>0  =  0  for  in  ys  0).  The  normalized 
total  scattering  cross  section  is: 

s „+, 

-  «  *  .(2wi  +  1)!(2wi  +  3)!' 


■.  i  4m2  +  2m  —  8  sin2  C 

x  1-c-  ,  + 

L  \(2m  +  1M2mi  +  5)2  2  m  +  i 


L  \(2m  +  l)(2m  4*5)2  2m  +  5/ 

4  /  Mm"  +  1 44m 5  +  24m4  - 1 56 m}  +  1236m 2  +  1 75Xm  -  3 1 1 

\  (2m—  I)(2m  +  l)2(2m  +  5)3(2m  +  7): 

8m' +  32m2  +4m  — 53  .  ,  m  +  3  ,  „1 

sin'  t,+  -  ,  sm  ^  I  fO(c 

(2m  +  l)(2m  +  5)J(2m  +  7)  (2m  +  5)-(2m  +  7)  > 


4.103) 
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Explicitly,  for  normal  incidence  (Bouwkamp  [1954],  Bazer  and  Brown  [1959]): 

ri  +  lc*  +  iii^+  (  *«  -  JA  «•  +  <*•)]  .  (.4,04) 
2na2  27*2  L  25  6125  \496125  81*2/  J 


Results  of  computations  based  on  eq.  (14. 104)  are  shown  in  Fig.  14.5.  Formulas  based 
on  Fourier  series  expansions  are  also  available  for  the  surface  field. 

For  normal  incidence  (£  =  *)  and  on  the  illuminated  face  (Bazer  and  Brown 
[1959]): 


(V‘  +  n=o+  =  1+— 

*  n  =  0 


(14.105) 


in  which  the  first  few  coefficients  are: 

r»  i^2  21  3  I4  13l  5  /  1  4  \  5 

Bq  =  1  +-c  H - c  H - c  + - c  4  | -  —  - 5  1  c  4- 

6  9*  120  225*  \5040  81*2/ 

323i  7/I  38  \  8 

44100it  \362880  2025n7 

+  (— — - ---j)  c9  +  0(c10),  (14.106) 

'5715360::  729ti3/ 

_  1  2  1  4.  i  5  1  6  19i  7 

B,  =  -c2  +  -c4+  c54- — c6+ - -c74- 

6  20  15*  336  1050* 

+  (— - —  )  c8+  -6-—  c9  +  0(c'°),  (14.107) 

\  12960  135«7  2381400 

Bl  =  C1  Fl-r-— cJ+  1“  c3  +  — c'+  ?6i-  csl  +0(c'°),  (14.108) 

600  L  14  21*  216  567*  J 


600  L  14  21*  216  567 * 


Bs  —  ——  |"l  +  -7-  c2 H-  5~  c3]  +0(c'°), 
35280  L  18  81*  J 


•  +0(c10), 

3265920 


04.109) 

(14.110) 


and  the  remaining  coefficients  arc  0(<to).  An  alternative  formulation  for  the  surface 
field  in  terms  of  an  infinite  series  of  Legendre  polynomials  has  been  given  by  Di:Htx)p 
[1954]. 

In  the  far  field  (c  -♦  x ): 

[u'+n2r+2\>+l'  +  ,>4  +  <)S  + 

3 r.  I  10  9,-r  \  280  84' 

+ j  {"+A3+'  (,+"'’+"2+"4-  4;}c-+ 

45-'  5  '  27'  560  80  3 rr> 
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i  /  131  9  2  »4\  7  1  /  68  4  2 

+ - { - 1 - + - I  c - ( - r  +  - 1  — 

10rc  \  2450  175  126/  90  \45ti2  9ji2 

_  y-  _  n2j^±7W+r,*)\  c8+0(c,}j 

1760  1232  /  ) 


(14.111) 


14.3.2.3.  HIGH  FREQUENCY  APPROXIMATIONS 


For  an  incident  wave  whose  direction  of  propagation  makes  an  angle  £  with  the 
positive  z-axis,  the  only  results  available  are  the  following  expressions  for  the  normal¬ 
ized  forward  scattering  cross  section  (Levine  and  Wu  [1957]).  For  the  angular  region 
away  from  the  axis  (sin  £  bounded  away  from  zero): 


[(1  —  sin  O' 


27ra2|cos  £|  4c2|cos3  £|  tic2|cos  fl^/sin  £  l 

x  sin  [2c(!  -sin  £)] -(1  +sin  £)“*  cos  [2c(l  +sin  £)]},  (14.112) 

whereas  for  near-axial  incidence  (sin  £  «  0): 

j_  2sin(2c-*n)  ,  1 


2rta2|cos  £| 


J0(2c  sin  C)_  ~ 


-  cos  [2c(2  +  sin2  v)]70(c  sin2  Q.  (14.113) 


For  axial  incidence,  a  variety  of  results  have  been  obtained  using  the  Kirchhoft’ 
approximation  or  its  various  modifications.  However,  these  have  in  large  measure 
been  superseded  by  the  more  accurate  results  obtained  from  an  integral  equation 
formulation  by  VVestpfahl  and  Witte  [1967]. 
in  the  far  field  and  near  the  axis  (c  sin  0  <;  l): 


S-  -  -  —  Jl(cs\nO)-c'£c~"Sn  +  0(c‘2). 
sin  0  «  =  o 


(14.114) 


where  0  is  the  spherical  polar  angle  (i/  =  cos  0),  the  Kirchhoflf  approximation  is 
represented  by  the  term  outside  the  summation,  and 


So  =  \j o(i*  Sin  0), 


S,  -  n-i<ru*"nJ0(c$\nO)% 

S:  ~  -  li(]  +  7r‘,e4,tV9(csin  (l)-iic  sin  (M,(csin  ti), 
p*'*1  r  i»<>u*  a  \ 

-  -  j  r  e2l‘  |  J0(c  sin  0)  +  c  sin  0cliCJx(c  sin  0)  , 
2X  r  L'  2n  8  ' 

S,  =  -  1  (*'2eHit'  +  5  c4U>  l9  +  45,|  J0(c* sin  H)-h 
8  '  2n  256  / 

4 ■  Je  sin  0(rr  sin  (>)  +  sin2  0  J  z(i  sin  0), 


(14.115) 

(14.116) 

(14.117) 


[14.1IK) 


:  i4.i  i9) 
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r 
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nJnM  2  7i 


.6 ic  .  ll+63i  2lc 


e  + 


32 


fJ  J0(c  sin  0)  + 


+  4c  sin  0(;T 1  e6ic - f e2,f)  J  ,(c  sin  0)  +  12c2  sin2  9  t2,cJ2(c  sin  0)J  .  (14.120) 

In  the  far  field  and  away  from  the  axis  (c  sin  0  »  1): 

S~  -]/_£_  Ic-*"[3„(0)e-,c‘^  (14.121) 

r  2;rsm0n«o 


where 


s0(o)  =  z>/0z^?), 

sin  9 


S,(6)  = 


e2ic  +  Jl« 


^/{7c(l  —  sin  0)}* 

s,(«) .  +  MStsSfi  (i+  _U , 

2^^/c  1  -  sin  9)  4  sin  9  \  2  sin  0/ 


s3(o)  =  ei,K - [■ 

4N/{^(1  -  sin  0)}  L 


—  +-e2k  (-  -  -2—  +  — ? — jl , 
7T  2  \2  sin  (1  i-sin0/.. 


m-  .  —  r-e-+^(5--L  +  -l_)l- 

87rN  (1  -sin  0)  L  n  2  \  sin  0  l-sin0/J 

N/(l-sin  0)/59-27i  x  33-9i  ^  24-9ij  +  39-9i 


Sj(0)  = 


128  sin  0 


l 


(14.122) 

(14.123) 

(14.124) 

(14.125) 


1  6s/{tt(  1  -sin  0)} 
3  9 


8  2  sin  0  sin2  0/  128  sin3  0 

L-V0ir+  e--(l7-  -  2-  +  _i— )_e:i<T 
}\  47i  \  sin  9  1  -  sin  9/ 


(14.126) 
f53-63i 


64 


+ 


13 


+  —  , 

8  sin  0  8  sin"  0  4(1 -sin  0) 


-3(1  -  sin  0)” 2  +  —  ^  1!  . 

2  sin  0(1  -  sin  0)J  I 


0(1  -  sin  0)_ 

(14.127) 


The  first  term  of  expansion  (14.121)  was  derived  earlier  by  Bkaunukk  [1950] 
using  the  KirchhofT  formula  with  a  more  relincd  approximation  for  the  field  near  the 
edge.  Other  expansions  have  been  obtained  via  the  geometrical  theory  of  diffraction 
by  Ki'J.lfk  [1957]  and  via  a::  asymptotic  solution  of  the  exact  boundary  value  problem 
by  Mansis  [1964].  The  latter’s  results  are  analogous  to  those  presented  for  the  soft 
disc  in  Section  14.2.2.3,  but  their  regions  of  validity  are  somewhat  in  doubt. 

The  nornuh/cd  total  scattering  cross  section  is  (Westpfahi  and  Witti:  [1967]): 
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~~r,  ^  i - sjn  (2c-£/r)-cr2  (-  +  -cos4c\  + 

2vm~  cjnc  \4  n  / 

+  -----  cos  (2c-  in)  +  —  cos(6r-i7:)l  - 
c  yjnc  L8  2n  J 

..3r  45  sin8c  ,5.1  1  [sin  (10c-i7c) 

Ll 024  4 7t2  8tt  J  c3y/nc  L  I6rc‘ 

+  1-sin(6c-i7t)+  — ~sin(2c-j7r)  +  — —  cos  (2c -^1  .  (14.128) 

32ti  ;  2048  ;  2048  J 

The  first  four  terms  of  this  series  have  been  determined  also  by  Levine  and  Wu 
[1957],  Hansen  [1964]  and  Jones  [1965c].  The  form  given  by  Levine  and  Wu  contains 
a  value  i  replacing  the  coefficient  |*  in  the  term  0(c”*)  of  eq.  (14.128).  The  results 
of  Hansen  and  Jones,  however,  corroborate  the  value  given  here. 

14.4.  Perfectly  conducting  disc 

14.4. 1 .  Dipole  sources 

14.4.1.1.  EXACT  SOLUTIONS 

For  an  arbitrarily  oriented  electric  dipole  located  at  the  point  (*0,  >/o>  M  >n  the 
oblate  spheroidal  coordinate  system  and  with  a  moment  (4ne/k)^  corresponding  to 
an  incident  electric  Hertz  vector 

OkR  oo  oo 

n\  =  *—  i  =  lit  I  E  is.  ALi>(- ic,  iU 

kR  m  =  0  r.  =  mNm„ 

X  S^-ic,  ti)Sm(-ic,  »J0)  cos  m(0-<K).  (14.129) 

the  electric  Hertz  vector  /7J  of  the  scattered  field  can  be  split  into  two  parts, 

n%t  =  nl+n2t  (14.130) 

whose  rectangular  Cartesian  components  are  (Meixner  [1953]): 

n'x±inl  =  -  i(c, ±  icy)  £  em  Lm  cos  m(<t>-  4>0). 


WU 

n!  =  -ic,  £  cmM„  cos  m(4>-</>0). 


ni±\nl  =  e**  V  umNmtit 


(14.131) 


'\  here 


n:  -  o. 


/  —  V  ^  if*  iO)  •  j c\d( J).'  \ 

R'Ji-lC,  lO) 


X  S„n(  -  ic,  >/)Smn(  -  ic\fjo), 


(14.132) 
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W--  I  r  Sf'—S  O-ic,  i«-i C,  g.) 


-,>>«.( -Mo).  (14.133) 

'V™  =  I  ^  - ie.  i QSU - ie,  n)Sm( -  ie,  W,  ( H.  I 34) 

um  =  [Nm-.l  +  Nmi.iyl[2cJlm+ie-''*°(cx+\cy)Lm_l+  ie'*“(f , - i<gLm + , ] ,  (14.135) 
Lm=-icj?\  =  I  ®^’,;^SB„(-ic,0)Sm„(-ic.»)o),(14.136) 

Si  |«M-0  («-bi) o.n  ,Ym„  R)£(-IC,  ,0) 

/Cr.-c“5|  =  -  I  «L§r~|'SU-ic.0)S,n„(-ic)a(14.137) 

drj  jc=if-o  (« -wo  od j  tsmn  ( -  ie,  lO) 


N-  =  -ic^ 


w-i  =  y  (-i)"  [sq-k,0)Y 

Si  !{=*=<>  ff t,i(  (0) 


(14.138) 


For  the  notation  on  the  spheroidal  wave  functions,  see  Chapters  11  and  13.  Here 
the  summations  are  over  values  of  ;<  ^  |m|  such  that  n-m  is  even  or  odd  as  noted 
and  the  functions  Lm>  Mm  and  Rm  are  even  in  m.  When  the  dipole  is  located  on  the 
axis  (rj 0  =  1),  these  forms  simplify  to  the  extent  that 


Lm  =  Lm  =  M„  =  M„  =  0,  for  m  >  0, 


(14.139) 


implying  that  the  only  non-zero  U' s  are: 


u  _  ^0, 

U° 


(14.140) 


If,  =  e-'^c.+ic,). 

If-.  =  -Co  f  e'^-ir,). 

N0  +  N2 


(14.141) 


(14.142) 


If  »he  electric  dipole  is  on  the  axis  at  (f0,  1 )  and  is  axially  oriented,  the  only  non¬ 
vanishing  component  of  the  total  magnetic  field  is: 


i  .'-ir  r* 


\  U‘+  l)»  «‘V.  L 


Ml/  .  .  L- 
l  n  V  ~  •  "»  - 


R'.L'f  -  if.  id) 
/C  (-'<■•  i0) 


xR',;‘|-icuJ  R,,(  -ie,  ,  ).S'U(  -if. ;/). 


(14.143) 
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If  the  observation  point  is  on  the  surface  of  the  disc  ({  =  0): 


+H>  =  ^  Y  y  s  /  ic  n)  (l4  m 

4  4  cV«o  +  l).?o^.Af,.  (d/W:(-ic,iOI4=o 

whereas  in  the  far  field  ->  oo): 

,  e'^  2ifc2y  £(-ir'  iciM  «V/(-ic,iO) 

#+  #"^vW+I)-5»AX'L  ta(  0)  *8r(-«r.») 

xR',3„>(-ic>i«0)]s1„(-ic,t)).  (14.145) 

If  the  dipole  i3  on  the  surface  of  the  disc  (f0  =  0),  the  field  at  an  arbitrary  point  is 
U.  .  U.  _  2k'V  £  (-0"-'  K'.W-ic.K)  O  /. 


:  2fcJr  -  (-i)"-'  R\V(-\c,\i) 

— - 2^  ~ — r,-  r;/ ■"  rrTT: — : — rrr; - ^inV  1C* 

On  the  surface  ({  =  0): 

,  _2fc2K  -  (-i)—  O-ic.iO)  . 

2.  -  n  ,  ^7".?  id(3)/  •  ■  ?\|  “<»'  ,C’  1)’ 

c  n*o  puNln  (dldi)R\m\-ic,  i{)l<«o 


(14.146) 


(14.147) 


whereas  in  the  far  field  (£  -*  oo): 


+jp  =  e^{  2fc^V  f  (-i)"  SJ-M) 

*  *  cl;  c  n?of,tJt/(dim\»(-ic,ii)\{.0 


(14.148) 


For  an  axial  magnetic  dipole  at  (f0,  */0  =  1)  with  moment  (47i/fc)£,  corresponding 
to  an  incident  magnetic  Hertz  vector  2eikRl(kR ),  so  that 


(14.149) 


£‘  -  £j  .  H'  =  0, 


the  total  electric  field  is 


E'+E^~2k  z  y  <=i>L  r*«»v-u. 

\  (£o+  ')  "  =  c  I’ln^ln  L  R|„(-lf.l 

x  fC(-ic,  is<)j  RVV(  -  if.  K  >)sj  -  if.  -,). 


(14.150) 


On  the  surface  of  the  disc  (4  —  0): 

^ . ..  i  (:'i  'Srif,i:“)  sj-ic.n). 


c~fK  (£o  + 1) «  °  f> i„w, 


ic,  iO) 


(14.151) 


and  in  the  far  field  (J;  ->  cc): 
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?  +  £*=  —  — 2*JL  y  JMT. 

*  *  Ct  sl\io  +  i)’-op,nf}u 

x  Ir'VHc,  i£o)~  §S-r-1C-S  i«o)l  s,„(-ic, ,).  (14  152) 

If  the  dipole  is  on  the  surface  (£0  =  0),  the  held  is  identically  zero  everywhere. 

For  the  case  of  an  electric  dipole  at  an  arbitrary  location  but  oriented  parallel 
to  the  plane  of  the  disc,  a  solution  has  been  derived  without  the  aid  of  spheroidal 
functions  by  Inawashiro  [1963],  using  a  technique  developed  by  Nomura  and 
Katsura  [1955].  If  the  dipole  is  located  at  (*0,  ;’0,  zo)  =  (Po>  zo)  and  *s  oriented 
in  the  direction,  so  that  the  incident  electric  Hertz  vector  is 

ikR 

/7|  =  — i,  (14.153) 

kR 

the  Hertz  vector  of  the  scattered  field  is 


ni  =  iTj  +/72 ,  (14.154) 


with 

where 

=  (P\x* o. o),  n2  -  {n2x,  n2r,o), 

(14.155) 

n  \x  — 

-c-'i  f  C  S„m(p,  z) cos  m(<j>-ct>0), 

m  =  0  n  =  0 

(14.156) 

n2>  = 

2y 

LI.  e.) 

b:s:(P,  z\ 

and 

(14.157) 

s:u>. 

i ,  r  „p  r. i-n  d{. 

.'o  v(?"-c2)  L  a  J 

(14.158) 

.4:  = 

r 

-CmZ  -Co"  (e0  =  l;««  =  2,  for  m  £  1). 

4-0 

(14.159) 

b:  = 

- 1  at™  />:. 

4  —  0 

(14.160) 

«:  = 

(2;ti  +  4ii  +  1  )S™(/>0 ,  ;0), 

(14.161) 

= 

(2m +4/1+  l)(-  ir  V~  jm*ln(l')< 

(14.162) 

K-DT'ir'  sin  (m -!)<£„  + .4"  M  sin(m  +  l)0o] 
l-l"  =  ”  "  -  - - -  (m  £  2).  (14.163) 

I  (-in  sr'-Br1) 
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£  ( - 1 )"[/)"- 1  cos  (m  - 1)0O  +  4T ' 1  cos  (hi  +  1)0O] 

V(2)  _  »^0 - - - -  -  -  ,  (hi  g  2).  (14.164) 


j(_i)-(b:-'_b:+i) 

n  -  0 

I(-')"^»sin  20o 

V\l)  _  »=o 

(14.165) 

11  =  0 

X(-l)"(2/l“  +  /l;cos20o) 

r/(2)  _  n  =  0 

“l  ~  “  00  "  '  '  ’ 

(14.166) 

X(-l  T(B°n-Bl) 

n~  0 

£(-0*4!  COS  00 
^o2)  =  -  - • 

(14.167) 

I(-l  )"B‘ 

n  =  0 

The  are  elements  of  the  inverse  of  the  matrix  [G”},  whose  elements  are  defined 

by  the  expressions  (Nomura  and  Katsura  [1955]): 

C;s  =  (2»n + 4s  + 1  )(g !  —  ig  2), 

(14.168) 

g,~l . Je-c>) 

(14.169) 

r  jm+2n+i(^+2J+1(c)d; . 

■2  Jo  vV-a 

(14.170) 

that  is,  the  X are  solutions  of  the  infinite  systems  of  et* aations: 

I  GJ, C  =  (s,  r  =  0,  1, 2, . . .  cc; 

n  -  0 

<5,,s  =  1,  0  for  s  #  t  ),  (14.171) 

for  m  =  0.  I.  2 . Explicitly: 

■'C  =  1-  2,<  -  (4,  -  h  cJ  -  i0.024  929  8  f1 + 0.005  764  3  c4  + 

7T  '  7t“  3/ 

+  i0.000476 8c5 +  0.000286 1  c'l>  +  iO.OOO  1657c7  +  .  .  . 

.V?„  =  -  *r:  -  +  0.0251032  c4  -  i0.002  5078cf  + 

6  9rr 

+  0.001  1 92  S  c°  +  iO.OOO 294 4 1"  +  .  .  . 
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—  sto c4  ~  iO.000 454  7  c5  + 0.000035  2  c6—  i0.000036  2  c7  +  . . . 
-0.000168 5c6 +  i0.000 1007c7  +  . . . 

---  c2-  —  c3  h0.0002587c4-i0.0005016e5  +  ... 

30  45tt 

1  “  T rc 2  ~  1 5“2 -  iO.OOl  650 5  c5  +  . . . 

_ Lr2 _ }  a  , 

TO1  23  I  1  T  .  .  . 


X,,  =  -  0.000036  lc4+  ... 

Xl2  =  —  0.000 1 32  3  c* — i0.000050  5  c 5  +  . . .  (14.172) 

X°tz  =  -  0.009  365  Oc2  -0.000  240  5  c*+  . . . 

*22  =  l-7fCZ+--- 
X°32  TJT1-'2  +  •  •  • 

xgj  =  0.000 168  5  c6  +  iO.OOO  1 00  7  c7  +  . . . 

*oo  =  1  -  77c  ’  —  ts"s  c4  -  i0.007 545  0  c 5  +  . . . 

v- _ I_f2 _ L  , 

A  10  ?Oc  2  3  lc  '  •  •  ■ 

X°20  =  -0.000036 1  c4  +  .... 

When  the  dipole  is  located  on  the  axis  ( p0  =  0)  and  oriented  in  the  x  direction, 
the  coefficients  a *  vanish  for  m  >  0;  the  non-vanishing  coefficients  are: 

=  4  (- 1)’(4«  +  1)1  (^)"+V'4(fcU-ol).  (14.173) 

\  2  p=o  p!(2n  +  p+$)!  \2|z0|/ 

The  imaginary  part  of  series  (14.173)  converges  for  all  !z0|,  but  the  real  part  only  for 
|j0j  ;>  a .  For  |r0|  <  a,  the  reai  part  may  be  written  as 

Re  (a®)  =  ( —  1  )"(4/i  + 1  )s/\n  ^  f  (r'^^WT"^ 

T(2n+i)A  r(q  +  l)r(i-n  +  q) 

y.  F  («-</  +  )•  n+  1;  2n+$;  ---  )  ,  (14.174) 

\  1  +  /IV 

where  h  = 

The  surface  current  components  for  p0  =  0  are: 


=  ±  k2[A{p)+  fl(/>)±C*(/>)]  sin  </>, 


(14.175) 


/g:  .0  =  ±  ,y  kJ[Mo.)-B(,>)±r(p)]cos0. 

C 


(14.176) 


where  the  upper  (lower)  signs  correspond  to  the  illuminated  (shadow)  side,  and 


Mp)  =  c- 


",  .  K-ir[.4“-!Bl,l",2’lF(-n.»  +  l:l:l-»'V». 

(14.177) 
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The  normalized  total  scattering  cross  section  with  the  source  on  the  axis  is 

°\  =  -  -f  Imj  t  -  ‘'2  a°n\A':-\B0,U\2T  + 

2na2  c3Q  Ur0  4n+l  J 


+  1  I  ( - 1  )m + >  -  m )[( n  +  m  +  l  ^  ^  -  i  B°U\2  >)*  - 

m  =  0  it  - m  <■  \ 


(14.180) 


where 


Q  = 


4 

'3 


lzOl 

,V+s  o) 


(14.181) 


and  the  asterisk  indicates  the  complex  onjugate;  computed  values  are  shown  in 
Fig.  14.15. 


Fig.  14.15.  Normalized  total  scattering  cross  section  for  an  electric  dipole  on  the  axis  with  moment 
in  the  .v  direction,  for  various  r„  a  (Inawashiro  (1963]). 


14.4.1.1  LOW  FREQUENCY  APPROXIMATIONS 

For  an  arbitrary  incident  held,  the  first  few  terms  in  the  low-frequency  expan 
sions  for  the  far  held  components  can  be  written  as  (Egg:mann  [1961]): 
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t.i.  vrs  Q  c 2  0)  /n  .  ,  _  ,v  M,sin0 

He=  -YE+  -  -  -  ( Px  sin  4>  —  Py  cos  4>)-c  — - 

AR  7c  14a  4a 


I  3r4„5  .  .  8iy  sin  0  /  dE'x  2  .  dE'  2  . 

- c  -  Hi  sm04- - ( - -  cos2  $4-  sinfc  $4* 

15  J  ‘  3*  \  ay  0* 


/a£t  a£‘\  .  .  a  2  .  2/1/[\vc,  2i  ann  , 

+  I  — - - ^  sin  </>  cos  <f>  —  -  sin  0  5y£, - -  cos  6- 

\dx  dy )  J  3  \L  *  A  a.vj 

-  |^5 y£‘  +  y-2J  sin  (fr'j  +  Hi  sin30j  J  ,  (14.182 


dy! 

TidHE]  . 


k  dy 


sin  6  \  +  Hi  sin  0 


(14.182) 


*  =  >  <z  =  0 


ei;K  c2  (  o) 

-  YEsg  «  - . -  cos  0  —  (P*  cos  (j>  4-  Py  sin  0)  4- 

AR  7C  l4a 

2  J  fir  .  ,  L<?Ei  „  dEi  ,  ,  AcE\  .  , 

/»^  fin  / /  '  2  •  1  '  />ac •’  /A  __L  A  *'  cm" 


^  111  .  ,  LIU  *  t/JCrv  ->  .  .  tLf  .  2  f 

+  -c3  -  sin  0  3  —  +4  —  cos"  $  +  4 — -sin  "<£- 

45  La-  l  ar  ay  a* 

-4  4-  *  ^y)  sin  (j)  cos  </>)  -3y  sin2  0(E[  ccs  </>4-£J,  sin  $)~|] 

\0y  i\x  /  )  J  v =>=:= o 

(14.183) 

£;  =  HI  =  0,  (14.184) 

where  co  =  A  y/c/i  is  the  angular  frequency.  Here  the  quantities  P*,  Py,  Mz  are  the  only 
non-vanishing  components  of  the  induced  electric  and  magnetic  dipole  moments, 
which  are  expressible  in  terms  of  the  incident  Held  as: 


3  C2E[  2iZ  dH l\  8i 


Of  i 

H - c5El 


,(14.185) 


a  =  y  =  r  -  0 


3  ^  2iZ  cW{\  ^  8i 


E'r  + ,  1 3 £;•-  ; :  I 

3  L  30  \  A  cz  k  cx  /  9 n  jAT.v 


//:-  '-r  (3//J+  3  -~y)  -  4Vh‘ 


.  (14.186) 


(14.187) 


x - y “2  - 0 


In  the  special  case  where  an  electric  dipole  of  moment  (4ni;/k)$  is  located  in  the 
plane  of  the  disc  at  (.v0 ,  y0,  0)  and  oriented  parallel  to  the  y-axis.  the  induced  electric 
dipole  moment  becomes: 

P.-V^  [2(1  -ikR)-  /— 3  ,  -  -.W  + 

3  R2  AR  1  MAR)2  AR  1 


-r  c* 

30 


A 

-3i  +. 

-2iAR  \  - 

MAR)2 

AR 

1 

45  i 

15 

30  i  , . 

+  ,  — 

-11 

(AR)' 

ikR)- 

AR 

8i ...» r\ 


2(1 -i kR)~  I  3  ,  -  3‘  -lla.v„)2l|  . 

HkKV  kR  1  Jl 


(14.188) 
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whereas  the  induced  magnetic  dipole  moment  is: 
..  8...  a3  .  e“*L.  ....  1  ,  /  3 


M.  =  -iy  -  kx0  — -  [(!  -i kR)+--c2  (— --  -  --  -4+3ifcjf)  -  —  c’(l-ifcK)} , 
3  R2  °  kR  lV  J  10  \(kR)2  kR  J  9n  K  'j 


where 


K  =  V(xo  +  )o)- 


(14.189) 

(14.190) 


In  the  case  of  a  magnetic  dipole  of  moment  (4tt/A')£ ,  located  in  the  plane  of  the  disc 
at  (.v0,  yc,  0)  and  oriented  parallel  to  the  z-axis,  the  far  field  is  still  given  by  eqs. 
(14.182)  to  (14.184),  where  now: 

Rx  =  -—.kyue,k*[(l-ikR)+  ’  c2  ( — -- -  - -  +6-llifc/?)  -  —  c3(l -ikR)\ , 
3 coR3  \  30  \  (kR)2  kR  1  9n  I 


P  —  X.°  p 

1  V  1  X  > 


(14.191) 

(14.192) 


M.  = 


8n3  e'kR 


3  -ika  /  \  /  H  H  \  \ 

(l-i AR-(AR)2)-  c2 - -■+■  --  +5-4iAR  -3(A  )2  - 

2  AR  lV  10  \  (AR)2  AR  / 


c,3(l  —  iAR  — (AR)2)  , 


(14.193) 


and  R  is  given  by  eq.  (14.190). 

For  an  electric  dipole  with  moment  (4 nzjk)k  located  on  the  axis  of  symmetry  at 
(0,  0,  z0)  and  oriented  parallel  to  the  .Y-axis,  the  total  surface  current  density  when 
both  z0  and  a  are  small  compared  to  the  wavelength  is  (Grinblrg  and  Pimi.nov 
[1957]): 


'Y:»  1 1  /% V-/>:h  ,  nV-p2)| 


J'  *  7.2r2  \r  ,an 
J.  *  0. 


r.) 


■>  2 
Zo  +  a 


(14.194) 


(14.195) 


Similarly,  if  the  dipole  is  oriented  along  the  z-axis,  the  only  non-vanishing  com¬ 
ponent  of  the  total  surface  current  density  is: 


r.-R-  I  R  '  R  II 

where  i  if  the  dipole  is  magnetic  with  moment  (4/r  k)z: 


(14.196) 


.t'AR-  I  rr, -f  <r  R 


+  -  3  *•  (14.197) 


I  in. illy,  observe  that  the  results  ( 14.172)  represent  low-frequency  expansions  »»f  the 
so.ution  given  b\  Iwwasmiru  [l%3]. 
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14.4.1.3.  HIGH  FREQUENCY  APPROXIMATIONS 

The  only  explicit  high-frequency  result  available  is  for  an  electric  dipole  at  the 
center  of  the  disc  and  oriented  normal  to  it.  This  case  has  been  treated  via  the  Wiener- 
Hopf  technique  (Tang  H962])  and  by  means  of  the  geometrical  theory  of  diffraction 
(Keller  [1963]).  For  an  electric  dipole  with  moment  {4nzjk)i,  the  singly  diffracted 
magnetic  far  field  at  a  point  ( r ,  0)  off  the  r- axis  is  (Keller  [1963]): 

i  keik(r+a) 

H+  =  - - - -  {cos(/ca  sin  0-i?r)[ ± sec  (jTt-iO)- cosec  (|7r~i0)]  + 

4m'yj(2nka  sin  0) 

Si  sin  (ka  sin  0-i7r)[±sec  (Jtt  —  i0)  +  cosec  (irr  —  40)]},  (14.198) 


where  the  upper  (lower)  sign  applies  when  0  g  0  <  (\n  <  0  g  zr).  If  the  observa¬ 

tion  point  is  on  or  near  the  axis,  a  caustic  correction  must  be  applied  and  the  result 
simplifies  to 


H 


i 

4> 


keikir+a) 


Jt(ka  sin  0). 


(14.199) 


The  scattered  field,  including  the  diffracted  rays  of  all  orders,  is  the  sum  of  a 
geometric  series  and  has  the  form 


~  [ 


J(Zka-in)-]  -  ! 


2  Jnka 


H  " 1 


(14.200) 


14.4.2.  Plane  wave  incidence 


14.4.2. 1.  EXACT  SOLUTIONS 

14.4.2.1.1.  Arbitrary  incident  direction 

The  solution  for  this  case  is  again  most  conveniently  expressed  in  terms  of  Hertz 
vectors  (sec  Section  14.4.1.1).  If  the  incident  direction  is  in  the  (x,  z)  plane  and  makes 
an  angle  C  with  the  positive  r-axis,  then  the  incident  field  vectors  for  the  two  standard 
polarizations  can  be  written  in  terms  of  spheroidal  functions  as: 


where 


E\  =  (0,  1,0)K‘, 

Eji  =  (-cos {,0,  sin  OK1, 


H[  =  -y(cosC,0,  -sin  ;)r, 
h\  =  -v(o,  l.oir. 


(14.201) 


1'  -  exp  [\k(x  sin  £ 4-z  cos  0} 


=  -  Z  I  M,  ~  E'J,1!  -  it',  ii)S„„(-ir,  cos  C)Sm„(  -ic,  »>)  cos  n.>i-  (14.202) 


m  -  0  n  m 

The  scattered  electric  Hertz  vector  is: 

=  n'+n\ 


(14.203) 


where  (Miixner  and  Andriji  wsxi  [1950]): 
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Another  spheroidal  wave-function  solution  has  been  derived  without  the  use  of 
Hertz,  vectors  by  Fi.ammlr  [1953].  The  problem  has  also  been  solved  for  arbitrary 
incident  direction  by  Lur'e  [1960]  using  sets  of  paired  integral  equations.  The 
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formulas  given  are  not  sufficiently  explicit  to  make  their  ise  for  computation  practical, 
though  certain  numerical  results  are  included  in  the  article. 

Still  another  exact  solution  for  arbitrary  directions  of  incidence  md  polarization 
is  provided  by  Nomura  and  Katsura  [1955],  who  emoloyed  hypergeometric  poly¬ 
nomials  rather  than  spheroidal  functions.  If  the  incident  fit  id  in  rectangular  Cartesian 
coordinates  is: 


E{  =  (  — E2  cos  C»  »  E2  sin  0  exP  {ifc(z  cos  (  +  .x  sin  0}* 
H{  =  -  y(E,  cos  c,  E2 ,  E{  sin  ()  exp  {i k(z  cos  (+x  sin  J)}, 


(14.217) 


where  £  is  the  angle  between  the  direction  of  propagation  and  the  z-axis  and  EX(E 2) 
is  the  component  of  the  incident  electric  vector  perpendicular  (parallel)  to  the  plane 
(.x,  z)  of  incidence,  then  the  incident  electric  Hertz  vector  is: 

Il\-  — r  ,  E{ ,  o)  exp  {ik(z  cos  £  +  x  sin  £)}.  (14.218) 

k2  \cos  C  / 

The  electric  Hertz  vector  of  the  scattered  field  is  again  written  in  the  form  of  eq. 
(14.154),  and  its  non-vanishing  rectangular  components  are: 

nlx  =  £  £  a:s:_(P,  .-)  e0S  m*.  04.219) 

k  COS  (,  m  =  0  n  "  0 

nty  =E,k-2i  £  ") cos  m</>,  (14.220) 

m  ~  0  n  -  0 

n2J  m  =  o  «  =  o  L  cos  mq>  sin  m</>J 


xB:s:?(p,r),  (14.221) 


where 


•'o  \  '  a/ 


®  a" 

■=y“'  jc. 

b:)  >0  b? 


1  ^ 

«;  =  -  |/  ~  2im(2m  +4»i  +  l)ym+ j,(c  sin  Cl. 

/C  =  1  ~(2m  +  4n  +  l);m+,  ,(«•). 

*  n 

and  the  A  ”  are  defined  in  cqs.  (14.171)  and  (14.172).  Further. 


(14.222) 


(14.223) 


(14.224) 


(14.225) 


m  -  I  im 4  | 


=  -E,k 


*AZ~'-A 


1  ~  l  nm  I 


(mi  =  2,  3, 4. .  . .). 


;  14.226) 
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F  Am~  1  -L  Jm+l 

,  (m  =  2,  3, 4. . . .), 

fc3cos (,  B"  -B" 


v\li  - 


£2  2A„-A„ 

‘  fc3  cos  C  ’ 

jy(2)  _  __  El  Aln 

°  A;3  cos  C  B'n  * 


In  the  far  field: 
i/2  eij 


where: 

:c  -  ik(i/L3: ,  -  1/L2- -r— -  -c 

kl  cos  C 

‘cr-MMt-uXl,)#, 

‘Dr-ikiV'Ji  ,  +  (;<!> ,)!%+%  A” 

k 

2D”  =  -  WUiXt  +  UgjB:. 

On  the  surface  of  the  disc  (£  -0),  the  scattered  field  components  are: 

£;-±l[s(n:)-+5.(n:)']L„,' 


H\=  ±i/cyj|-(/7:),j 

w;  -  Tifcr 


(14.227) 


(14.228) 


(14.229) 


(14.230) 


(n\) x  -V-c5-  I(-irl  [2C  cos  m0+  ‘C  sin  m<l>'ljm+i„(c  sin  0),  (14.231) 

f  71  kr  m  -  0  n  =  0 

F'j  ikr  n  oo 

-  c  —  I  ( -  if  I  cos  m<#>  +  2D;  sin  m0];w+2w(c  sin  0),  (14.232) 

7T  kr  m  =  0  n  =  0 


(14.233) 

(14.234) 

(14.235) 


(14.236) 


(14.237) 


(14.238) 


(14.239) 


where  the  upper  (lower)  signs  pertain  to  the  illuminated  (shadow)  side,  and 
[f  (//;),]  =1  £  (2c; cos  mtf>+  'C; sin  | 

j-f  t  n;)'  -  £  £  ( 'd:  cos  + 2d:  sin  m*)  , 

If  r  J:  =  0+  m  =  0  1-0  oz 


(14.240) 


(14.241) 
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with 

— =  V-  (—  i)\play(a2-p1)~iF(m+n+i,  -n;  i;  1  -pV)-  (14.242) 

oz  In 

The  normalized  total  scattering  cross  section  is: 

~2  =  2  \/2  -2  Im  {  I  i"  f  'D;j„t2n(c  sin  0}.  (14.243) 

No  results  computed  from  the  above  formula  are  available;  there  is,  however,  a 
wealth  of  experimental  data  for  the  back  scattering  cross  sections  of  electrically-thin 
discs,  particularly  for  incidence  normal  to  the  disc  and  for  glancing  incidence  with 
the  electric  vector  parallel  to  the  plane  of  the  disc.  Typical  results  for  the  latter  case 
are  shown  in  Fig.  14.16,  and  Ryan  and  Peters  [1968]  have  proposed  an  empirical 
forn  ula  to  fit  such  data. 


Fig.  14.16.  Measured  amplitude  of  back  scattered  far  field  coefficient  for  glancing  incidence  (,*  J.*r) 

with  electric  vector  in  the  plane  of  the  disc:  disc  thickness  t  --  0.00355/.,  000  (Hey  et  al.  [I956|); 
/  0.00272A,  •••  (Radiation  Laboratory;  unpublished).  The  curve  is  only  to  guide  the  eye. 

14.4.2.1.2.  Normal  incidence 

For  an  incident  plane  wave  propagating  in  the  direction  of  the  negative  r-axis 
such  that 


r  =  ic"" 


H'  =  -  Vf (.•"“* 


(14.244) 
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the  Hertz  vector  of  the  scattered  far  field  in  eqs.  (14.204)  to  (14.209)  reduces  to  the 
components  (Meixner  and  Andrejewski  [1950]): 

/U  =  - fc - 2 V0(S,  n;r,n)i-  /c C/1(c)[<P0({,  ry,c)  +  <P2(£,  r, ;  c)  cos  20],  (14.245) 

n\  =  kU,{c)<t>2l>;. c)  sin  20,  (14.246) 

vith 


l/,(c)  =  -k'3  . 


(14.247) 


Formulas  for  the  back  scattered  field  and  the  back  scattering  cross  section  have  been 
given  by  Schmitt  [1957].  Experimental  data  for  the  back  scattering  cross  section  as  a 
function  of  c  are  shown  in  Fig.  14.17. 


Fig.  14.17.  Measured  values  of  normalized  back  scattering  cross  section  for  a  disc  of  thickness 

/  -  0.00355A  (Hey  ct  al.  [1956J). 


Andri  jewski  [1953]  has  computed  the  surface  field  on  both  the  illuminated  and 
shadow  sides  and  the  far  field  for  c  =  10,  and  the  field  at  the  center  of  the  disc  as  a 
function  of  c  (see  Fig.  14.18). 

The  solution  involving  the  hypergeomctric  functions  gives  the  following  results  in  the 
case  of  normal  incidence  (£  -  z,  £,  =  0;  see  cq.  (14.217))  (Nomura  and  Kaisura 


Fig.  14. IS.  Intensity  and  phase  of  magnetic  field  at  the  center  (p  0)  of  the  disc  (Andhejfwskj 
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[1955]).  The  electric  Hertz  vector  of  the  scattered  far  field  has  the  spherical  com¬ 
ponents 

)*>  e'kr  *> 

—  ccosOsin<t>Y,{'D°j2Acs\n0)+'D^jlu+2(csinO)},  (14.248) 

71  kr  n  =  0 

1  *  7 

n;  =  L  -  --ccos<t>£  {‘D?J2„(c  sin  ())-‘D?j2n+2(c  sin  0)}.  (14.249) 

r  r,  kr  n= o 

where  the  D' s  are  defined  in  eqs.  (14.235)  and  (14.236).  The  normalized  electric  field 
intensity  in  the  plane  perpendicular  to  the  incident  electric  vector  is 

1  ,(k.  0)  =  \n ~  cos2  0 1  £  {'D°j2„(c sin  0)+'D2J2„+ 2(c sin  0)}|2,  (14.250) 

E  i  n  =  0 

whereas  in  the  plane  parallel  to  the  incident  electric  vector: 

/j(fc.  0)  =  in  §j  |  £  {'D°J2„(c  sin  0)-'D2Ju+2{c  sin  0)}|2.  (14.251) 

« =  o 

Graphs  of  these  quantities  for  various  values  of  c  are  shown  in  Fig.  14.19. 


f  ig.  14.19.  Scattered  electric  field  intensity  in  plane  (a)  perpendicular  and  (b)  parallel  to  the  incident 
clcctiic  vector  (Nomura  and  Katsura  [1955] ). 


The  normalized  tot;.’  scattering  cross  section  is 


/7 
/  - 


lm  'D 


0 

0  . 


n  a 


(14.252) 
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and  is  shown  as  a  function  of  c  in  Fig.  14.20,  along  with  variational  approximations 
(Levine  and  Schwinger  [1950]). 


Fig.  14.20.  Normalized  total  scattering  cross  section:  —  low  frequency: - , - , 

Levine  and  Schwinger  variational  approximations  (Nomura  and  Katsura  11955J). 


The  normalized  total  surface  current  density  on  the  radii  parallel  and  perpendicular 
to  the  incident  electric  vector  (<t>  =  0  and  \n>  respectively)  is: 


J  J  ([lm{a(x)+/?(x)±i}]J  +  [Re{a(x)  +  /?(.x)}]J,  for  d>  =  0, 

K£,  l[lm  [3<(.x)-/i(.x)±i}]2  +  [Re  {ot(.x)-/?(x)}]2,  for  <£  =  ]ir. 


where 


=  l/2  f  (l-.x)'*£  (-1)-  ■!>>'(-«. «  +  l-x). 

f  n  a  £,  n-Q 

l/2  C  /.  \  —  l  V*'  /  Odin]  n/  » 


(14.253) 


(14.254) 


fl(x)  =  V  2V  *0~*r*EM)n  ,D.2F(-n.ii  + j;J;  l-x).  (14.255) 

r  7T  at,  « « o 


v  =  p2ja\ 


(14.256) 


the  current  being  parallel  to  the  incident  field  on  both  radii,  and  the  upper  (lower) 
sign  pertaining  to  the  illuminated  (shadow)  side.  Computed  values  based  on  eq. 
(14.253)  are  shown  in  Fig.  14.21. 

Several  variational  solutions  have  been  developed  for  the  electromagnetic  disc 
problem  with  normally  incident  plane  wave.  Most  of  these  are  useful  only  in  the 
extremes  of  the  frequency  range.  One  which  might  be  termed  exact,  since  it  gi\es 
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reasonable  accuracy  over  the  entire  range,  is  the  expression  for  the  normalized  total 
scattering  cross  section  (Huang  et  al.  [1955]): 


2 na2  9 n  \  Q2-APR  I  ' 


(14.257) 


where 


/>  -  [(2-11,-W*)-  (!c- 1  +U  Id,]  ♦ 

•  r  3  n  ,,  ii  .  ii  „ , 
+,r&c+^c+(2_ic  ‘)io(2c)'^Si(2c)+ 

+  (Jc-  +  ; V*)  f : 2CS0m]  .  (14.258) 

\2  4c  16  .'v»0  J 

Q  =  [(3-c--J)J0(2f)-  *  J,(2c)+  (c-  -  +|c-,)J“ V0(<)drl  + 

+  <  [=2,+  2.  +(3— c~2)S0(2c)—  “S,(2c,)+  (c-  l  +VJ)  I  "  s0(/)drl  , 

L  n  nc  c  \  2c  2  '  1 0  J 


(14.259) 


I  ig  14.22.  Normalized  total  scattering  cross  section:  exact, - -  cq.  (14.257), — 

I  e\me  and  Schwinger  zeroth-ordcr  variational  approximation, - Kirchholf  approximation 
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R  =  [(i+Jf--y0(2c)+  iy,(2c)+  (‘c-  A  _lc-3)  f  j0(/)d»l  + 
L  8  4  c  '2  4c  16  /Jo  J 


i,  1  +(1  +  !l.-2)S0(2c)+is1(2c)  + 
2  it  4  tic  8  4c 


('c--5 
\2  4c 


4c  16 


S0(t)dt  , 


(14.260) 


and  %  and  are  Struve  functions  (see,  for  example,  Watson  [1958]).  A  graph  of 
this  result,  along  with  the  exact  solution  of  Andrejewski  and  several  other  approxima¬ 
tions,  is  shown  in  Fig.  14.22. 

14.4.2.2.  LOW  FREQUENCY  APPROXIMATIONS 

14.4.2.2. 1 .  Arbitrary  incidence 

For  an  incident  plane  wave  whose  direction  of  propagation  makes  an  angle  £  with 
the  positive  r-axis  and  '"hose  electric  vector  has  unit  amplitude  and  makes  an  angle 
0‘  with  the  plane  of  incidence  (7,  ,v),  the  spherical  components  of  the  scattered 
far  field  are  (Eggimann  [1961]): 

e'*r 

E+  =  -ZWJ  ^  -  c3{j  sin  </>'  sin  £  sin  0  +  |  cos  0‘  cos  £  sin  0- 
nkr 

-  j  sin  </>'  cos  </>-f -4‘5c2[(32-6  5in2  £)  cos  0‘  cos  £  sin  0-(32-  10  sin2  £) 
x  sin  0'  cos  0 -f  sin  0(2  cos  0'  sin  2£  sin  20 -(2 +  3  sin2  £  +  8  cos2  0)  sin  0'  sin  £)  + 

4- sin2  0(  -  10  cos  0'  cos  £  sin  0 +  (104-4  sin2  J)  sin  0'  cos  0)-3  sin3  0  sin  0'  sin  £]}, 

(14.261) 

e'*r  A 

£J  =  ZH4  ^  -  <•'  cos  0{*(cos  </>'  cos  £  cos  0  f  an  0'  sin  0)  + 

nkr 

+  4\c2[(32-6  sin2  £)  cos  0'  cos  £  cos  0 +  (32-  10 sin2  Osin  0'  sin  0  + 


+  sin  0  sin  £((6-8  sin2  0)  cos  0‘  cos  £4-4  sin  0'  sin  20)- 
-6  sin2  0(cos  0'  cos  £  cos  0  +  sin  0*  sin  0)]}. 


(14.262) 


The  components  of  the  induced  surface  current  density  for  01  =  0  are  (Lur’e 
[I960]): 


(14.263) 


j  ^  j  1  -  tL\  /cos  £  cos  0+  XLf)  sin  2£^  ,  (14. 

3rr  '  a  !  \  4 a  ! 

,[(’"5)cosC,in^+  io«  (3_2^)sin  2Csin  2<^]  • 


[14.264) 


and  for  <[>'  =  is: 
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J+  *  -  -  Y  (l~  [-sin  j4--i c  (2-sin2  C—  ^5 (1  —  2 sin2  ())  cos^j  . 

71  \  a  /  La  3  \  a  /  J 

(14.266) 

The  induced  dipole  moments  of  the  disc  (see  Section  14.4.1.2)  are  given  in  ten~ ,  of 
the  incident  field  components  at  the  center  by  (Eggimann  [1961]): 

Px  =  yea3  j\  +  ^I--lsin2c)c2  +  ^c3j  £i(0,0;0),  (14.267) 

Py  —  ~£fl3  j^l  +  sin2  ^ <’3j  £)(0,0,0),  (14.268) 

for  the  electric  dipole  moment,  and 

M.  =  --a3  ("  1  -  -(2+sin2  f)c2-  —  c3l  H[(0, 0, 0),  (14.269) 

3  L  10  97r  J 

for  the  magnetic  dipole  moment. 

The  normalized  total  scattering  cross  section  is: 

{t+C  sin2  <i>' - 1)  sin2  £ +T'?c2[(22-5  sin2  £) 

2na  277r^|cos  Cl 

xcos2  C  cos2  +  88-54  sin2  (-5  sin4  £)  sin2  <£']}.  (14.270) 

14.4.2.2.2.  Normal  incidence 
For  a  plane  incident  wave 

E'  =  ie"IK\  (14.271) 


the  spherical  components  of  the  scattered  far  field  ire  (Boersma  [1964]): 
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,s  .  4c3  .  e 


El=  -Zf/;*  —  sin<£  —  '1+  ~  1- 


8  L  5  sin2  0) 


3n  kr  l  15 
16  A  21  sin2  0  7  sin4  0 

105  V  32  +  128 


c4+ -  1 


175  123  sin2  0 


4725  L  671 


99  sin4  0  15  sin6  0 


9317  /1 265  385\  . 

—  - -)  sin  z0  + 


155925  L  327t  \1024  8« 


1639 sin^0  __  319sin6  0  ttsin8  0 
4096  .  8192 .  65536  . 


8  8  3  22 /f  5  sin2  9 

c8+— c3  14-  —  1 1 - 

9tt  _  25  \  22 


7312  /,  385  sin2  0  1575  sin4  0\  4 


18375 


1  -  c4  +  o(c9 

914  58496  /  J 


(14.273) 


The  polar  components  of  the  total  induced  surface  current  density  are  (Bouw* 
kamp  [1950]): 


CO.*  l/l-  *  (1  +  1  (7-  &  c2  +  JL  (664- 188  £  +9  <)  c4  + 
in  '  a2 1  15 1  a 7  4200  \  a2  a4/ 

r3  j^l+  ,50(148_!5  Pi)c2]}  +°(c7)-  (14.274) 


16iW  sin  < p 


-  •  1  -  -  +  —17  —  2  -  +  r- \c‘  + 


P 2  .  j 


(14.274) 


in  N|  _(pV)1  2a  15  '  «  4a  / 

+  1  -  (664-352  ?-■  +27  ^  e4  + 

4200  \  a2  a4  2  a6/ 

The  induced  electric  dipole  moment  of  the  disc  is  (Eggimann  [1961]): 

P  =  -l6a3s  fl  + 8  c2+  81  c3+  —  c4+  ,?6-  c5l  £*(0, 0, 0).  (14.276) 

3  L  15  9n  105  225jt  J 

The  magnetic  dipole  moment  is  identically  zero. 

The  normalized  total  scattering  cross  section  is  (Boersma  [1964]): 


aT  128 


2r<r  27tT 

+  1 


22  2  7312  4  /  60224  64  \  6 


1+  V  +  c#  +  -  , 

*  L  25  18375  \496125  81tT 


/  3504S192 

2464_)f*  +  0(f10)" 

- 

' 1200653625 

2025ir‘ ’  J 

(14.277) 


14  4.2.3.  HIGH  »  Ri  QUI  NC  V  APPROXIMATIONS 
14.4.2.3.1  Arbitrary  incidence 

1  or  an  incident  wave  propagating  in  a  direction  parallel  to  the  (\\  r)  plane 
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anc  making  an  angle  £(<  i?t)  with  the  positive  z-axis,  and  an  angle  Jtt-C  with 
the  positive  >’-axis,  such  that 


£‘  =  i  exp  {i/c(y  sin  £  +  z  cos  £)},  ( E  polarization),  (14.278) 


the  non-vanishing  components  of  the  scattered  far  held  in  the  half-plane  (x  =  0, 
z  >  0)  are  (Ufimtsev  [1958a,  b]): 

\kr 

kr 


+i [F-(0)F+(6)f  -mF+(0)F~(6)f  +  -(d)]J1(y)},  (14.279) 

whereas  for  an  incident  wave  such  that 

H*  =  Yi  exp  {i*(y  sin  £  +  z  cos  £)},  (H  polarization),  (14.280) 


El  =  ZH\  =  iic-~-  {[G“(0)C+(5)/-+(^)-G+(O)O-(^)/^(^)]J1(y)  + 
kr 


where: 


+i[G-(O)G+(W+(5)+G+(0)C-(i5)/++(^)]/2(y)}) 

(14.281) 

s  =  jC,  for  <l>  =  in, 

l-C,  for  $  =  -iff. 

(14.282) 

y  =  c(sin  0-sin  6), 

(14.283) 

F i(0)  -  Gi(6)+  exp  [2ir(l  +sin  0)+  iin], 

/l  " 

(14.284) 

[A * 

G*(0)  =  2ff-‘e-11’'  cl,Jd0, 

Jo 

U4.285) 

A±  =  N72c(cos iO+sin  iG), 

(14.286) 

^  =  ±cos  l(S  +  0)±sm  j(<$-fl) 

sin  d-sin  0 

(14.287) 

Results  (14.279)  and  (14.281)  include  effects  of  multiple  diffraction  and  are  valid 
for  all  £  and  0  less  than  Jn  and  bounded  away  from  zero,  provided  that  jy|  '  1. 
If  both  C  and  0  are  small,  then 

_ikr 


£;  =  -z //; «  jh-  {[/■ '•■(«-/*“(i)]il(y)+i[/--w+/*-(rf)y2(v)}  04.2kk> 

kr 


for  F.  polarization,  and 

Akr 


Z//;  =  El  =  jir  {[/-  f05)]J,(r)4  i[/- +  (,i)-f/4  4 (<>)y :(*/)!  04.2K9) 

kr 


for  H  polarization. 
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For  the  fields  in  the  half-plane  (jc  =  0.  z  <  0),  the  functions /“  "  and /'+  should 
be  respectively  replaced  by/+  *  and /+  ",  and  the  right  hand  sides  of  eqs.  (14.279) 
and  (14.281)  should  have  the  opposite  sign.  For  forward  scattering  (£  =  0)  with 
incidence  not  too  near  normal  (£  bounded  away  from  zero),  eqs.  (14.279)  and 
(14.281)  reduce  respectively  to: 

£;  =  ~ZH',  =  iicJ  F-(()F*(0  COS  C,  (14.290) 

kr 

\kr 

e'„  =  zw;  =  ik1  —  c(  i)c+(o  cos (14.291) 

kr 

For  back  scattering  with  £  bounded  away  from  zero: 

\r  eUr 

£*  =  -ZHl  =  — {([f +(-0]J(t  -sin  i)+[f  ”(-C)]J(l  +sin  Q)J,(y)+ 

4  sin  £  kr 

+  i([F+ ( -  Of(  1  -  sin  {)■ -  [F- ( -  C)]2(  1  +  sin  Q)J:(y)}  (14.292) 

for  E  polarization,  and 
i/* 

=  ZH\  =  — -  —  {(-[G+(-0]I(l  +sin  C)-[G*(-{)]J(1  -sin  Q)J\(y)+ 
4sint,  kr 

+i(-[G+(-f)]J(!  4-sin  C)4[G-(-0]2(l  ~sin  fl)/j(y)}  (14.293) 

for  H  polarization,  whereas  if  {  is  near  zero: 

£;  =  -7MI  =  iic--  [— *- J,(2csinC)-iJ2(2c  sin  f)l  (14.294) 

kr  Lsin  £  J 

for  E  polarization,  and 

e1*'  r  1  1 

£J  =  ZIV+  =  ~4ic —  —  J,(2c  sin  Q  +  \J2(2"  sin  £)  (14.295) 

kr  Lsin  £  J 

for //polarization.  The  results  of  some  computations  based  on  eqs.  (14.292)  through 
(14.295)  are  shewn  in  Fig.  14.23. 

The  scattered  far  field  for  norma!  incidence  and  for  all  values  of  </>  has  been  derived 
by  Uhmtsev  [1958b]. 

The  geometrical  theory  of  diffraction  yields  the  following  expression  for  the  nor¬ 
malized  back  scattering  cross  section  (Bechtel  [1965]): 

5  =  .  c - !(l±-1-'|e‘JI,,,n!+‘"+(l+--l-]eJic,,n:'Ji'  2,  (14.296) 

x2  167rsin£i\  sin£/  \  sin  £/  I 

where  the  upper  (lower)  sign  corresponds  to  H(E)  polarization.  A  comparison  of 
values  computed  from  eq.  (14.296)  with  experimental  data  is  shown  in  Fig.  14  24. 


Fig.  14.23.  Normalized  backscj 
(a)  E  polui 


g  CTOS! 

>n,  (b) 


e 


no  x  0  for  a 
fimtsev  [1958a  1 
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Fig.  14.24.  Normalized  back  scattering  cross  section  of  a  disc  with  c  —  8.28  and  E  polarisation: - 

geometrical  theory  of  diffraction,  |||  bounds  on  measured  values  (Bechtel  [1965]) 


14.4.2.3.2.  Normal  incidence 
For  the  incident  plane  wave 

E'  =  *e ~ik\  H'  =  -y^e"ik2,  (14.297) 

approximations  analogous  to  those  of  the  KirchhofF  double  and  single  layer  results 
(seeeqs.  (14.9)  and  (14. 10))  yield  the  following  expressions  for  the  normalized  bistatic 
scattering  cross  section  (Frahn  [1959a]): 

— - =  --  (1  -sin2  0  cos2  0){  1  -sin  (2c  sin  0)},  (14.298) 

n  a2  7tC 

— =  —  (cos2  0- sin 2  0  cos2  (j>){  1  -  sin  (2c  sin  0)},  (14.299) 

na2  nc 

where  ( 0 ,  0)  are  the  spherical  polar  angles.  If  the  surface  field  is  approximated  using 
half-plane  (i.e.  edge)  currents,  the  double  and  single  layer  results  both  give  (Frahn 
[1959a]): 

a{(Kp  =  4  <1  -cos  0  sin  (2c  sin  0',},  (14.300) 

na  i iv 


which  is  independent  of  -p  and  valid  only  at  points  not  too  near  the  axis  (c  sin  0  7:  1 ). 
At  points  on  or  near  the  axis  in  the  far  field  and  lying  in  the  yz  plane  (Neugebauer 
[1952]): 


r 


-iexp{i  ks(:2  +  (r)} 


a 

r-2 


kps:(z2  +  a2) 


(14.301) 
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whereas  in  the  at  plane  (Neugebauer  [1952]): 
£'  -  —  £  exp  (ifcv  (z2  +  a2)} 


b2  +  u2 


v/'(z2  +  02)/  +  kpyj(z2  +  az)  1  \v/(z2  +  n2) 


(14.302) 


Expressions  similar  to  those  of  eqs.  (14.301)  and  (14.302)  have  been  derived  by 
Bekefi  and  Woonton  [1952]. 

The  physical  optics  approximation  to  the  scattered  far  field  is  (Belkina  [1957]): 


implying 


£p.o.  _  e|*'  i cJt(c  sin  0) 
*  kr  sin  0 


cos  0 , 


£S  0’  =  -  —  — i?--)  cos  0  sin  4>, 
kr  sin  0 


(14.303) 


(14.304) 


£p  °-  =  —  icJj (c  sin  0)  cot  0, 
kr 

£?0'  =  0. 


(14.305) 

(14.30o) 


Belkina  [1957]  has  compared  the  physical  optics  and  exact  values  for  the  far  field 
amplitudes  in  the  planes  0  =  0  and  Correction  of  the  physical  optics  surface 
field  by  the  introduction  of  an  approximation  to  the  edge  behavior  modifies  the 
above  forms  as  follows  (Ufimtsev  [1958b]):  for  0  ^  0  ^  in 


e'*r  .•  fJi(csmO)  .J2(c  sin  0)\ 

~  —  iic  — - -  -  i--- - -  COS  0, 

kr  [  sin  cos  \0  \ 

r,  e'*' (Jj(csin  6)  ,  .  J1(c  sin  0)) 
kr  \  sin  \0  cos  \0  ) 


and  for  X  n  <  0  <  n 


eilr  (J,(csin0)  .J2(csh0)\  . 

~  ~\\c  - - -  -l  - -  cos  0, 

kr  i  cos  40  sin  \0  J 

s  e‘*r  IJ ,(c  sin  0)  .  J2(c  sin  0)|  . 

Ee  ~  -  -  iic  — - '  +i  -  sin  0. 

kr  I  cos  }0  sin  \0  i 


(14.307) 


(14.308) 


(14.309) 


(14.310) 


Ufimtsev  [1958b]  has  computed  these  (and  other)  approximations  to  the  scattered 
far  field  as  functions  of  0  for  selected  c  and  0  and  has  compared  them  to  the  exact 
results. 

On  the  axis  behind  the  disc  (p  =  0,  z  <  0),  the  KirchhofT  approximation  provides 
a  closed  form  expression  for  the  scattered  field  at  all  distances  (Andrews  [1947]). 
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For  the  incident  field  of  eq.  (14.297), 


Ex  =  iexp  {ifc(z+s/(z2+a2))}  {l-exp  {-ifc(z+N/(z2  +  a2))}+  T| . 

{  J(z  +  a  )) 


(14.311) 


the  amplitude  and  phase  of  which  have  been  computed  by  Andrews  [1947]  at  fixed 
points  on  the  axis  as  functions  of  a.  The  analogous  expression  obtained  from  the 
Kirchhoff  double  layer  result  (see  eq.  (14.9))  is  (Frahn  [1959b]): 


E'x  =  -ZH)  =  — - j-exp  {i  fcV(z2  +  a2)}, 

v(z  +« ) 

whilst  the  single  layer  result  (see  eq.  (14.10))  is  (Frahn  [1959b]): 


(14.312) 


£i=  -Z//;  =  exp{ifcN/(z2  +  a2)}  1 


2(z2+a2)  +'2k(z1+a2)i) ' 


(14.313) 


Alternatively,  by  assuming  that  the  surface  field  near  to  the  edge  is  locally  that  of  a 
half-plane,  both  the  double  and  single  layer  results  give  (Frahn  [1959b]): 

*  “  -Z":  -  (-  ^)*  <"»> 
compared  with  which  Millar  [1956]  gives 


£’  =  -e'“;  +  ]  exp  {iA.\  (z2  +  a2)} !( 1 


vV+«2) 


S _ -i  k: 


z  h;  =  e 


'(zz  +  a2)\  v'(z2  +  fl2)/  J 


(14.316) 


E ;  =  E)  =  HI  =  HI  -  0. 


The  normalized  total  scattering  cross  section  is  (Jones  [1965b]): 

fT\  =  \  ~  ^  sin  (2c -1^)4-  \  /  —  *  cos4c\  - 

2; uf  t\  nc  c“  \4  2;r  / 


(14.317) 


I  sin  (6c -^t) 4  “  cos (2c -In)  +  0(c“3).  (14.31S) 

4c\  rrc  171  4  I 
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Seshadri  and  Wu  [1960]  have  given  an  expression  which  differs  from  the  above  in 
having  J  (instead  of  \7-)  for  the  coefficient  of  the  final  cosine  term.  Which  form  is 
strictly  correct  has  not  yet  been  determined.  Chang  [1955]  compared  the  various 
'  expressions  then  available,  and  the  quantitative  significance  of  each  term  in  eq. 
(14.318)  has  been  examined  by  Seshadri  and  Wu  [I960]. 

On  the  lower  surface  (z  =■•  0-)  of  the  disc  (Bekefi  [1953b]): 


ZH'X  =  i  sin  2<p  £  tm(kp)mJm.2(kp), 


(14.319) 


ZH;  =1-1  tm(kpr\jm(kp)+  ~Jm-i(kp)+Jm-2(kp)cos2  <l>  ,  (14.320) 

m  =  0  kp 


where 


(m  =  rAm+J)  .  (1.4.321) 

f( i)  cm~lm\ 

On  the  upper  surface  (z  =  0  +  ),  the  field  is  the  negative  of  the  above.  Eqs.  (14.319) 
and  (14.320)  imply 

ZH\  =  ieifsin20{J2(/cp)  +  O(c’1)},  (14.322) 


ZH%y  =  l-]eiVo(M  +  J2(Mcos20  +  O(c-1)}, 


(14.323) 


and  Frahn  [1959a]  has  given  results  which  differ  from  these  in  having  factors  2~ * 
in  place  of  {.  Computations  based  (essentially)  on  tile  first  few  terms  of  eqs.  (14.319) 
and  (14.320)  have  been  made  by  Dunham  [1964].  Alternatively,  using  edge-current 
theory  with  p  <  a  (Millar  [1956]): 

ZH\  =  (eic  \j0(kp)-J2(kp)~  ¥-{Ut{kp)-Ukp)}  \  - 


zh;  =  t  - 


-  -2-  exp  (i kj(pl  +  a*)}Jt  (-  -Cp- ■-,-)}  +0 (c~‘),  (14.324) 

kp  \J(p+a)/ 1 

'2  jeiccos2  <j>  ^J0(kp)-J2(kp)~  ~{3Jt(kp)-Ji(kp)}^  + 


+  ,2  {iky/(pi+a2y)  sin2 <j>J ,  (-  \P  — 2  )}  +0(c-1), 
kp  \v(p-  +  a2)/) 

and  if,  in  addition,  kp  3>  1  (Millar  [1957]): 


(14.325) 


1/  —  sin  2d>  - -  -f - + 

2  t  nkp  \  ( a-p )*  ( a  +  p )* 


1ifc(a*-p)+  Jin  ifc(a  +  p) -  J in 


(a-py 


(a  +  py 


2 pc  L  (a-p)' 

JA(a  +  p)  +  i  i« 


-  (4a2-2pa-2/r)+ 


+  — (4a2  +  3/>a  +  2p2)  +0(c‘J), 

(«+*>)•  Jl 


( 14.326> 
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PERFECTLY  CONDUCTING  DISC 


,  /  ,  iMa-/>)  +  iin  ik(j  +  p)  -  J  U . 

ZH\.  =  I  -  1/  °  cos2  <)>  e  4--+6 - 

f  nkp  \  (a-p){  (n  +  p)*  J 

1  i  r'/T  /JMfl-p)-*!*  „ 


1  1/  a  „  .  1C"'"  "  4"*  (a-p  a  \ 

-  -  y -  cosiip - ---  j — -  +  —  + 

2k p  f  nkp  l  (a-p)*  \  a  a -pi 

+ (a-+p + \\  _  i  i/z  /> +cos2 

(cj  +  p)*  \  u  cH-p/j  2k  I  nkp\a  / 

Jfc(a  +  P)  +  iin  \ 

+  ; -  -  +°(c'1). 

(afp)1  f 

More  generally,  for  0  <  p  <  0  (Millar  [1957]): 

„tf,  sin  2 <P  /a\*  eU(fl+p)"*is 

2N/7t  >v/{fc(«-p)}  V'  N/|fc(o+p)} 


(14.327) 


+  4=  e,*<*+rtF[N  {2fc(a— p)}]| ,  (14.328) 

N  2rcc  ) 

ZH],  ~  1-4  e-^Ttv't^fl-p^+i  sin2  *  *  - —  -  - 

v*t  V{C(a-p)} 

l  In  p'M«+P)-  I  \ 

cos2  4>  Va  -  -  T,  cos2^el‘<'+rtF[>/{2fc(a-p)}]  ,  (14.329) 

r  p  N  (Mfl  +  p)}  n/2ttc  / 


where 


F(t)  =  e1^  dp 


(14.330) 


is  the  Fresnel  integral.  Results  of  some  computations  based  on  eqs.  (14.328)  and 
(14.329)  are  shown  in  Fig.  14.25. 
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Fig.  14.2.*i  Scattered  magnetic  field  component  //*  on  the  surface  :  -  0+  of  the  disc  for  (a)  <p  0 
(b*  fp  =  -  exact, . .  .  high  frequency  approximation  (Millar  [19571). 
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PART  THREE 


SEMI-INFINITE  BODIES 


Chaptui  15 


GENERAL  CONSIDERATIONS 


The  three  semi-infinite  bodies  considered  in  this  part,  namely  the  paraboloid  and 
hyperboloid  of  revolut;on  and  the  circular  one,  are  shapes  for  which  an  exact  solution 
to  the  scalar  (and,  for  particular  cases,  to  the  vector)  scattering  problem  may  be  ob¬ 
tained  by  the  standard  procedure  of  separation  of  variables.  However,  exact  solutions 
are  also  known  for  other  semi-infinite  scattered,  such  as  the  quarter  plane  (Radlow 
[1961,  1965]),  the  elliptic  cone  (Kraus  and  Levine  [1961])  and  the  half-cylinder 
(Einarsson  et  al.[1966]),  which  are  not  nresented  in  this  book.  Furthermore,  a  gen¬ 
eral  method  exists  for  deriving  the  solutions  of  scattering  problems  from  the  solutions 
of  potential  problems  if  the  primary  sources  are  dipoles  or  muhipolcs  located  at  the 
common  vertex  of  arbitrary  conical  surfaces  which  are  the  boundaries  of  scatterers 
that  are  either  perfect  conductors  or  lossless  dielectrics  (Potlkuin  [1958],  Pot»  kiiin 
and  Tartakovskii  [1958]). 

The  circular  cone  is  important  because  it  is  the  shape  of  the  nose  of  many  airplanes 
and  missiles;  parabolic  reflectors  find  widespread  application  to  antennas  and 
radiotelcscopcs,  and  both  parabolic  and  hyperbolic  reflectors  arc  used  in  Cassegrain- 
ian  antennas.  The  cases  considered  are  those  in  which  the  primary  sources  are  either 
on  the  convex  or  the  concave  side  of  the  scattering  surface;  the  former  case  is  of  special 
importance  for  the  cone,  and  the  latter  for  the  paraboloid. 

It  has  often  been  conjectured  tha*  for  a  plane  electromagnetic  wave  axially  incident 
on  a  convex  semi-infinite  body  of  revolution  whose  entire  surface  is  illuminated,  the 
back  scattered  physical  optics  field  should  yield  the  exact  solution.  This  has  'only  been 
pro\en  for  the  paraboloid  (Sohensted  [1955]).  but  there  are  indications  that  it  may 
also  be  true  foi  the  cop,;  (see,  for  example,  Silgi  l  ct  al.  [1955]  and  Chapter  18). 

The  concept  of  rudar  cross  section  needs  clarification  for  a  semi-infinite  body,  be¬ 
cause  both  the  distance  of  the  observation  point  from  the  scaitcrcr  and  a  characteristic 
dimension  of  the  scattercr  tend  to  infinity;  this  topic  has  been  discussed  by  Brvsk 
[I960],  among  others.  The  reader  is  referred  to  Chapter  9  for  the  definition  of  acoustic 
cross  section. 
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Chapter  16 


THE  PARABOLOID 

P.  L.  E.  USLENGH1 


The  convex  infinite  paraboloid  of  revolution  is  especially  interesting  in  diffraction 
theory  because  it  is  the  only  known  body  with  variable  curvature  for  which  the 
exact  scattered  field  produced  by  a  plane  electromagnetic  wave  at  axial  incidence 
is  equal  to  the  geometrical  and  physical  optics  approximations. 

Both  convex  and  concave  paraboloids  are  important  in  scattering  and  antenna 
applicadons.  Although  only  the  convex  paraboloid  is  here  considered  in  detail,  an 
outline  of  the  available  literature  on  the  concave  paraboloid  is  given  in  Section  16.5. 
It  should  be  noted  that  a  time-dependent  study  for  the  acoustical  case  has  been 
performed  by  Friedlander  [1943]. 

16.1.  Geometry  and  eigenfunctions  for  paraboloid  of  revolution 

The  parabolic  coordinates  (£,  rj ,  <£)  shown  in  Fig.  16. 1  are  related  to  the  rectangular 
Cartesian  coordinates  (x,  y ,  z)  by  the  transformation 

x  =  2 y/£rj  cos 

y  =  2j£ti  sin  <j>,  (16.1) 

z  =  Z-n> 

where  0  ^  <  co,  0  ^  <  oo,  and  0  ^  (j>  <  2n.  The  z-axis  is  the  axis  of  symmetry 
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and  the  surfaces  «;  =  constant  and  ==  constant  are  paraboloids  of  revolution  with 
foci  at  the  origin  O  =  (.v  =  0,  v  =  0,  z  =  0),  whereas  the  surfaces  --  constant 
are  semiplanes  originating  in  the  z-axis.  The  metric  coefficients,  as  denned  in  Ap¬ 
pendix  C,  are 

/?s.  =  s/i +*»/<;•  K  =  v !+{/»».  K  =  (16-2) 

It  is  also  useful  to  introduce  the  spherical  polar  coordinates  (r,  0 ,  $),  for  which 

r  =  £  +  rj,  0  =  arccos- — -  .  (16.3) 

The  scattering  body  is  the  convex  paraboloid  with  surface  rj  =  rjt.  The  principal 
radius  of  curvature  of  the  surface  in  the  plane  <j>  =  constant  and  at  the  point 

4>)  is 

Pi  =  P«(  0  =  2  n'lHi+ni)*,  OM 

while  the  other  principal  radius  at  the  same  point  is: 

Pi  =  Pi«)  =  2uK«+fl,)*.  (16.5) 

The  Gaussian  curvature  therefore  is 

s' Pi  Pi  =  2(f +>;,)• 

In  particular,  at  the  nose  (<;  =  0,  t]  =  ijt): 

Pi  =  P2  «  tyi- 

The  primary  source  is  located  on  the  convex  side  of  the  scattercr,  and  is  either  a 
plane  wave  whose  direction  of  propagation  forms  the  angle  a  with  the  positive  z- 
axis,  cr  a  point  or  dipole  source  located  at  (£0>  >7o>  $o)-  If  the  product  kr\y  of  the 
free-space  w'ave  number  k  and  the  focal  length  >/,  of  the  scatterer  is  very  small  (very 
large)  compared  with  unity,  one  speaks  of  low  (high)  frequencies;  alternatively,  the 
terminology  “thin”  (“fat”)  paraboloid  also  appears  in  the  literature.  No  detailed 
low-frequency  results  are  presently  available  for  the  convex  paraboloid. 

No  generally  accepted  definitions  exist  for  the  eigenfunctions  which  occur  in  the 
solution  of  the  wave  equation  by  separation  of  variables  in  parabolic  coordinates.  The 
more  widely  used  symbols  are  those  of  Buchholz  [1953],  Pinney  [1946]  and  Fock 
[1957:  1965,  Chapter  3].  In  this  chapter  the  notation  of  Buchholz  [1953]  is  adopted, 
except  in  a  few  formulas  where  Pinney's  notation  is  retained  because  of  existing 
numerical  tables.  The  eigenfunctions  wi^fz)  and  wj^fz)  of  Buchholz  [1953]  are 
related  to  the  Whittaker  functions  Mx<  Ut(z)  and  WXt  ifl(z)  by: 

..  -w,. ),(--) 

->r(  i+,<)’ 


(16.6) 
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where  t,  /z  and  z  are  any  complex  quantities;  their  Wronskian  is 

<'(;)  y  yfr\z)  =  {zr( Kl  +  w-r)}-.  (16.7) 

dr  dz 

It  should  be  noted  that  Buchholz  [1943a,  b;  1947]  uses  the  same  symbols  of  eqs. 
(16.6)  for  different  functions;  thus: 

{m([",(:);i943..b;i947  =  (^)  =  Vi^A1 

/n\i  _  (16.6a) 

1943a.  b;  1947  =  (— )  W,_ ,„(z)  =  W^z). 

Detailed  studies  of  m\u){z)  and  w(tM)(z)  are  found  in  Buchholz  [1953;  see  also  1943b, 
1947];  the  book  by  Buchholz  [1953]  also  contains  an  extensive  bibliography. 
Asymptotic  formulas  are  also  found  in  Erd£lyi  and  Swanson  [1957],  and  addition 
theorems  have  been  developed  by  Hochstadt  [1956b]. 

The  eigenfunctions  S£(z)  and  V*(z)  introduced  by  Pinney  [1946]  are  related  to  the 
functions  (16.6)  by: 


SUM  =  Z^C-^Z)  : 
K“(:)  =  z^e-i’UUz) 


r(ti+v+i) 


(a) 

v  +  id+d) 


(2). 


r-l-T  JiR/l 


T(n + V + 1)w(_b;,  .  j( ,  +^)(ze:F !”), 


(16.8) 

(Im  z  ^  0), 


where  //,  v  and  z  are  any  complex  quantities;  their  Wronskian  is 


SIX--)  ~  KHz) -  VRz)  y  S?(z)  =  ±  —  ,  (Imz^O).  (1 6.9) 

dz  dz  u  z  f(v+l) 


The  properties  of  SJ(z)  and  F*(z)  have  been  studied  in  detail  by  Pinney  [1946];  see 
also  Mirimanov  [1948a,  b].  Horton  [1952]  has  published  numerical  tables  of 
Lj'(n’)  ^(mO  and  F"(iv)  to  seven  decimals  for  y  -  0  (0.1)  1.0  with  either 

m  =  0  and  n  -  0,  1,  2,  3,  or  m  -  1  and  n  =  0,  1,  2.  Horton  [1953]  has  given  eight- 
decimal  tables  of  f/°(ir)  with  n  =  0,  1,2,  3;  Uln(\y)  with  n  =  0,  1,  2;  i/*(ir)  and 
U*(\y)  with  ;i  =  0,  1,  for  r  =  0  (0.1)  2.0. 

The  eigenfunctions  ;,  si  and  i(/  of  Fock  [1957;  1965,  Chapter  3]  are  related  to 
the  functions  (16.6)  ; 

{(«!.  5.0  =  e“ i '*■'#»? L'j;r( in), 

;:(m.  ''9  0  =  exp  { —  -i izr( I  +  J.v)-  Ijr/JwjVrf-  in)* 
s\  r)  —  r(l(s+ 1  +  i/))c(n,  .v,  r). 


(16.10) 
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16.2.  Acoustically  soft  convex  paraboloid 

16.2.1.  Point  sources 


16.2.1.1.  EXACT  SOLUTIONS 

The  Green  function  for  a  point  source  located  between  two  coaxial  and  confocal 
paraboloids  has  been  given  by  Buchholz  [1953;  Section  18.2]. 

For  a  point  source  at  (<J0,  rj0  ^  rjL,  0O),  such  that 

J  kR 

Y‘=—’  (»«•») 

kR 

then 


i  oo  r-yn  +  ioo 

r+r=-i  j;  ei,(*-w  drr(i(i+n)+T)r(i(i+n)-T) 

7 !«=-«  J  - y„ “  1  oo 

x  |"m("{(— 2ifcij<)-  w'*(-2ikn>), 

W<i(!  +  W). 


where 


On  the  surface  ( t]  •-  y/J: 


-(r+n 

dij 


=  E  e 


n  =  n  i 


/»-yn+ioo 

I  dTf(i(l+n)-t) 

—  v_  —  I  on 

vv‘_">(-2i  k>i0) 


w(-“J(-2i  kn,) 


71 1 1 1  n  =  -  on 

x  m<"!(-2 ik{<)w?»(-2ifc{>) 
In  particular,  if  the  source  is  on  ihi  z-axis  ({q  =  0): 

/'-yo  +  ico  r 

y'+v%  =  -  w<0)(-2ifc{)  2ifc»(<)— 

*  ~  yo  “  i  or  L 


w-,,(-2  i/cfj,) 


with 


COS (rtt) 


IVol  <  h 


and  on  the  surface  (y;  =  y^): 

d  .  \  1  f“ro+l® 

-(p-'+n 


'  T  =  *?l 


ttt; 


-  [  ^  '  "dr  r( )  -  r)w(t0,(  -  2i*{)  _  . 

i*  ^-t(  2 i A: ?7 J ) 


(16.12) 

(16.13) 


(16.14) 


(16.15) 

(16.16) 


(16.17) 


16.2.1.:.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  point  source  at  P0  =  (i0.  §  1:<  <t>o  —  0),  such  that 


(16.18) 
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the  geometrical  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region  of 
the  y  =  0  plane  is 

r  =  -  exp{ife[(P»P,)+(P,P)]}|71|  toP)  2(P,P)\ 
g  o'  t(P0P|)  L\  (P0P|)  Pi  cos  iji) 

'  (PoPi)  Pi  /J 

where  (P0Pi)  and  (P,P)  are  respectively  the  distances  between  the  source  P0  md 
the  reflection  point  Pj  =  (xj,0,  Zj)  --  <t>i  =0  or  n)f  and  between  Pt  and 


Fig.  16.2.  Geometry  for  reflected  field. 


the  observation  point  P  =  (*,  0,  z)  =  ({,  t]y  <j>  =  0  or  n)  (see  Fig.  16.2);  the  principal 
radii  of  curvature  pt  and  p2  are  given  by  eqs,  (16.4)  and  (16.5),  the  reflection  angle 
ip  is  given  by 

ili  =  arccos  {({,  +  +f^0 — ,  +q,)2]'* 

x[2v/^i^o>/o-V'/i^o-'Io  +  '5i+'!i)]}.  (16.20) 

and  is  a  root  of: 

[2v'si{o^o-v'»Ji(4o-»Jo  +  ?i-H»li)][4(>/4o'io-_y4i»Ji)I+({o->io-{i+9i)2]"1 
=  [2V^I^-V  '/i(c-'/+  ?i+»Ji)][4(v/:»J-V^;)2+({-»J-?i+>/i)1]"*.  (16.21) 


Formula  (16.19)  is  applicable  if  kpu  2  >  1.  In  the  shadow  region,  Vt,0,  =  0. 

For  a  point  source  on  the  axis  of  symmetry,  an  asymptotic  analysis  of  the  exact 
resultr  of  tqs.  (16.15)  and  (16.17)  has  been  performed  by  Klante  [1959J  and  by 
Ivanov  [1962]. 

For  a  point  source  of  strength  given  by  eq.  (16.18)  and  located  on  the  z-axis 
(;0  =  0),  and  for  an  observation  point  P  s  ({,  r/,,  <p)  located  in  the  illuminated 
region  (£  <  i/0~/y ,)  of  the  surface  r\  =  rjl% 


(r  +  r) 


1  =  -2ilc  i/r 


;,=xp{u:(P0p)}  co 

k(PoP) 


(16.22) 
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where 

ill  =  arccos  fac-^i-0[4^i+('fo-'?i-<5)\rij  •  (16.23) 

Resuh  (16.22)  is  the  leading  term  in  the  high  frequency  expansion  of  (16.17),  provided 
that  P  is  not  too  dose  to  the  shadow  boundary,  i.e.  that  (Ivanov  [1 962 J): 

cos  ill » (kp,)_i  =  [2 (16.24) 

where  p{  is  the  principal  radius  of  curvature  given  by  eq.  (16.4). 

On  the  surface  r\  =  t]l9  in  the  shadow  region,  and  for  a  source  located  at  a  suf¬ 
ficiently  large  distance  from  the  nose  of  the  paraboloid,  such  that 

fc(i/o-'h)»(Jc»Ji)t.  (16.25) 

then  (Ivanov  [1962]): 

V-(V'  +  n!  ~  i(kti,yi[^+»h)no(>lo-ni)TiJ(D)eikL,  (16.26) 

tty 

where 


L  =  s.  h)}  +  s!{rio(lo->li)}  +  h  log 


v'lo  +  x'O.'o-'/i) 


D  -  (i*  f  f[p, (:)]“*  (l+  -)*dT  =  M log 

V  'll/  V'lo  +  \'('lo-'li) 


(16.27) 

(16.28) 


is  given  by  eq.  (16.4)  and /(D)  is  the  Fock  function  defined  in  the  Introduction 
(see  eq.  (1.267)).  The  distance  L  is  the  length  of  the  optical  ray  path  from  P0  to  P 
(see  Fig.  16.3): 

^  =  (PoP.)  +  P?P,  (16.29) 


rig.  16.3.  Geometry  for  surface  held  in  the  shadow,  with  point  source  on  the  axis  of  symmetry. 


where  (PuPt)  is  the  distance  between  the  source  at  P()  =  (c0  =  0.  >/„)  and  the  point 

Pi  =  (;,  =  1,  ij,  ,  <{))  on  the  shadow  boundary,  and  P,  P  is  the  length  of  the 

arc  of  the  parabola  between  P,  and  the  observation  point  P  -  (:. »/, .  </>), 
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On  the  surface  tj  =  ,  in  the  shadow  region,  and  for  a  source  located  near  the  nose 

of  the  paraboloid,  such  that 


K>i0-rii)  %  (ktl (16.30) 

then  (Ivanov  [1962]): 

^  I 

x  ‘  f  --------  eiD,,dt.  (16.31) 

JnJ.x  wt{l) 

where 

L.  =  \/tf(S+>li)}+'h  log  ,  (16.32) 

V'h 

Dt  =  (kitf  log  _  (16.33) 

V^i 

Vo  =  22=51  (fc,,)*  (16.34) 

n»t(/)  is  the  Airy  function  in  Fock’s  notation  defined  in  the  Introduction  (see  eqs. 
(1.265)),  and  the  geometry  of  the  problem  is  shown  in  Fig.  16.3. 

The  total  field  in  the  shadow  region  at  points  near  the  surface  q  =  j,  such  that 

*(4-<!i)  ^  (fc'liV.  (16-35) 

is  given  by  (Ivanov  [1962]): 


1  '+  *  '  ~  7~  ,  KC+litoofoo-fl,)]  izikL 

4^'nk 

y  r  rwJ(r-r)-"’2/('J*v,(/-y)le'D,d/.  (16.36) 
J-,,1  M'|(0  J 

when  inequality  (16.25)  holds,  whereas 


p  i-r  ~  ( k»y |  )*[{(c  + 1| |)^ J] “ 1  {exp  (ifcL,  -  JiTr)} 

4n  nk 

X  f  «',(/->•„)  [^(f-y)-  W-2y 

J  - ,  L  H'|(t) 


iv,(t-y) 


e‘D"dr,  (16.37) 


when  relation  (16.30)  is  satisfied.  The  quantities  L  D,  /M,  Z),  and  ru  are  respectively 
men  by  eqs.  ( 16.27),  ( 16.28).  (16.32).  (16.33)  and  (16.34), 


4. 


(16.38) 
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wt  and  w2  are  the  Airy  functions  in  Fock’s  notation  defined  in  the  Introduction  (see 
eqs.  (1.265)),  and  the  geometry  of  the  problem  is  illustrated  in  Fig.  16.4. 


Fig.  16.4.  Geometry  for  observation  point  in  the  shadow  region,  with  point  source  on  the  axis  of 

symmetry. 


An  expression  for  the  total  field  at  all  points  in  the  deep  shadow  region  that  is 
particularly  useful  for  numerical  purposes  is  the  residue  series  (Ivanov  [1962]): 


Vl  +  Vs  ~  Acikl2  £  5^)  e1^", 
n=l  wi(f„) 


where 


A  =  }  ~  *(krj  ,)*[£(£  +  ff,  )rj(rj — r\  ,  )rj0(t]0  -  ~  * 

+>/,  log  ~  _.  . 

(■ \A?  +  V  (l  -  ' 1 1  ))(\A/o  +  \(lo  - 1 1 )) 


D2  =  (ifc)4  l> i (*)]-*  (l  +  J  j  dr 


=  (fc'h)'  log 


_ 

(\>l  +  v'(^-'/l  ))(v'?0  +  s/ino -'ll)) 

U*  1  v,  \ 


V<m  +  sl(ti  +-1i) 


(16.39) 


(16.40) 


(16.41) 


(16.42) 


and  t„  is  the  n-th  root  of  the  equation  =  0  that  has  a  positive  imaginary 

part.  The  distance  L2  is  the  length  of  the  optical  ray  path  from  P0  to  P  (see  Fig.  16.4): 


l-i  =  (PoPi)  +  P.P>  +  (P2F' 


(16.43) 


The  coordinates  of  P0,  P, ,  P,  and  P  are  shown  in  Fig.  16.4. 
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The  result  (16.39)  may  be  rewritten  as  (Ivanov  [1962]): 


V'  +  V 


Jk(PoPi)  ,  j 
oPi)  * 


k( P0Pi)r  K P2P) 


..  A*  l\  rt  \ - ( 


X  P(D2)exp  {iktfPi+iPtPn+iin}'  (16.44) 

where  d{  and  d2  are  the  distances  of  P,  and  P2  from  the  z-axis  (sec  Fig.  16.4): 

dt  =  >  d2  =  2  (16.45) 

PiUi)  and  Piiti)  are  given  by  eq.  (164),  D2  is  given  by  eq.  (16.42),  and  p  is  the 
reflection  coefficient  function  defined  in  the  Introduction  (see  eq.  (1.278)). 

16.2.2.  Plane  wave  incidence 
16.2.2.1.  EXACT  SOLUTIONS 

For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  y  =  0  plane  and 
forms  the  angle  oc  with  the  positive  z-axis,  such  that 


V1  =  exp  {i k(z  cos  a+x  sin  a)}, 


(16.46) 


then  (Buchholz  [1953]): 


r  =  — -  I  (— l)"e‘"4  dT/'(Kl  +  n)  +  T)r(i(l  +  n)-T) 

7C  Sin  0(  B  =  -  93  J-v— Im 


x  (tan  )a)2r  -  2ifc{)w(_">(  -  2i/oj),  (16.47) 

w<_"),(-2i  kn,) 


where 


\y.\  <i(i+l»l). 


(16.48) 


On  the  surface  (r  -  -  »/,): 


/»-y„  +  iao 

I  ( -  I  re'"*  dtm(l  +  n)-x) 

v  —  v_  —  1  nri 


7rr7!  sin  cr « 


x(tan)a)2'-<(-^-) 

h n-2ikr,t) 


Under  the  restriction 


*  <  i «, 


(16.49) 


(16.50) 


the  result  of  eq.  (16.47)  may  be  rewritten  either  as  (Buchholz  [1943b]): 
P  -  -(cos  b)-2 1  I  l2±"i!(_i)-£li'(,an  )a)2"+l 


i ■* o  » * o  n! 


,  + !((  -  2ifcrj)  cos  (16.51) 


w-«— i  +i>(  2ifcrji) 
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or  in  the  alternate  form  (Horton  and  Karal  [1950]): 

V  =  -(cos  i,)- 2 1  f  t-— ~  e,i‘(tan  |a)2"+l 
/*o  w=o  (l  +  n)\ 


*  Sr~ !  S‘J  -m)V‘(2^)  cos  (14>).  (16.52) 
Vfakrii) 


On  the  surface  (rj  -  tjt)  and  for  a  <  \n\ 

~(V/1  +  n  =  -  J-(cosi«r2f;  Z(-')V(tani«)2 


1**11  7r>h 


x  (l653) 


In  particular,  for  axial  incidence  (a  =  0),  such  that 

V'  =  e1*1, 


(16.54) 


V  =  -  S^S00(-2ife{)F0°(2ifcf,). 

which  may  be  rewritten  as: 

y,  =  _  jit — Si(2fc»;) + i  Ci(2kt])  eiM{_„ 

ijt-Si(2kifl)+ici(2k^j 

where  Si  and  Ci  are  the  sine  and  cosine  integrals, 


On  the  surface  (i/  = 

*'  (p'+n 
•n 


'  =_  i  .S*8(-2iA<) 

7  'll  70/  |  l/o(2*l‘^?l) 

cxpfR({+i|,)-Jin] 

‘  >h\^-Si(2k,h)+iCi(2bu)] 


(16.55) 


(16.56) 


Si  (x)  =  f  Sln  -  dr,  Ci(.v)  =  -  I""  C0S-  dr.  (16.57) 

.'o  <  Jx  t 


(I6.5S) 


In  the  far  field  (s+»/  -»  x)  and  for  axial  incidence  (Lamb  [1906].  Ku.;  »;r  el  al. 
[1950]): 


Is  =  -  A  11  cxp  (i *({  +  *  —  211,)}, 


where 


.4  =  -4ifcij,e 


-2“’-  -  dr  . 

* '’ikll  X 


(16.59) 


(16.60) 
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The  coefficient  A  is  the  ratio  between  the  exact  field  V 1  and  its  geometrical  optics 
approximation  F*  0 : 

A  =  F’/C..  (16.61) 

The  amplitude  and  phase  of  A  are  shown  as  functions  o(  krn  in  Fig.  16.5. 


Fig.  16.5.  Amplitude  (-)  and  phase  (--)  of  the  normalized  far  field,  for  axial  incidence 

(Keller  ct  al.  (1956]). 


16.2.2.2.  HIGH  FREQUENCY  APPROXIMATIONS 


For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  y  0  plane 
and  forms  the  angle  a  with  the  positive  z-axis,  such  that 

P  =  exp  (i k(:  cos  a-F.v  sin  «)},  (16.62) 


the  geometrical  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region 
of  the  y  ~  0  plane  is: 


y' 

*  g  o. 


r(,+  2(P,P)\||+  MP.PJcos^y  1 

L‘  /I j  COS  •/*  '  /l2  !\ 

x exp  jiA[(P,  P)  +  r,  eosa  +  .v,  sin  a]},  (16.63) 


where  (P,  P)  is  the  distance  between  the  reflection  point  P,  sf  (.v,  ,  (>t  z, )  ~  *<i> i 

-  0  or  7T )  and  the  observation  point  V  ■=  (v,  0.  r)  =  <!>  -  0  or  n), 

(P.P)  --  +  (16.64) 


the  principal  radii  of  curvature  /»,  and  t>:  at  P,  are  given  by  cqs.  (16.4)  and  (16.5), 
the  reflection  angle  i>  is  given  by 
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cos  a 


.  (  sin  a 

w  =  arccos  - - +  — - / , 

wO+^i/ii)  VO+fifoiV 


(16.65) 


and  is  a  root  of: 


>/€i  sina+V<?i  cos  a  =  [2^,  +'/1)] 

x[4(v'^-V^i»)i)J+(^-'?-|Ji+'?i)2]"i-  (16-66) 

Formula  (16.63)  is  applicable  if  kp{  >  1  and  kp2  >  1.  In  the  shadow  region, 
Vg.0.  =  0.  In  particular,  for  back  scattering  (t/r  =  0): 


*  -  -  4 


PtPz 


+  2(P1P)][p2  +  2(P1P)] 


—  exp  {ik[(PlP)+zl  cosa  +  Xj  sin  a]}.  (16.67) 


The  geometrical  optics  tack  scattering  cross  section  is: 

“^({,+ij,)2.  (i6-6g) 

For  a  plane  wave  at  axial  incidence  (a  =  0),  such  that 

V'  =  eik2,  (16.69) 

the  scattered  field  is  given  by  the  Luneburg-Kline  expansion  (Keller  et  al.  [1956]): 

r  ~  exp  {ifc[(OP)-2(,1]}  i (ifci,,)"  £  (16.70) 

n  =  0  j-0  L(OP)(1-COS0)j 

where  (OP)  is  the  distance  between  the  focus  O  and  *he  observation  point  P  (see 
Fig.  16.6), 

(OP)  =  (OP,)+(P,P)  =  {,  +.,,+(P,P)  =  +(P,P)  =  «+*,  (16.7!) 

1  —  cos  0 

0  is  the  angle  that  the  reflected  ray  Pj  P  forms  with  the  positive  r-axis,  and 


Fig.  16.6.  Geometry  for  reflected  field  at  axial  incidence. 


16.3 


ACOUSTICALLY  HARD  CONVEX  PARABOLOID 


605 


Ojn  =  ijaj-  i,«-i ,  U  £  Un  £  1),  (16.72) 

*0  n  =  ~taJn>  (n^\\  (16.73) 

j=l 

«oo  =  -1.  (16.74) 

The  first  few  terms  of  the  expansion  (16.70)  are: 


Vs-  - 


(OP)(l 


11— ■  «P  {ifcccopj-a,.]}  {i+  -i-Ti 

-cosfl)  l  2krj{  L 


(OP)(l~cos  0)i  \ 

(16.75) 


For  a  =  0,  result  (16.63)  is  equal  to  the  leading  term  of  eq.  (1 6.75).  Ti  e  amplitude  and 
phase  of  a  normalized  quantity  obtained  by  retaining  the  first  three  terms  (through 
n  =  2)  in  the  infinite  series  (16.70)  are  shown  in  Fig.  16.7,  when  the  observation 
point  is  in  the  far  field  ((OP)  ->  oo). 


16.3.  Acoustically  hard  convex  paraboloid 

16.3.1.  Point  sources 


16.3.1.1.  LXACT  SOLUTIONS 

The  Green  function  for  a  point  source  located  between  two  coaxial  and  confocal 
paraboloids  has  been  given  by  Buchholz  [1953;  Section  18.2]. 

For  a  point  source  at  (i0i  fJo  ~  </>o)>  such  that 


(16.76) 
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then 


1 


r+r  =  -  -  X  e 

K  n~  ~  fj 


)  f  dTF(i(l  +  n)  +  T)FQ(l-f  n)-i) 

-  'in  -  i  3C 


xm(I”'(-2i^<)w(t")(-2ifclJ>) 

x  L‘.'>(-2ift9<)-  '"S- ^,-T'^-l(-2iM<)l  *v‘"»r( - 2i kn>\  (16.77) 


where 


\fn\ 


<iO+W). 


(16.78) 


On  the  surface  (>]  =  rj, ): 

(r+r),=„  =  -'•  f  e'"(*"*°' 

71^  i  n  =  -  oo 


•*  ~  in  +  »  « 


drr(i(l+n)-r) 


x m'"^ - 2ifts < l»’<r",( - 2ifcc > )  (16.79) 

|d/<1>j,)iv(_;(  — 2iloj,) 


In  particular,  if  the  source  is  on  the  r-axis  (£0  =  0): 


r-yo+i* 

K*+r=-  w*0,(— 2ilt{) 

J  -  Vo  -  i  x 


m'-t(— 2iL’j<)— 


dr 


w<_°t'(-2ifa;>)  ,  (16.80) 

w_  TJ  ( —  2i  Ai; , )  j  cos(7tt) 


with 


l/ol  <  i. 

and  on  the  surface  (»/  =  >h): 

°+iC0  lrT(l- t)w<In’(-2i/c^ 

wfi*'  (r7/5ij|)iv’..I)(-2ifcijI)  ‘ 

K..3.I.2.  HIGH  FREQUENCY  APPROXIMATIONS 
For  a  point  source  at  P0  =  (£0,  f/o  ^  <t>o  =  0),  such  that 


t  /•  **  Vo  +  i  oo 

(!■•'  + V),.,,  -  -  -  drr(i-T)»f’(-2ifca 

7^7/  I  »/  — .  —  i  TO  I 


w'-l(-2ikri0) 


(16.81) 


(16  82) 


*IJkR 


F‘  = 


(16.83) 


the  geometrical  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region 
of  the  r  =  0  plane  is: 


exp  liA[(P0P.)+(P|  p)]} 
MP„P,) 


’[( 


1+  (P.P)  +  2(P,P) 

/>!  COS  I j/J 


(P0P.) 

( 


|+  (Pi  P)  +2(P,P)cosfp-! 
(P«P,)  P: 


(16.84) 
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where  (P0P,)  and  (Pt  P)  arc  respectively  the  distances  between  the  source  P0  and  the 
reflection  point  P.  s  (.v,  ,0,  zt)  =  ({i,»h,0i  =0  or  n).  and  between  and  the 
observation  point  P  s  (.v,  0,  z)  =  (£,//,  tj>  ~  0  or  n)  (see  Fig.  i  6.2):  the  principal 
radii  of  curvature  pt  and  p2>  the  reflection  angle  i p  and  the  coordinate  ^  are  given 
by  eqs.  (16.4),  (16.5),  (16.20)  and  (16.21),  respectively.  Formula  (16.84)  is  ap¬ 
plicable  if  kpui  >  1.  In  the  shadow  region,  Kg.c.  =  0. 

For  a  point  source  on  the  axis  of  symmetry,  an  asymptotic  analysis  of  the  exact 
results  of  eqs.  (16.80)  and  (16.82)  has  been  performed  by  Klante  [1959]  and  by 
Ivanov  [1962]. 

For  a  point  source  of  strength  given  by  eq.  (16.83)  and  located  on  the  z-axis 
(£0  =  0),  and  for  an  observation  point  P  s  ({,  rj{,  0)  located  in  the  illuminated 
region  (<;  <  j/c-'/i)  of  the  surface  r\  = 


UV'+v')  \  —  ;exP  {ifc(poPt»  . 

U  ;{(p0p,)  ’ 


(16.85) 


this  result  is  the  leading  term  in  the  high  frequency  expansion  of  (16.82),  provided 
that  P  is  not  too  close  to  the  shadow  boundary,  i.e,  that  (Ivanov  [1962]): 

cos  i/o>  (k/J,)"*  =  [2  + fli  )*]’*»  (16.86) 

where  the  angle  of  incidence  ^  is  given  by  eq.  (16.23),  and  p,  is  the  principal  radius 
of  curvature  giver  by  eq.  (16.4), 

On  the  surface  tf  =  ,  in  the  shadow  region,  and  for  a  source  located  at  a  suffi¬ 

ciently  large  distance  from  the  nose  of  the  paraboloid,  such  that 


then  (Ivanov  [1962]): 

(16.87) 

(^+n,=„ 

~  ik ‘  ‘  [{({ + n  1  )lo(’!o  -  n  1 } r  'd( 

(16  88) 

where  L  and  D  are  given  by  eqs.  (16.27)  and  (16.28),  and  g(D)  is  the  Fock  function 
defined  in  the  Introduction  (see  eq.  (1.268)).  The  geometrical  interpretation  of  L  is 
given  in  eq.  ( i 6.29 )  (see  also  Fig.  16.3). 

On  the  surface  f]  -  i/j  ,  in  the  shadow  region,  and  for  a  source  located  near  the  nose 
of  the  pa^rboloid,  such  that 

%»-*•)  S  (**.)*.  06.89) 

then  (Ivanov  (1962]): 

(»’“+  l ’'.I,.,,  "  U"'(^»li)![?(v  +  ';i)'l?]'J{«P(i*.'L,-]m)} 

x  1  I"  tv'>('-r,L)c (l690) 
vn.L,  «•;(/) 

where  /\  and  y()  are  given  by  eqs.  (16.32)  through  (16.34),  u’,(/)  is  the  Airy 
function  in  Fock's  notation  defined  in  the  Introduction  (see  eqs.  ( 1 .26  » ; and  the 
gei  .netr\  of  the  problem  is  sh^wn  in  Fig.  16.3. 
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The  total  fieiu  in  the  shadow  region  at  points  near  the  surface  rj  =  r/lf  such  that 
is  given  by  (Ivanov  [1962]): 


-  iJH 


yJ+  ~  77=7  [£(£  +  '/i)'/o('!o-'h)]"ie 
4-Jnk 


x  f  w2(l-y)-  wAt-v)  eiDldf,  (16.92) 

J.a,  L  w',(f)  '  J 


H>1o-rii)>(kih)*, 


(16.93) 


whereas 


v'  +  vs  ~  --4=7 (fc»ji)*K(^+»/i)»;?3_*{exp(ifcZ.1  — iiji) 
\/nk 


xf  M’,(j->'0)  [w2(/->>)“ -;7‘ W,(i->')1  eIDl'dr,  (16.94) 

J-*,  L  w  (r)  J 


Kio-'h)  &  (kill)*- 


(16.95) 


The  quantities  L ,  D,  Lx ,  Dl ,  v0  and  y  are  respectively  given  by  eqs.  (16.27),  (16.28), 
(16.32),  (16.33),  ( 1 6  34)  and  (16  38);  w{  and  w2  are  the  Airy  functions  in  Fock’s 
notation  defined  in  the  Introduction  (see  cqs.  (1.265)),  and  the  geometry  of  the 
problem  is  illustrated  in  Fig.  16.4. 

An  expression  for  the  total  field  at  all  points  in  the  deep  shadow  region  that  is 
particularly  useful  for  numerical  purposes  «s  the  residue  series  (Ivanov  [1952]): 


y*  ^  JeiU'2  V  -VV^/^  eiD:'nt 


(16.96) 


where  A,  L2  and  D .  ire  given  by  eqs.  (16.40)  through  (16.42),  and  in  is  the  n-ih  root 
of  the  equation  w\ (/„)  =  0  that  has  a  positive  imaginary  part,  The  geometrical 
interpretation  of  L-,  is  given  by  cq.  (16.43)  (see  also  Fig.  16.4). 

The  result  (16.96)  may  be  rewritten  as  (Ivanov  [1962]): 


r  +  r 


exp  {i*(P0P ,)}!/’  2 


*(P 0P.)  ' 


’)  <)(/3,)exp<i*[P?P:  +  (P,P)]  +  im},  (16.97) 

J  ' 


where  />i (s i )  and  f)x(£2)  are  given  by  eq.  (16.4),  dx  and  d2  by  eqs.  (16.45),  D:  by 
eq.  (16.42),  </  is  the  reflection  coefficient  function  defined  in  the  Introduction  (see  eq. 
(1.279  )),  and  the  geometry  of  the  problem  is  shown  in  Fig.  16  4. 
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16.3.2.  Plane  wave  incidence 
16.3.2.1.  EXACT  SOLUTIONS 

For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  y  =  0  plane 
and  forms  the  angle  a  with  the  positive  z-axis,  such  that 

V1  =  exp  {\k(z  cos  a  +  x  sin  a)},  (16.98) 

then  (Buchholz  [1953]): 

•  CO  /» -  yn  + 1 00 

r  =  -4-  Z  ( -  iVe'"*  dT  r(i(l  +  n) + t)r(i(  1  +  n) -  x) 

71  sin  ft  n-  <x>  J  -  >n  -  i  oo 

x(tan  i«)2?  m4 — — — ' ^  m[n)(  —  2ikl;)w[n)(-2ikr})>  (16.99) 
w{?\{-2\kni) 


where 


|y„i  =  i(i  +  W). 

On  the  surface  (rj  =  >/,): 

j  ®  /»-y„  +  ico 

(P‘+  n,=„  =  — L“  Z  ( - 1  )"ein*  drr(i(»  +  «)-T) 

UfJi  Sin  OL  n~ -oo  J  - y„ - i oo 


(16.100) 


Under  the  restriction 


x  (tan  ia) 


a  <  in, 


,2,  <>(-2ik() 

(d/3n  i)y>-K- M",) 


(16101) 


(16.102) 


the  result  of  eq.  (16.99)  may  be  rewritten  either  as  (Buchholz  [1943b]): 
V'n  ~  (cos  jtx)~2  £  J]  -  ( —  l)nei if(tan  }*)2n+l 


/=o  r -o  n: 


X  -'"fhlll'&il -  4< ,  +I)(-2i*R)  cos  (/0),  (16.103) 

\vL,n_i(1+i)(-2i/ct71) 


or  in  the  alternate  form  (Horton  and  Karal  [1950]): 


TO  00 


P  =  -(cos  )?r2  £  £  7,-1-- "!  «i>'(tan  l*)UH 
1-0  n  -  o  (l  +  n)\ 


x  fy'y\sl.(-m)V‘(2ik,i)c0,m  (16.104) 
Kl(2i kn,) 


On  the  surface  (tj  ~  t}x)  and  for  2  <  \n: 


\2n.l  S‘(-m) 


"  ‘  H,  ,,  =  -N!»rJI  I(-!r«,i'(tan1*)ta«  ...^..  ;“V  -  cos(/*). 

nr;,  i-o  n  o  (i'litji)V„(2ikril) 

(16.105) 
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For  ktjy  =  0.25  and  a  =  36.9°,  Horton  [1953]  has  plotted  the  amplitude  and  phase 
of  expression  (16.105)  as  a  function  of  A£  for  0  g  g  1  and  <j>  0,  {n,  te,  Jtt. 

Starting  from  eq.  (16.104),  Horton  [1953]  has  developed  some  considerations  on 
the  far  field;  in  particular,  he  has  proved  that  as  q  oo,  the  scattered  field  on  the 
z-axis  (£  =  0)  depends  only  on  the  mode  /  =  n  =  0. 

In  particular,  for  axial  incidence  (a  =  0),  such  that 

V'  =  e1*',  (16.106) 

then 

V'-  -  \1¥~\ Sl(-2iki)VS(2ikit),  (16.107) 

K(2ikni) 

which  may  be  rewritten  either  as: 

r=  -  -  ) n — S\(2krj) + i  Ci(21c>|) _ „««-«  (16.,08) 

exp  (2iA-7,)//c>||  —  [iw-Si(2k»f ,)+!  Ci(2fe»/1)] 

or  in  the  form  (Sch^  .sted  [1955]): 

r  = - - (16 109) 

exp(2ifafl)/fcifl-[i*-SK2*iiI)+iCi(2fcfl1)] 

where 

Q  =  2*1,  ------  ,  (16.110) 

€.+i/i 

Si  and  Ci  are  the  sine  and  cosine  integrals  of  eqs.  (16.57),  and  q{  is  the  coordinate  of 
the  point  P,  s  (<!;,,*/,,  </>,  =  </>)  at  which  the  straight  line  from  the  focus  to  the 
observation  point  intersects  the  paraboloid  (see  Fig.  16.6),  and  is  a  root  of: 

2(T'?)  +  3  +  (16.111) 

On  the  surface  (»/  ==  »/,): 

(K«+r.  =  j  M-m) 

HI/.  (r/^.)K?(2ifci/,) 

exp  {i*(£ +  »/,)} 

exp  {2i/ci/,}~fci/l[l7c-Si(2Ai/l)  +  i  Ci(2fo/,)] 
and,  in  particular,  at  the  nose  of  the  scatterer: 

1  f 

lr‘  *■  H*  o, v,  =  hi; |  .  I ;V(2iA//, ) 

<»/l 

The  quantity  (16.1 13)  is  plotted  as  a  function  of  krtl  for  0  s  A>/,  4  in  Fig.  16.K,  and 


(16.112) 


(16.113) 
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is  compared  with  the  corresponding  quantity  for  a  hard  sphere  of  radius  2\\x ,  equal 
to  the  r/iHjus  of  curvature  of  the  paraboloid  at  the  nose. 


Fig.  16.8.  Amplitude  of  surface  field  at  the  nose  Q  =  0,  tj  -  qx)  for  the  paraboloid  ( -),  and  for 
the  tangent  sphere  of  radius  2r/t( — )  (Horton  and  Karal  [1950]). 


In  the  far  field  (;  +  ;/  ->  oo)  and  for  axial  incidence  (Lamb  [1906];  Keller  et  al. 
[1956]): 


where 


V'  =  B^tx  p{ik(t  +  n -hi,)), 
9 


(16.114) 

(16.115) 


The  coefficient  B  is  the  ratio  between  the  exact  field  V'  and  its  geometrical  optics 
approximation  KJ0.: 

B  =  r/K,*0..  (16.116) 

The  amplitude  and  phase  of  B  are  shown  as  functions  of  A  t;,  in  Fig.  16.9. 


t  ig.  1  o.9.  Amplitude  <  )  and  pha>e  ( -  )  of  the  normalized  far  field  for  axial  incidence 

(Keller  et  al.  [1956]). 
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For  axial  incidence,  vhe  bistatic  scattering  cross  section  as  derived  from  eq.  (16.109) 
is  (Schensted  [1955]): 

a(0)  =  4tt(£1  +»j1)2C 

=  47rf/2(sin  i0)"4C,  (16.117) 

where: 

C  =  !{ I  +(fc*/,)2[{Si(2fcfi ,)  -  ire}2  +  {Ci(2ki;l  )}■“]  + 

+  2/c»/i[{Si(2fefii)- ±ir}  cos  (2 k!j , ) - Ci(2 kn , )  sin  (2bj ( 1 6. 1 18) 

and 

0  =  arccos  ** — -  (16.119) 

{  +  * 

is  the  angle  that  the  line  from  the  focus  to  the  observation  point  forms  w  jh  the 
positive  r-axis.  In  particular,  the  back  scattering  cross  section  (0  -  n)  is: 

a  — 4 nrj]C,  (16.120) 

The  quantity  C  is  the  ratio  between  the  back  scattering  cross  section  and  its  geo¬ 
metrical  optics  approximation;  it  varies  monotonically  from  0.25  for  krji  =  0.5  to 
unity  for  krjt  =  oo. 


16.3.2.2.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  y  =  0  plane 
and  foims  the  angle  a  with  the  positive  z-axis  such  that 

V1  =  exp  {i k(z  cos  a  +  .x  sin  a)},  (16.121) 


the  geometrical  optics  scattered  field  at  a  point  P  located  in  the  illuminated  region 
of  the  y  =  0  plane  is: 


r(l+ll?'-,,)(1+? 

L\  PjCosi^/V 


2(P,  P)  cos  \j/ 
Pi 


exp  {ik[(P,  P )  +  z,  cos  a  +  .x,  sin  a]}, 

(16.122) 


where  the  distance  (P,P)  between  the  reflection  point  P,  s  (atj  ,  0,  z,)  = 
(si ,  ,  0,  =  0  or  n)  and  the  observation  point  P  he  (x,  0,  z)  =  (£,  r\y  <j>  =  0  or  ti), 
the  principal  radii  of  curvature  />,  and  p2  at  Pi  the  reflection  angle  \j/  and  the  coor¬ 
dinate  arc  given  by  eqs.  (16.64)  through  (16.67),  and  by  eqs.  (16.4)  and  (16.5) 
with  s  =  s, .  Formula  (16.122)  is  applicable  if  A/>,  >  1  andAp2 >  1-  If*  the  shadow 
region,  =  0.  In  particular,  for  back  scattering  (\p  -  0): 


•h.s 


'  LVi  +2(P,  P)][pV+2(P|  P).l 


exp  {iA:[( P,  P)  +  et  cos  *  +  .x,  sin  a]}. 


(16.123) 


The  geometrical  optics  back  scattering  cross  section  is: 

=  'Msi+’h)2- 


(16.124) 
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For  a  plane  wave  at  axial  incidence  (a  =  0),  such  that 

V1  =  eikI, 


(16.125) 


the  scattered  field  is  giver  by  the  Luneburg-Kline  expansion  (Keller  ct  al.  [1956]): 


Vs  ~  exp  {ifc[(OP)-2tj,]}  f  (i/cf?,)-”  £  ajn 

n  ~  0  j  =  0 


2jh  V* 

_(OP)(l  -  cos  0). 


(16.126) 


where  the  distance  (OP)  between  the  focus  O  and  the  observation  point  P  is  given 
by  eq.  (16.71),  the  angle  0  that  the  reflected  ray  PtP  forms  with  the  positive  r- axis 
is  shown  in  Fig.  16.6,  and 


Oj„  —  ljaj-l.n-1  « 

Uk  l,n  £  1), 

(16.12?) 

n 

^0 n  X!  * 

(»  §  1). 

(16.128) 

«oo  =  1.  (16.129) 

The  first  few  terms  of  the  expansion  (16.126)  are: 

Ks~  2n'- - exp  {iJc[(OP)-2ij,]}  jl - —  f"l+ - — - 1  +  ...}. 

(OP)(l-cos0)  l  2kt)tl  (OP)(l— cos  0)J  I 

(16.130) 

For  a  =  0,  result  (16.122)  is  equal  to  the  leading  term  of  eq.  (16.130).  The  amplitude 
and  phase  of  a  normalized  quantity  obtained  by  retaining  the  first  three  terms 
(through  n  =  2)  in  the  infinite  series  (16.126)  are  shown  in  Fig.  16.10,  when  the 
observation  point  is  in  the  far  field  ((OP)  ->  oo). 


kT>i 


1  ig  16.10.  Amplitude  (  )  and  pha  •  (-- )  ol  the  normalized  far  field,  through  j 

(Kiiiik  et  al.  [I956J). 
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1 6.4.  Perfectly  conducting  convex  paraboloid 


1 6.4. 1 ,  Dipole  sources 

Results  are  available  only  in  the  case  of  an  electric  dipole  located  on  the  r-axis. 
For  an  electric  dipole  at  (£0  =0,  ti0  ^  t] t)  with  moment  (4 nejk)2,  corresponding 
to  an  incident  electric  Hertz  vector  {cxp(ikR)lkR}£y  the  components  of  the  total 
held  are  (Buchholz  [1948]): 


E.=H.  =  H,  =  0, 

Y 

It,  =  —  , 


(16.131) 

(16.132) 

(16.133) 


*=- - t  dr-r-—Mtil(-2i^<)- 

2tjos  in J -/-iX  sin  (jit)  L 

-  !(-2i^<)]  1 V.,  j(-2il 

KJ-XkVt)  J 


ns  here 


On  the  surface  (>/  = 


]w'.t,i(-2ifc0^.1(-2ifo;>). 

(16.134) 

W  <  1. 

(16.135) 

",  =  — 


— -Yr.-  -  ry+,'dT  —L _ H/_  ,  |(  -  2ifc{)  — 2— ~o) 

2<?o\  s'Ji.-v-ir  r(l— T)sin(nt)  (5/5ij,)H'i1(~2i1c^,) 


(16.136) 

The  surface  field  produced  by  an  electric  dipole  located  on  the  r-axis  and  parallel 
to  the  .Y-axis  has  been  derived  by  Korbanskiy  [1968], 


16.4.2.  Plane  wart-  incidence 
to.4.2.1 .  FXACT  SOLUTIONS 


For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  r  =  0  plane 
and  forms  the  angle  x  with  the  positive  r-uxis,  and  whose  magnetic  field  vector  is 
parallel  to  the  r-a\is.  such  that 


E 1  —  (*  cos  x-z  sin  x)  exp  [tkiz  cos  x  +  .v  sin  x){, 
//  Yf;  exp  [  iA(z  cos  x-f  x  sin  x)j. 


(16.137) 


the  components  of  the  incident,  scattered  and  total  fields  may  be  expanded  in  Fourier 
series  (Hkk  11957];  Fork  and  Fidorov  [1958]:  see  also  Folk  [1965].  chapters  3 
and  ->):  tluo.  for  the  total  field: 
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(16.138) 

^  16.1 39) 

(16.140) 

(16.141) 

(16.142) 

(16.143) 

(16.144) 

(16.145) 

(16.146) 

(16.147) 

(16.148) 

( 16. 149  j 
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and  Qn-X  is  given  by  eq.  (16.149)  with  Qn_l  replacing  Pn_ j.  The  potentials  PH^l 
and  Qn-X  are  given  by: 


where 


p„_,  =  q„.,  =  Qi-,+e:-,, 


P'  — 
rn-  1  — 


nk  sin  a 


ei-i  =  — —  (4W  n)f  npJ(i)dT, 
7tk  sin  a 


tt/c  sin  a 


(16.150) 


~  (4ftJ£#<,-"»r  Tpi(i)dT,  (16.151) 

in  a  J_m 


(16.152) 


K- 1  -  —4-  (4fc2^)i"-"»  f  ip’(iK(T)dt,  (16.153) 

Ttfc  sin  a  J  _  „ 


(16.154) 


pj«  =  (n2  +  r2)-  '(tan  )ot)‘T(i(n  +ir))rQ(n  - '\2ikq),  (16.155) 
PilM  =  (n2  +  t2)‘Iei”I(tan  ia)iT(i(n+k)).'/i^;i,I)(2i^)w(:;l1t)(-2ifci)),  (16.156) 


2t  r(l  +  |(h  +  it)) 


(16.157) 


q’(r)  =  e  **T(1  +i(n-it))rf,(t, n){m($l,-l0kti)v$l-l,)(-2ikrj)- 

-  i(«  +  +  U)(2il<n)w% ,  +  jr)(  -  2iA:^)} ,  (16. 1 58) 

and 

d„(T,»))  =  {H"()i-i„(-2ifci/)]2+i(n2+T2)[w<:’1(1+i[)(-2ifci/)]2}"1. 

(16.159) 

If  Pi,- 1 ,  Qln- 1  or  are  used  in  the  previous  formulas  in  place  of 

0„_ ! ,  then  eqs.  (16.138)  give  the  incident  or  scattered  field  components,  respectively. 
In  particular,  the  total  magnetic  field  components  on  the  surface  (rj  =  t]x)  are: 


//.  =  ~i}l 

4;r  sin  a 


lV'-|  (tan  )a)''{r(T,  <j>)—T(x,  — 0)}di 


4/r  sin  aj  _ 


(tun  latV'jTfr.  <p)+T( r,  -</>)}dr, 


where 


7(f.  </’)  =  r„(r)+  V  (-!)»[, I/V)e"*  +  <,,2'(r)c‘i'*]. 


(16.160) 


(16.161) 


(16.162) 


'!."(*)  =  2(-i)’* '/'(((« -ir))«/„(T.  qlWril\\2iklW!!lt,\--2ik>,t). 


(16.163) 
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-  - ( - i)"+  '(n - ir)r(i(n  - iz))d.{x,  ij , )m(." - 2\b,t),  (16.164) 

,0(t)  =  r<"(t)  =  »!,2|(t).  (16-165) 

and</rt(t,  q i)  is  given  by  eq.  (16.159)  in  which  q  - 
For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  y  =  0  plane 
and  forms  the  angle  a  with  the  positive  z-axis,  ard  whose  electric  field  vector  is 
parallel  to  the  >>-axis,  such  that 

£‘  =  P  exp  {i k(z  cos  a+x  sin  a)},  (16.166) 

Hl  -  Y(t  sin  $  cos  a)  exp  (ik(z  cos  a+x  sin  a)}, 

the  components  of  the  incident,  scattered  and  total  fields  may  be  expanded  in  Fourier 
series  (Fock  and  Fedorov  [1958];  see  also  Fock  [1965],  chapter  4);  thus,  for  the 
total  field: 

E,  =  £  E[rt)  sin  (n<£), 

n  -  1 

E,  =  I  £<">  sin  (m0), 

n  - 1 

E*  =  i E*0)  +  f  £j°  cos 

n  =  1 

Ht  =  i Hj0)+  £  H\n)  cos  («<£),  (16.167) 

»=I 

Hn=tH™+ZH™coS(n<t>), 

n  -  1 

W*  =  Z  sin  (m</>), 

n  -  1 

where 


,.(«W _  ri  e®—  — 0.1 . 

(16.168) 

s 

2iN/{«^  +  ,;)}  Lfc 

dtj  J 

e;"1  - 

-  +nG„l  , 

(16.169) 

2iv'>( <;  +  ,;)}  U 

c  €>{  J 

e;,!|  = 

(4  kW 

*  (f-n- 1  +  nG_), 

(16.170) 

= 

y  Hfc2^)1"  r 

-  «V=1  -<1 . 

(16.171) 

2v'{««  +  »l)}  L 

.fc  dtj  j 

//;nl  = 

t  y  (4fc*{ij)‘"  n 

^  +  .f.l  . 

(16.172) 

2S  Ms  +  'j))  Lfc 

<?£  J 

//;n)  - 

■  ->  ^uv 

2\t’l 

■  ,-nFn). 

(16.173) 

¥ 
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The  auxiliary  functions  CH-iy  Fn  and  Gn  are  still  given  by  eqs.  (16.145) 
through  (16.159),  with  the  exception  of  eq.  (16.157)  which  is  now  replaced  by: 


m  =  m- — ^-l)  . 

K  ’  V  2r  r(l  +  i(«+it)) 


(16.174) 


For  axial  incidence  (a  =  0),  such  that 

£'  =  ietks,  (16.175) 

then  (Schensted  [1955]): 

E,  _  exp {[-,,  +  {,  cos (2</))]i+<J,  sin( 2<\>Y,-2^oh  cos  *i}, 

(16.176) 

where  (OP)  is  the  distance  between  the  focus  O  and  the  observation  point  P  (see 
Fig.  16.6).  and  the  coordinate  of  the  reflection  point  Pt  =  (s*i»>h»  $1  =  <t>)  is 
a  root  of: 

2  +  +({-if-«,  +  if,)2]';  (16.177) 

\  J 

in  terms  of  the  observation  angle  0 , 

1+COS0 


Zi  =* 


1  -cos  0 


(16.178) 


The  exact  result  (16.176)  is  identical  with  the  geometrical  optics  scattered  field.  The 
bistatic  scattering  cross  section  is  (Schensted  [1955]): 


or(0)  =  47r(^4 -tn)2  =  4/T^(sin  i^)"4, 

and  in  particular,  the  back  scattering  cross  section  (0  =  rr)  is: 

<r  =  471^. 


(16.179) 


(16.180) 


A  result  equivalent  to  eq.  (16.176),  but  expressed  in  a  much  more  complicated  form, 
that  is  as  an  infinite  series  involving  the  functions  Sl„  and  1‘J,,  had  been  previously 
obtained  by  Horton  and  Karal  [195!]. 

16.4.2.2.  HIGH  FREQUENCY  APPROXIMATIONS 

For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  v  -  0  plane 
and  forms  the  angle  a  with  the  positive  r-axis,  and  whose  magnetic  field  vector  is 
parallel  to  the  r-axis,  such  that 


E'  -  (i  cos  *~z  sin  a)  exp  [\k(z  cos  x  ky  sin  x)}, 
//'  =-  yf  exp  ; \k(z  cos  x  T  .v  sin  x)}. 


[16.181 


the  total  magnetic  held  on  the  surface  (//  --  >/,)  is  (Fock  [1946];  l  ot  k  and  Fidorov 
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[1958];  see  also  Fock  [1965],  chapters  2  and  4): 

Hi  ~  Y 1/  -----  G(u )  sin  ^  exp  {i k(z  cos  a  +  x  sin  a)},  (16. 1 82) 

r  {+ni 

H+  ~  7G(u)  cos  (j)  exp  {i/c(z  cos  x+x  sin  a)},  (16.183) 

where  G(u)  is  defined  in  the  Introduction  (see  the  second  of  eqs.  (1.275)),  and 

u  =  k(y]£r\t  sin  a  cos  cos  a){fc2Jh({+fh)  s;n2  a}"*.  (16.184) 

Results  (16.182)  and  (16.183)  are  valid  in  the  illuminated,  penumbra  and  deep 
shadow  regions,  provided  that  (krj i)*>  I.  In  particular,  in  the  illuminated  region 
and  far  from  the  shadow  line  =  (t((/>)  given  by  the  equation 

y/(i  cos  (j)  =  yjrji  cot  «,  (16.185) 

such  that 

k(rj t  cos  «—*/{»*,  sin  a  cos  0)  >  1,  (16.186) 


such  that 


k(q t  cos  ot-yjfyi  sin  a  cos  0)  >  1, 
expiessions  (16.182)  and  (16.183)  become: 


H t  ~  2  Y  1/  — 1 l—  sin  0  exp  {ifc(z  cos  a  +  x  sin  a)},  (16.187) 

F 


'  {  +  *1 

Hf  ~  2Y  cos  (j)  exp  {i/c(z  cos  atx  sin  a)}. 


(16.188) 


which  coincide  with  the  geometrical  optics  approximation. 

For  a  plane  wave  whose  direction  of  propagation  is  parallel  to  the  y  =  0  plane 
and  forms  the  angle  a  with  the  positive  z-axis,  and  whose  electric  field  vector  is 
parallel  to  the  r-axis,  such  that 


E'  =  $  exp  (i/:(z  cos  a  +  x  sin  a)}, 

H'  =  y(£  sin  a-$  cos  ?)  exp  {i k(z  cos  a  +  .v  sin  a)}, 


(16.189) 


the  total  magnetic  field  on  the  surface  (>/  -  tji)  is  (Fock  and  Fedorov  [1958];  see 
also  Fock  [1965],  chapter  4): 

//«  ^  V ’  1  exp  (i k(z  cos  <x  +  x  sin  a)}  jl/  G(u)  sin  a  sin2  </>- 
f  cfi/,  if  a/i 

-iF(u)(/o/,)"  1  |V»?i({  +  '/i)sin  2a]1  cos  </>j  ,  (16.190) 

ll  /  c 

//^  ^  V  exp  4  iA(z  cos  a  +  .v  sin  a)}  [/  G(u)  sin  a  sin  c />  cos  (j>  -r 

IF 

+  i/,'(:i)(A;/,)“ -f  »/i)  sin2  a]^  sin  (/>]  ,  (16.191) 


wIvtc  /**(</)  and  G(«)  are  defined  in  the  Introduction  (see  eqs.  (1.275)),  and  u  is  given 
In  eq.  (16.184).  Results  (16.190)  and  (16.191 )  aie  valid  in  the  illuminated,  penumbra 
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and  deep  shadow  regions,  provided  that  (krj^  >  1.  In  particular,  in  the  illuminated 
region  and  far  from  the  shadow  line  so  that  inequality  (16.186)  is  satisfied,  eqs. 
(16.190)  and  (16.191)  become: 

2  y  _  _ 

Hi  ~  — - exp  {i k(z  cos  a  +  x  sin  sin  a  -yjth  cos  a  cos  </>), 

sftt  +  ’h) 

2  Y  exp  {i k(z  cos  a+x  sin  a)}  cos  a  sin  </>, 

which  coincide  with  the  geometrical  optics  approximation. 

For  axial  incidence  (a  =  0),  the  geometrical  optics  scattered  fie  d  is  identical  to 
the  exact  result  of  eq.  (16.176). 

16.5.  Survey  of  concave  paraboloid 

The  field  produced  by  a  point  source  located  anywhere  on  the  concave  side  of  an 
acoustically  soft  or  hard  paraboloiu  has  been  studied  by  Buchholz  [1953],  from 
whose  results  the  exact  solution  can  be  extracted  in  the  form  of  an  integral  representa¬ 
tion  or  of  an  infinite  series.  In  a  previous  work,  Buchholz  [1943a]  had  examined 
the  case  of  a  point  source  at  the  focus. 

Low  frequency  results,  corresponding  to  the  case  krjx  <  1,  have  been  obtained 
by  Stone  [1967]  for  both  soft  and  hard  bodies,  when  the  point  source  is  on  the  axis 
of  symmetry,  and  for  i  urce  and  observation  points  either  both  in  the  near  field,  or 
one  in  the  near  field  and  the  other  in  the  far  field. 

High  frequency  results,  corresponding  to  the  case  krjt  >  1,  have  been  obtained  by 
Stone  [1967],  who  has  given  the  total  surface  field  at  points  far  from  the  nose  of  a 
hard  paraboloid,  as  produced  by  a  point  source  located  on  the  axis  and  far  from  the 
focus;  Stone  has  interpreted  his  asymptotic  results  in  terms  of  geometrical  optics. 
A  Luneburg-Kline  expansion  for  the  field  produced  by  a  point  source  at  the  focus 
of  a  soft  or  hard  paraboloid  has  been  derived  by  Keller  et  al.  [1956].  Hochstadt 
[1956a]  has  considered  a  point  source  on  the  axis  of  symmetry,  and  has  devoted 
special  attention  to  the  behavior  of  the  field  at  or  near  a  caustic. 

For  the  case  in  which  the  primary  field  is  a  scalar  plane  wave,  an  exact  integral 
representation  of  the  solution  has  been  given  by  Buchholz  [1953],  and  high  fre¬ 
quency  expansions  have  been  obtained  by  Hochstadt  [1956a]. 

The  exact  electromagnetic  field  produced  by  an  electric  dipole  located  on  the  axis 
of  symmetry  of  a  perfectly  conducting  concave  paraboloid  has  been  derived  by 
BL'Ciuiolz  [1948].  The  cases  of  an  electric  dipole  at  the  focus  and  oriented  (i)  parallel 
to  the  symmetry  axis,  or  (ii)  perpendicular  to  the  axis,  or  (iii)  perpendicular  to  the 
axis  and  backed  by  a  dummy  reflector  have  been  considered  by  Pinnly  [1947],  who 
bar  given  the  exact  solutions  as  infinite  series  of  eigenfunctions.  The  field  produced 
by  an  electric  dipole  at  the  focus  and  perpendicular  to  the  symmetry  axis  has  also 
been  studied  by  Skaiskaya  [1955],  who  has  obtained  an  integral  representation  for 
the  exact  solution  as  well  as  high  frequency  results,  and  by  roc’K  [1957:  1965,  chap- 


(16.192) 

(16.193) 
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ter  3],  who  has  expressed  the  exact  solution  both  as  an  integral  and  as  an  infinite 
series,  and  has  derived  high  frequency  expansions. 

If  the  primary  field  is  a  plane  electromagnetic  wave,  an  integral  representation  of 
the  exact  solution  may  be  obtained  from  Buchholz  [1953]. 
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Chapter  17 


THE  HYPERBOLOID 

P.  L.  E.  USLENGHI 


The  hyperboloid  is  the  only  separable  shape  among  those  considered  in  this  book 
for  which  no  exact  solution  is  presently  available.  However,  in  the  acoustical  case  it 
would  be  possible  to  apply  a  technique  similar  to  that  used  by  Bloom  [1964]  for  the 
hard  hyperbolic  cylinder.  The  hyperboloid  degenerates  into  a  cone  when  the  inter- 
focal  distance  becomes  zero. 

17.1.  Hyperboloidal  geometry 

The  coordinates  appropriate  to  this  shape  are  the  prolate  spheroidal  coordinates 
(£,th  <l>)  shown  in  Fig.  11.1  and  related  to  the  rectangular  Cartesian  coordinates 
(x,  )\  z)  by  the  transformation 

•V  =  l</v  {(S2-l)0-'/2)}cos  <j>, 
y  =  irfv{(^2-l)(l->;2)}  sill  <p,  (17.!) 

-  =  {<Kn, 

where  1  £  <  x,  -  1  <  tj  £  landO  ^  (j>  <  2n.  The  z-axi>  is  the  axis  of  symmetry, 

and  the  surfaces  %  -  constant,  |^|  =  constant  and  <j>  =  constant  are  respectively 


I  1 1* .  i  I .  tor  the  Inperbolou!  •>!  icwlution 
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confocal  prolate  spheroids  of  interfocal  distance  </,  major  axis  cl£,  and  minor  axis 
dyj(£2  -  1);  confocal  hyperboloids  of  revolution  of  two  sheets  with  interfocal  distance 
d\  and  semi-planes  originating  in  the  z-axis. 

The  scattering  body  is  the  hyperboloid  of  revolution  with  surface  t]  =  rji  = 
cos  i\  >  0  (see  Fig.  17.1),  and  the  primary  source  is  either  a  plane  wave  whose  direc¬ 
tion  of  propagation  is  parallel  to  the  (*,  z)  plane  and  forms  the  angle  (  >  vx  with  the 
negative  z-axis,  or  a  point  or  dipole  source  located  either  at  (£0,  /0,  <f>0  —  0)  on  the 
convex  side  or  at  the  focus  (x0  =  j  0  =  0,  z0  =  \d)  on  the  concave  side  of  the  hyper¬ 
boloid.  The  constant  c  is  given  by:  c  =  \kd. 

17*2.  Acoustically  soft  hyperboloid 

17.2.1.  Point  sources 

For  a  point  source  at  PQ  ==  (£0,  >/0,  <£0  =  0),  such  that 

ikR 

Vl=  ,  (17.2) 

kR 

the  geometric  optics  scattered  field  at  a  point  P  =  (£,  //,  <£  =  Oorrc)  located  in  the 
illuminated  region  is: 

_e*p{«c[(P0PI)+(P,P)]} 
k(P0P,) 

x  (r1+  <p'p)  +  .2(p, p)  i  r,  +  if .  p>  +  2(p,p)cos*, 

1L  (P0P,j  «,  cos  L  (P0P,)  ft, 

where  (P0P|)  and  (PtP)  are,  respectively,  the  distances  between  the  source  P0  and 
the  reflection  point  P|,  and  between  Pt  and  the  observation  point  P  (see  Fig.  17.2), 


1 1  -i 

|  •  (17.3) 


I  ig.  17.2.  (.icomcii'v  toi  the  reflected  field  with  poim  souree  incidence. 
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cos  <// ,  = 


2(P,PM«-irf) 


[V  i  -»?;(»!,  -{,  in)±h  v  {(if  -  Oti2— 0(i 


(  +  if  a,  and  a  have  the  same  sign;  -  if  x{  and  a  have  opposite  signs),  (17.4) 

is  the  radius  of  curvature  of  the  scattered  surface  in  the  (a,  z)  plane,  evaluated 
at  Pp 


'  h  VC -*)?)’ 

6,  is  the  other  principal  radius  of  curvature  at  P, : 


(17.5) 


b,  =  ~-v/{«?-7?)(l -*?)}.  (17.6) 

2*1 1 

and  the  coordinate  ct  is  determined  as  a  function  of  £0,  i/0,  {,  i /,  ;/,  and  (j,  by  the  rela¬ 
tion 

[(P«)P|)  +  (P|P)]  =  0.  (17.7) 

<Ci 


The  result  (17.3)  is  applicable  if  I,  and  this  is  always  ii.e  case  if 


f  (i -<i?)>  i.  (*7.8) 

n  i 


In  the  shadowed  region.  I’,,.,,  ~  0. 

In  particular,  when  both  source  and  observation  points  arc  on  the  r-axis; 

|  ,  B  _  n-»/5)cxn{ii'(2>;!-^(, 

<-[2i/ ,( i  +  Wo  i«)-(  i + n\ )(<«  *i<> J-  c*i)]  ’ 


(17.9) 


where  cither  ==  I  if  r 
r  >  --  \d  or  i/  -•  -  I  if  r 


0  >  -  \d  or  //0  -  —  1  if  z()  <  -  U/,  and  cither  c  1  if 
<  -  \d\  in  the  far  field  (//  -  -  1.  c  -+  x ): 


1  -Ilf  exp  { ic(i  +  2)/, -io *!<•,)} 
i  +i'h--n,  io'iu  ci 


(17.10) 


If  the  source  is  at  the  focus  (.v0  --  r„  -  0,  zn  -  -  \d)  and  the  observation  point  is 
on  the  r-axis: 


1  -i/,  exp  (ic(  1  4  -  ;i/)! 

!+»/,  c{  1  ci}) 


(17.11) 


and  in  t!te  far  field  (#/  -  —  1,  •  ~  >  x  ): 


l-i/,  exp  |ii(e  t-2i/|  +  1)! 
1-m/,  i  e 


I  or  a  source  located  at  the  foeiis  i.v,,  r„  0,  r„  ' «/).  the  scattered  field  is 
given  b\  the  l.uneburg  K ‘inc  expansion  (Kim  a  el  a!.  [1  # 5^ ] I: 
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exp  (i[fc(QP)+2 Oh]} 
fc(QP)vv 


Z(2iof.)""I  7 


fc(QP)w. 


1  2  n-i 

I 

1  =  0 


(17.13) 


where  (QP)  is  the  distance  between  the  focus  Q  at  z  ~  \d  and  the  observation  point 
P  (see  Fig.  17.3), 


Fig.  1 7.3.  Geometry  for  the  reflected  field  with  a  point  source  at  the  focus  P0  =  (.v0  =  ,v0  =  0,r„  =  —  \d) 


w  =  1+  .(ifj-coffl),  (17.14) 

1— »li 

0  is  the  angle  that  the  reflected  ray  Pt  P  forms  with  the  positive  z-axis, 

(ijtn  “  ~(2/  +  0(l+  +2  — O’  +  r)2^- s  " 

2/ L  l-»li 

-  (j+t-\)U  +  t)aj-, (I  S  /  S  it),  (17.15) 

o.h,  =  ~  t  *Z  V  (  ^  )  (-1)'".  (0  g  t  §  2;.;  §  1 ).  (17.16) 

j  I  v  0  \t  —  S/ 

tfuoo  =  “1»  (17.17) 


and  the  binomial  coefficients  (J)  in  eq.  (17.16)  are  understood  to  be  zero  unless 
0  j!  £  <x.  The  first  few  terms  of  the  expansion  (17.13)  are: 


j  ^  _  exp  ;i[A(Ql‘)  F.'n/,]]  +  i  /l4i/;-2w  1  ^  1  j 

A(QP)u’  1.  2  at  A  l  — 1/7  u2/ 


1 

*:(QP)n-  Vl -»;T  «•'  J 


(17.18) 
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For  a  source  located  at  the  focus  P0  s  (*0  -  y0,  zn  =  id;  f0  =  tJo  =  0  on  the 
concave  side  of  the  hyperboloid,  the  geometric  optics  scattered  field  is: 

r  =  -  exp{ifc[(P0p;)+(P,P)]}  ff1+  (PjP)  _  2(P , P)  I 
80'  fc(Pt.Pi)  IL  (P0P,)  fli  cos  ^  J 

(17.19) 

L  (PoPi)  bt  Jj 


where  the  geometry  is  shown  in  Fig.  17.4,  ax  and^  are  given  byeqs.  (17.5)and(17.6), 
Ci  by  eq.  (17.7),  and 


cos  \j/l 


2(P0P ,)' «,+7» 


(i-fli). 


(17.20) 


Fig.  1 7.4.  Geometry  for  the  reflected  field  wit’1  a  point  source  at  the  focus  P0=  (*0  =  j*0  —  0,  ”  4«/>- 


The  result  (17.19)  is  applicable  if  kbx  >  1,  and  this  is  certainly  the  case  if  eq.  (17.8) 
is  satisfied. 

In  particular,  if  also  the  observation  point  is  on  the  r-axis, 

('  _  j+7,  exp{ic(l-2t),+^)}  7,(. 

*'*■“  1-7,  c(l+ft) 

where  cither  c  =  1  if  r  <  J t/,  or  t]  =  1  if  r  >  Jr/;  in  the  far  field  (r/  =  I,  c  ->  oo): 


1+7,  exp  {i<(i-2,;j  +J)} 
1-7,  ‘C 


(17.22) 


17.2.2,  Plane  ware  incidence 

For  incidence  from  the  half-plan**  </».,  =  0  at  an  angle  £  with  respect  to  the  negative 
r*a\is  (see  Fig.  17.5).  such  that 

F'  -  exp  { -  iA(.v  sin  £  +  :  cos  £)}  , 


(17.23) 
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Fig.  17.5.  Geometry  for  the  reflected  field  with  plane  wave  incidence. 


the  geometric  optics  scattered  field  at  a  point  P  =  (£,  >/,</>  =  0  or  7t)  located  in  the 
illuminated  region  is: 


Vs  = 

r  tt.o. 


I-* 


a ,  cos  i/t ,  J  L  b]  Ji 

xexp  {ifc[(P,  P)-.v,  sin(-z,  cos  £]}, 


(17.24) 


where  (P,  P)  is  the  distance  between  the  reflection  point  P,  (.v , ,  0,  )  =  (;,,  //,, 

0 ,  =  0  or  7t)and  the  observation  point  P,  ax  and  /?,  are  given  byeqs.  (17.5)  and  (17.6), 


cos  $ , 


2  ,'(±»||  Vsf-1  sin C — >/l  — *?i  cos (), 


v'Wt-ft) 


(+  if  4>,  =  0;  -  if  4>>  =  7i),  (17.25) 


and  c,  is  the  root  of 

d  _  at/)  sin  V  1  -- //7  cos  £ 

2(P|P)  ”  /w ,  v;{(<s  f  ~  i  )(<s2  - 1  h  i  -  n  -  (ci  -  ^7i  )^(  t  -  vv ) ' 

(a  =  +1  if  0,  =  0,  x  =  -1  if  0,  =  n; 

P  -  +  1  if  <l>  =  </>,,  /)  =  -  I  if  0  ^  </>,).  (17.26) 

lit  the  shadowed  region,  0. 

In  particular,  for  axial  incid  mce  (£  —  ,t)  and  observation  point  on  the  r-axis: 

I,'...  -  ,  'r"l  exp  {M2 ./,-{»/)}•  (17.27) 

I  )  I/]  -  2ci/i/t 

where  either*.  --  1  ifr  •  or ;/  =  —  1  ifr  •  -  l</. 
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The  geometric  optics  back  scattering  cross  section  is 

Or, -«/*, )2; 

k 


in  particular,  for  axial  incidence  ((  =  7t): 

KC*  — 1\2 

ffg.o.  =  -2-Wr»li  )  • 


(17.28) 


(17.29) 


17.3,  Acoustically  hard  hyperboloid 


17.3.1.  Point  sources 

For  a  point  source  at  P0  =  (<;0,  rj0 ,  <f>0  =  0),  such  that 

K'-— . 
kR 


(17.30) 


the  geometric  optics  scattered  field  at  a  point  P  =  (£,  ?;,</>  =  0  or  ti)  located  in  the 
illuminated  region  is: 

exp  {ifc[(PoP,)  +  (P,  P)]} 
k(PoP.) 


x  (fit  «P'Q+  w?n 

',+  (P'P)  +  2(P,P)cos. W 

vL  (PqPi)  cos  lAiJ 

.  (P0P.)  A . 

where  (P0Pi)  and  (PtP)  are,  respectively,  the  distances  between  the  source  P0  and 
the  reflection  point  Pt,  and  between  Pj  and  the  observation  point  P  (see  Fig.  17.2); 
cos  $ ,,  bx  and  Ci  arc  given  by  cqs.  (17.4)  to  (17.7).  This  result  is  certainly  valid  if 
cq.  (17.8)  is  satisfied. 

In  the  shadowed  region,  VK.Q,  =  0. 

la  particular,  when  both  source  and  observation  points  are  on  the  z-axis: 

=  ( l  -  tn)  exp  {  ic(  2>i  ,-jo'io-Zn))  m.n) 

c l> ,  ( i  +  into  no)  -  ( i + n\ )(< o  io + £»/)]  ’ 


where  either  J;0  =  1  if  z0  >  -\il  or  >/0  =  -1  if  z0  <  -  }</,  and  cither  *  =  1  if 
z  >  -  U/  or  t]  =  -  1  if  z  <  -  If/:  in  the  far  field  (q  -  -\,  c  -*  x): 

r  =  1  —  »;f  exp  {ic(£  +  2t;,  — (17  33) 

1  +'li  ~2i),  vo’/o  c{ 


If  the  source  is  at  the  focus  (.v0  =  y0  -  0,  z0  =  -\d)  and  the  observation  point  is 
on  the  z-axis: 


I -'li  exp  {it'(!  +  2»/,  -£'/)} 
l+'/i  e(!-;i/) 


(17.34) 
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and  in  the  far  field  (rf  -  oo): 

,  _  l-»h  exp{ic(£  +  2>/,  +  l)} 


V'”  = 

rg.o. 


(17.35) 


For  a  source  located  at  the  focus  (x0  =  y0  =  0;  z0  =  -id),  the  scattered  field  is 
given  by  the  Luneburg-Kline  expansion  (Keller  et  al.  [1956]): 


Vs  ~  ?xpjiWQP)+2 «,,]}  f  (  r  £  r  (17  36) 

k(Q?)w  ,-o  j.o  Lfc(QP)wJ  «=o  K 

where  (QP)  is  the  distance  between  the  focus  Q  at  z  =  i^and  the  field  point  P  (see 
Fig.  17.3),  wis  given  by  eq.  (17.14),  aJtn  with  j  ^  0  is  given  by  eq.  (17.15), 

2n-j  t  •  \  n-1  2n-j-2 

°0,n=-I  r  (-»"■+  I  E 

s=o  \ r — s/  - o  s=o 


aooo  —  +  1 » 


(0  g  t  g  2/i ;  /i  ^  1),  (17.37) 

(17.3S) 


and  the  binomial  coefficients  (J)  in  eq.  (17.37)  are  understood  to  be  zero  unless 
0  ^  P  y.  The  first  few  terms  of  the  expansion  (17.36)  are: 

^  exp  [i[fc(QP)+2f»;l]}  ["(  +  i  n  ,  1  \ 

irnphv  i  >». '  i- 


MQP)» 


L  2(7/, \  1  ~i;f  tv2/ 

-  /  '  -  (— '•  (17.39) 

/c(QP)iv  \l  —  i/j  tv/  J 


For  a  source  located  at  the  focus  P0  =  (x0  =  v0  =  0,  z0  =  \ d\  ;0  =  //0  =  0  on 
the  concave  side  of  the  hyperboloid,  the  geometric  optics  scattered  field  is 

=  cxPjiM(PoP,)+(p,p)]}  /rI  +  (p,  p)  _  2(p,pn 

^(P.)P|)  it  (P0l‘i)  diCOSI^J 

r1+iP,p)_!(p1p)co^1ij-t 

L  (p„p,i  Jl 

where  </,,  />,.  c,  and  cos  <// ,  are  given  by  eqs.  (17.5),  (17.6),  (17.7)  and  (17.20),  respec¬ 
tively  (see  Fig.  17.4).  1  he  result  (17.40)  is  applicable  if  kbl  1.  and  this  is  certainly 
the  case  if  eq.  (17.S)  is  satisfied. 

In  particular,  if  the  obser\ation  point  is  also  on  the  r-axis. 


i  +»;,  exp  Ml -2>u  +;»/)! 
I ->/i  <•(!+;»/) 


(17.41) 
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where  either  <j  =  I  if  z  <  \d,  or  q  =  1  if  z  >  in  the  far  field  (rj  =  1,  {  -*>  oo): 


V. 


s 

1.0. 


1  fi  lxp  ~Ja •  tJ}< 
i-;h  ~ 


(17.42) 


17.3.2.  Plane  wave  incidence 


For  incidence  from  the  half-plane  <j>0  -  0  at  an  angle  £  with  respect  to  the  negative 
z-axis  (see  Fig.  17.5),  such  that 

V1  =  exp  { —  \k(x  sin  £-f-z  cos  £)},  (17.43) 

the  geometric  optics  scattered  field  at  a  point  P  =  ({,  ♦/,</>  =  0  or  n)  located  in  the 
illuminated  region  is 


»?..  =  {[i+ 


2(P 


n.  -* 


flj  cos 


|P)J  L2Mcosl,l| 

>s*jL  b{  Jj 

xexp  {i^[(PiP)~-x1  sinC-z,  cos  £]}, 


(17.44) 


where  (PiP)  is  the  distance  between  the  reflection  point  P,  =  (x,,0,  z,)s  ({j,  p;,, 
cf) i  =  0  or  7r)  and  the  observation  point  P,  and  at,  bu  cos  ^  and  are  given  by 
eqs.  (17.5),  (17.6),  (17.25)  and  (17.26)  respectively.  This  result  is  certainly  valid  if 
eq.  (17.8)  is  satisfied. 

In  the  shadowed  region,  Fgt0<  =  0. 

In  particular,  for  axial  incidence  (£  =  n)  and  observation  point  on  the  z-axis: 


^  = 


(17.45) 


where  either  {  =  1  if  r  >  —  ic/,  or  p;  =  —  1  if  r  <  —\d. 

The  geometric  optics  back  scattering  cross  section  is  still  given  by  eq.  (17.28)  and, 
in  the  particular  case  of  axial  incidence  (£  =  n),  by  eq.  (17.29). 

A  more  refined  approximation  based  on  the  Luneburg-KIine  method  is  available 
only  for  axial  incidence  (£  =  n).  The  incident  field 

Vx  =  e!*z  (17.46) 


originates  the  scattered  field  (Schenstld  [1955]): 

r  -  exp  { iA" [r ,  +(P , P))}(1,0+  Vtc~'  +0(c”2)]. 


w  here 


i 

*  i 


/1,/iT 


-In  -a2) 


(17.47) 


(17.48) 


(17.49) 
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(i +Ay  (i +A*)d 

(17.50) 

a 

(17.51) 

R  -  1' 

tfo-vi)’ 

(17.52) 

(17.53) 

(17.54) 

p.  -  VKtf-00- 

(17.55) 

(PjP)  is  the  distance  between  the  reflection  point  P,  =  (*1,34  =0,.?!)=: 

(f) i  -  0)  and  the  observation  point  P=  (x,  y  =  0,  z)  =  (<?,  rj,  <j>  =  0),  and  c,  is  a 
root  of  the  equation: 

2-^r)  = ~^+  r ]/|(4-i)(4-i) •  (17-56) 

A  comparison  of  result  (17.47)  with  the  physical  optics  approximation  is  found  in 
ScunNSTro  [1955]. 


17.4.  Perfectly  conducting  hyperboloid 


17.4.1  Dipole  sources 

Geometrical  and  physical  optics  approximations  are  easily  obtained  in  the  case  of 
a  dipole  on  the  r-axis  and  axially  oriented ;  the  considerations  of  this  section  arc  limited 
to  this  simple  case. 

For  an  electric  dipole  at  P0  s  (a*0  =  r0  =  0,  z0  g  W>/,)  with  moment  (Aitr.'k)t 
corresponding  to  an  incident  electric  Hertz  vector  zelkR/(kR),  the  incident  field  is 


>n  =  in  =  4 


(17.57) 


In  the  physical  optics  approximation,  the  total  magnetic  field  tangential  to  the  surface 
t]  »/,  at  the  point  P,  =  (c'j, //,.  r/>, )  is: 


_  _  ->^2  y  C‘XP  P|  ))  (\  K'rl  I  )(  I  V  I  ) )'  j 

MPoP.)  «p.,p,)  L 


(17.5S) 


where  (P(IP| )  is  the  distance  between  the  source  point  P„  and  the  observation  point 
Pr  P,. 
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If  the  dipole  is  far  from  the  reflection  point  Pj  (i.e.  /c(F0  P, )  >  I),  such  that 


Hi  ~  _yt2yexp{ife(P0P1)}  e,/[(£f-l )(!-»/])} 

k(  P0P,j  "  k(P0Pi> 


(17.59) 


the  geometrical  optics  scattered  field  is: 


(Hiu  ~  y 


.2 v  cs/m- 1)(1  -if?)}  exp  {ik[(P0P,)+(P,  P)]} 


«PoP.) 


,(r1+£.p)+  2(p.p) 


1+  '  +  v--*-  14-  -M.lv.  +  : 

tL  (P0P.)  ,  cos  \J/ jJ  1.  (P0P,) 


*(P0Pi) 

(P,P)  ,  2(Pj  P)  cos  il/{~ 


,  (17.60) 


where  (P,  P)  is  the  distance  between  the  reflection  point  P!  =  ({j,  rjXi  (j>x  =  0)  and 
the  observation  point  P  =  (£,  0),  and  v>,  is  the  angle  of  incidence;  cos  aly  bx 

and  c,  are  given  by  eqs.  (17.4)  to  (17.7).  The  result  (17.60)  is  valid  if  kbx  »  1,  and 
this  is  always  the  case  if  eq  (17.8)  is  satisfied. 

If  the  observation  point  is  on  the  r-axis,  the  field  is  zero. 

For  a  magnetic  dipoie  at  P0  =  (x0  =  r0  =  0,  r0g  {dt]x)  with  moment  (4 n/k)z 
corresponding  to  an  incident  magnetic  Hertz  vector  £e*^/(A7?),  the  incident  field  is: 


Ei  =  k2cZ  —  (1  + 


i  \  1 


kRl  kR 


N/{«2-»Xi-<ia)}. 


e\  =  £j  =  h;  =  o. 


(17.61) 


In  the  physical  optics  approximation,  the  total  magnetic  field  tangential  to  the  surface 
t/  =  >n  at  the  point  P,  =  (£,,  <(>,)  is: 


un  =H-2l/^_1  expjifcipopi)} 

fc(p0p,j 


f  J7i 

U(P0Pi 


|+  — 

m  p0p.> 


3c2(£i7i-^o'Io)3 

fcJ(P0P,)2 


4  A:(P  p  'y-  [".^-')-sc1(«,t|1-Co-)o){!  + 


k(p0p,)  k2(P„P,)2lJr 

(17.62) 


where  (P0  Pt )  is  the  distance  between  the  source  point  P0  and  the  observation  point 

P=  P.. 

II  the  dipole  is  far  from  the  reflection  point  P,  (i.e.  A-(P0 P* )  •*  1),  such  that 


,,,  ^  A:zcxp  {iMPoP,)}  cy{(ft-\)(\-n\)} 


*(  P«P, 


<dP«P, 


(17.63) 


the  geometrical  optics  scattered  field  r ' 


634 


THE  HYPERBOLOID 


17.4 


k2z  *||)}  exp  ;i<c[(P0P,)+(P|P)]} 

fc(p„p,)  ■  fc(p0p.) 


xf 

\+  (pjpi  +  Apjp)  1 

r!+  (P,P)  +  2(P|  P)C0Si/r,"ll 

l 

-  (>«P,)  cosi>J 

(PoPt)  *i  J) 

(17.64) 


where  (P,  P)  is  the  distance  between  the  reflection  point  Pj  =  (£,.  #/j,  <pv  =  <j>)  and 
the  observation  point  P  ~  ({,  rj,  $),  and  i j/{  is  the  angle  of  incidence;  cos  a,,  b{ 
and  <!;,  are  given  by  eqs.  (17.4)  to  (17.7).  The  result  (17.64)  is  valid  if  kbt  >  1.  and 
this  is  always  the  case  if  eq.  (17.8)  is  satisfied. 

If  the  observation  point  is  on  the  z-axis,  the  field  is  zero. 

If  the  magnetic  dipole  is  on  the  surface  (Jo  =  \,tjQ  =  ifi),  the  exact  electromagnetic 
field  components  are  identically  zero  everywhere. 

If  the  electric  or  magnetic  dipole  is  oriented  along  the  z-axis  and  located  at  the  focus 
P0  *=  (x0  =  y0  =  0,  z0  =  \d)  on  the  concave  side  of  the  hyperboloid,  and  if 
A-(P,P.)  >  1  and  kb  ,»  1,  then  the  geometrical  optics  scattered  field  is  given  by  eqs. 
(17  60)  and  (17.64)  respectively,  in  which  ay  is  replaced  by  (~ax )  and  bx  by  (  -bx). 


17.4.2.  Plane  wave  incidence 


For  a  wave  of  arbitrary  polarization  incident  at  an  angle  £  w  ith  respect  to  the  nega¬ 
tive  z-axis,  the  geometrical  optics  back  scattering  cross  section  is: 

.2 


7TC  ,  .-2 .  \2 

.o.  =  2  (*fl  “-Sl/1!*)  < 


where  £,  satisfies  the  relation 


tan  v  =  -  1/  , 

M  ’  •-»/! 

formula  (17.65)  is  a  good  approximation  if 


>h 


N'Uii-f’Xi -VI)} 


For  axial  incidence  (£  =  tt). 


m  /  - 1 . 2 

<V«.  =  ,  (•/)-'/ 1  )  - 

K 


and  this  is  a  good  approximation  if 


>h 


“*/i 


(17.65) 


[17.66) 


(17.67) 


1 17.0S; 


HT.fW) 


A  more  relined  approximation  based  on  the  Luncburg-Kline  method  is  available 
only  for  axial  incidence  (;  =  z).  The  incident  field 
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originates  the  scattered  field  (Schenstfd  [1955]): 

£!  ~  exp  {ifc[z,+(PlP)]}[£0  +  £|f'1  +  0(c'2)],  (17.71) 

where 


P\ 
h\  h 


( -  cos  0  px  -4-  sin 


(17.72) 


=  [1  -  .  ac  \ 
Ui,/iJL  B  \8p(  (1  +A)h,f 


AC  \  2  C+Dp-, 


1_ 

XAp 


SC2 


24  B 


3  (1  -h~x  ‘)3  (1  +/42)(cos  0p,  -sin  00)  -4- 


+ 


- 1 


COS  0Pi  + 


...  , 

L  \  .4'+ 1  /  p,  8/1(1  +/lJ)/i, 

+  fB(l -/ir*)-  A  (l  +  /ir’)+  15~— 1  sintfxH  i  C  (1  -/ir  ’>— 

L  p,  8 Ah,  J  LB/i, 


/  P\ 


/ 1  2/1B  \ 

+ 1+^) 


1+3/42  1 


h7'  + 


2(1+  A2)h2 


-  cos  ip  s j  , 


(17.73) 


p  i  =  *  A  (cos  (/if  +  sin  </>$)  + 

1+/12  1 +/12 

—  sin  (/if +  cos  (/>£% 


2/1  .4—1 

s  -  -  “  ,  (cos  0  i  +  sin  0£)+  ,  £. 

I +.4*  A“  + 1 


(17.74) 

(17.75) 

(17.76) 


//,.  //>,  .4,  C,  /)  and  />,  arc  given  by  eqs.  (17.50)  to  (17.55),  c,  is  a  root  of  cq. 
(17.56),  and  (P,P)  is  the  distance  between  the  reflection  point  P,  s  (>*,,  r,,r,)  = 
~  ( s  j ,  i/ 1 ,  0,  —  0)  and  the  observation  point  P  =  (a*,  r,  r)  -  (£,  i/,  0). 

A  comparison  of  result  (17.71)  with  the  physical  optics  approximation  is  found  in 
Scm  nsti  d  [1955]. 

For  the  axially  incident  field  of  eq.  (17.70),  the  bistatic  physical  optics  cross  section 
in  a  direction  parallel  to  the  ( v.  r)  plane  and  forming  the  angle  0  -  arc  i  os  t]  with  the 
positive  r-axis  is  (Siicui  et  al.  [1955]): 


KC2 

k2 


I  +cos  O' 

2  r, 


(17.77) 


this  formula  is  \a!id  for 


0  >  tt 


2  a  retail 


X  0  -  Iff ) 


’h 


(17.7M 
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In  particular,  in  the  back  scattering  direction  (0  =  ti)  formula  (17.77)  gives  the  geo¬ 
metric  optics  result  of  eq.  (17.68). 
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Chapter  18 


THE  CONE 


J.  J.  BOWKtAN 


The  cone  is  the  limit  of  a  hyperboloid  as  the  interfocal  distance  shrinks  to  zero; 
however,  the  prolate  spheroidal  coordinates  appropriate  to  a  hyperboloid  prove  to  be 
of  little  use  in  the  analysis  of  the  boundary  value  problem  for  the  cone.  An  exact  solu¬ 
tion  in  spherical  coordinates,  on  the  other  hand,  has  been  intensively  studied  and  has 
yielded  important  information  concerning  diffraction  at  a  tip.  Nevertheless,  many 
features  of  the  asymptotic  behavior  of  the  exact  solution  remain  to  be  explored. 

18.1.  Cone  geometry  and  preliminary  considerations 

in  terms  of  the  spherical  polar  coordinates  (r,  0,  0),  which  are  related  to  the  Car¬ 
tesian  coordinates  (a,  r,  r)  by  the  equations 

.v  ~  r  sin  0  cos  0, 

y  ~  r  sin  0  sin  0,  ( 1 8. 1 ) 

z  ■-  r  cos  0, 

i  he  surface  of  the  cone  is  defined  as  0  =  0,,  where  i 7r  £  0,  ^  n.  The  exterior  half- 
angle  is  therefore  0,,  and  the  (interior)  semivertex  angle  is  -  rr-d,. 

The  primary  source  is  a  point  oi  dipole  source  located  at  (r0.  d0,  0O)  with  0  Ou  ^ 
£  0 j,  or  a  plane  scalar  wave  or  a  plane  electromagnetic  wave  incident  from  the  direc¬ 
tion  d<„  0„ .  These  configurations  are  illustrated  in  Fig.  18. 1 .  The  plane  electromagnetic 
wave  has  arbitrary  polarization  as  shown  in  Fig.  1 8.1e,  and,  in  addition,  the  dipole 
source  may  be  of  arbitrary  orientation.  Although  the  considerations  of  this  chapter 
are  confined  to  the  exterior  problem  with  0,  ^  Jn,  the  exact  point  or  dipole  solutions 
are  also  applicable  when  0,  <  In. 

Most  of  the  approximate  analytical  results  for  the  cone  consist  of  asymptotic  field 
evaluations  in  the  quasi-optic  range  (wave  number  A  -*  /  ),  The  quasi-optic  effects 
are  expected  to  comprise  (Fit sin  [1959])  geometrical-optics  (priman  and  reflected) 
contributions,  a  diffracted  wave  due  to  the  cone  tip,  creeping  waves  around  the  cone 
body,  and  transition  phenomena  at  the  boundaries  of  the  domains  of  existence  of  the 
various  .save  tv  pcs.  1'he  geometrical-optics  houiulaiies  for  the  cone  arc  the  following: 
For  d,  •  d„  *  n  -d,.  such  that  a  geometric  shadow  region  exists,  the  opbes  bound¬ 
aries  arc  aid  r.  d„  (shadow  boundary)  and  d  |2d,  d0|  (icllcclinr  bouiul- 

arv );  and  for  d„  -  d,.  such  that  no  geometric  shadow  exists,  the  reflection 

boundaries  arc  d  2d,  <  d„  and  d  !2d  r  d,,|. 
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Incident 

Electromagnetic 


Fig.  18.1.  Geometry  tor  (a)  point  sources,  (b)  scalar  plane  wave  illumination  and  (c)  electromag¬ 
netic  plane  wave  illumination. 


Fundamental  to  the  eigenfunction  expansions  in  the  sequel  are  the  positive  roots 
(or  eigenvalues)  p  and  q  defined  by  the  equations 


p;m(cos0,)  =  o 

(182) 

(<7<’0i)iVm(cos  0,)  =  0. 

(18.3) 

respectively,  with  m  -  0,  1,2 . All  the  roots  of  eqs.  (18.2)  and  (18.3)  are  real  and 
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simple  (Macdonald  [1900],  Hobson  [1931],  Robin  [1957-1959]);  detailed  biblio¬ 
graphical  references  to  numerical  calculations  are  give,  in  Section  18.5.  The  notation 
{Cidp)P"(cosG{)  and  (d2ldqdOi)P^(cosOi)  will  be  understood  to  mean 
[(t'ldv)P?  (cos  0X)]V=P  and  [(^/cvdflJOcos  0i)]v^4,  respectively.  Also  frenuently 
occuriing  are  the  Mehler  [1881]  conical  functions  K™(cos9)  defined  as 


Kmx(cos6)  =  P?x^(cos0). 


(18.4) 


The  properties  of  these  functions  are  outlined  in  Section  18.5,  where,  in  addition,  other 
special  functions  that  arise  are  discussed.  Finally,  we  make  use  of  the  Heaviside  step 
function  //(a),  where 


for  a  >  0 
for  a  <  0 


and  the  signum  function  sgn(a)  =  ±  1  for  a  ^  0. 

Because  of  the  practical  interest  in  cone-like  structures,  a  considerable  body  of 
experimental  data  is  now  in  existence;  however,  due  to  the  great  difficulty  in  sorting 
out  the  effects  of  various  base  terminations,  no  attempt  has  been  made  to  cite  experi¬ 
mental  results.  For  a  review  of  available  data,  see  Kleinman  and  Senior  [1963]. 
Many  of  the  theoretical  results  contained  in  this  chapter  are  based  upon  unpublished 
memoranda  written  by  the  author  (Bowman  [1963]). 


18.2.  Acoustically  soft  cone 

18.2.1.  Point  sources 

For  a  point  source  at  (r0>  0O,  </>0),  such  that 

IkR 

V'  =  — . 

kR 


(18.5) 


the  total  field  is  (Felsen  [1957a]): 

r+r=  !  £  £mcos  m(4>-<l>0)  f  dv(2v+l)A(fcr<Vi,,,,(fcr>)Cl ,  (18.6) 

7T  m-0 


where 

G,  =  -\nr(V  +  ’’'  +  ')P'm(cOs0<)  [p;"(-cosO>)-  P' -1'  P;m(cosO>)l 
/'(v-m  +  1)  sin  (v-m)r  L  Pvw(cosO,)  J 

(18.7) 

and  C  is  the  co  tour  shown  in  Fig.  18.2.  An  alternative  representation  of  the  total 
tieid  as  an  eigenfunction  expansion  is  (Fu si  n  [1957a]): 

l  ’+!  '=  V  cos  h#-  >0)  V(2/>  +  I )j„( kr<)h'p"{kr..) 


sin  o ,  o 


p  *  0 

X 


P>- OS  cos  (>,,) 

C!?o,)rr(w  s «,)(.- o, ) 


(1S.S) 
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Im  v 


Fig.  18.2.  Contour  of  integration  C  in  the  r-plane. 


which  may  be  written  as 

r+r  =  2if  CmcoS„#-«ML  Mkr'Wx (189) 

"=#  P>°  f  [P’JXcos  a)]2  sin  a  da 

Jo 

The  summations  in  p  extend  over  all  positive  roots  of  the  equation 

P;m(cos0,)  -  0.  (18.10) 

Expressions  for  the  surface  field  r(F'  +  Fs)/<?0  are  trivially  obtainable  from  eqs. 
(18.8)  and  (18.9). 

If  kr  •  :  1  and  kr0  I,  the  representation  in  eq.  (18.8)  is  rapidly  convergent  and 
the  dominant  term  leads  to 


,-i+r  _  Jnikrr  Pp,( cosO)PPl( cos 0o)  _  (,8)1) 

kr0  sin  (),  21’1 ' '/'(/),  +  J)  (i'lt'0l)Ppi(cos  0,)(dlCp,)PPl(cos  (),) 

where  />,  denotes  the  first  zero  of  P^cos  d,)  and  0  <  px  <  I  for  90"  <  d,  <  ISO  . 
The  above  equation  makes  explicit  the  behavior  of  the  field  near  the  tip. 

In  the  region  d*fd„  <  2d,  which  excludes  the  domain  of  reflected  waves,  the 
scattered  field  is  (Fusin'  [1957a]): 

r  r‘ 

2ksrr 

K"( cos  0)K”(w s  0„)K"(- cos  0, ) 

/  ( {  +  m  -F  i.v)/ ( \  4-  m  -  i.v)Ai'7(cos  d, ) 


V  r.m  cos  m(0-0l}) 


tanh  7i .v 
d.v.v  c 

cosh  7T.Y 


7  H'x\kr)H\'x'(kr„) 


in. 


ACOUSTICALLY  SOFT  CONE 


641 


and  for  Ar>  Ar.  .  •  !  with  0 4  0o  not  too  close  to  29t-n  (see  e.g.  Felsen  [1957b] 
•»nd  Kn  i  i  r  et  al.  [1956],  example  8): 


ik(r +  r0)  r  r  t  n  -i 

2  l+I  nW*-«)+B}  U  (18.13) 

A rr0  L  » ■=  i  (2iAr<)"n!  s=i  J 


where 


c  A  ..  ,  x  r'x.  tanh  nx  Kn!(cosO)Kr'x(cos00)K™(-cosOi) 

S  =  -it:  2]  r,„cos/)#-</>0)  d.v.v —  - - - ~ - , 

m --- o  J 0  cosh  tt.y  J  +  m  +  ix)r(}  +  m  -  ix;K"(cos  0 ,) 

(18.14) 


and  B  is  the  Beltrami  operator 


B  -  1  -  (  sin  9  C  + 


2  n  2  ‘ 


sin  9  dO  dO  sin  9  d(f) 


(18.15) 


The  field  in  eq.  (18.13)  has  the  appearance  of  a  spherical  wave  emanating  from  the 
cone  tip.  In  the  case  of  a  thin  cone  (0,  ^  7r),  a  first  order  approximation  to  S  is 
(Felsen  [1957a]): 


log  [sin2  J<5]  cos  0  +  cos  90 


(18.16) 


For  a  point  source  on  the  axis  of  symmetry  (0o  -  0),  eq.  (18.6)  reduces  to  (Felsen 
[1955]): 


1  '  +  FS  =  -  '  |'dv2v+1;>(fc)-<)/.(v"(<.r>)  \ PA-cos 

2JC  sin  \t  L  PJcosO,) 


while  eqs.  (18.8)  and  (18.9)  simplify  respectively  to 

,  |  +  r  =  ~ 2i  y  (2/’+l  )W*r< W ^kr>'ip-(a,s  0) 

sill  0,  ,>o  p;< cos  0,)(Sldp)Pp( cos  0, ) 

I  1  +  [ ■'  =  1  i  £  -M kr-  K' \kr> )^p(cos  P) 
r  °  I"  [/’(cos  a)]2  sin  adoc 


/’v(cos  (/)"]  . 


(18.17) 


(18.18) 


(18.19) 


where  the  summations  extend  over  the  positive  zeros  p  of  Pp (cos  0, ).  The  series  ex¬ 
pansion  of  eq.  (18.18)  dates  hack  to  Carsi  aw  [1910]  and  is  also  related  to  the  solu¬ 
tion  presented  by  M  u  donaid  [1902]  for  an  axial  (or  vertical)  electric  dipole. 

For  0.  in  the  region  v  •  2/1,  z.  the  scatteied  held  is: 


■» L  rr  I 

\  ''n*  i) 


dv.v  lanh-vc  '*//; I'ikrVlW'lkr^K JcostK  K><  -cos (I, )  (i8  2()) 

K  J  cos  0, ) 
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and  the  quantity  5  appearing  in  eq.  (18.13),  which  determines  the  diffracted  field  due 
to  the  cone  tip,  becomes 

S  =  -i  I  d.x.xtanh  nxKx(cos  0)  — - — .  (18.21) 

J0  '  K/cosO,) 

The  approximation  to  S  in  eq.  (18.16)  remains  valid  for  0b  =  0. 

Felsen  [1959]  has  treated  the  two-dimensional  problem  of  a  radiating  ring  source 

o 

coaxial  with  the  cone  axis  (see  Fig.  1 8.3).  The  total  fieid  V due  to  a  soui  v. ;  distributed 


z 


Fig.  18.3.  Geometry  for  ring  source  excitation. 


around  a  circle  of  radius  a  with  an  angular  variation  is  obtained  from  an  in¬ 
tegration  of  F  as 


v  =  0  f  *f(4h>)V4+o 

Jo 


with  a  ~  r0  sin  0o.  If  the  source  function  is  sinusoidal,  i.e. 


JiM  « 


(cos  m<t>0\ 
(sin  m$0) 


m  =  0,  1.  2 . 


then  the  total  field  1’  is  given  by 


V  -  la  !“*'"*]  I  dv(2e  +  i ).,,(Ar.  )h\"(kr>) C, . 

'>‘11  IH<j>  l.'c 


(18.22) 


(18.23) 


(18.24) 


whore  C  i>  the  contour  shown  in  Fig.  18.2  and  (/,  is  defined  as  in  ci|.  ( 1 8.7 ). 
For  Ar  Ac,,  I.  a  convenient  decomposition  of  the  total  Iteld  is 
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where  Kd  is  the  field  diffracted  by  the  cone  tip  and  Kg.0.  is  the  total  geometrical  optics 
field.  The  remaining  term  Ktr.  represents  a  transition  field  that  provides  a  continuous 
field  behavior  across  the  various  geometrical  optics  boundaries  where  the  diffracted 
wa  *  becomes  singular  and  the  reflected  waves  undergo  finite  jump  discontinuities. 
A  creeping  wave  contribution  to  the  far  field  is  absent  as  a  consequence  of  the  special 
ring  source  excitation.  In  the  region  0-f-0o  <  20i-n  outside  the  domain  of  specular 
reflections,  the  diffracted  field  in  the  far  zone  is  (Felsen  [1959]): 

V  ~  *>n2a  fC0S  m ^  ei*fr+ro)  f  °°tjx  x  tanh  nx  cos  0)K™( cos  60)K™(- cos  0,) 

Isin  m<j)}  \k*rr0j0  coshrcx  r(i  + m  +  i.x)r(J+m-ix)K*(cos  0j) 

(18.26) 


Although  the  above  integral  is  convergent  only  for  0  +  0o  <  20j-7r,  Felsen  [1959] 
has  shown  that  the  angular  dependence  of  the  far-zone  diffracted  field  must  be  the 
same  for  all  angles  in  0  ^  (0,  0O)  g  0P  In  principle,  therefore,  one  may  calculate  the 
diffracted  field  from  its  integral  representation  (18.26)  valid  for  the  restricted  range  of 
angles  and  then  employ  the  resulting  closed  form  expression  everywhere.  The  advan¬ 
tage  accrued  from  this  conclusion,  however,  is  diminished  by  the  fact  that  the  integral 
is  difficult  to  evaluate  (even  approximately]  in  terms  of  known  functions,  and  a 
closed  form  expression  valid  for  all  angles  is  not  available.  For  (sin  0,  sin  0O,  sin  0. )  ^  0 
the  geometrical  optics  and  transition  fields  are  given  by  (Felsen  [1959]): 


^  ^  -ae'{kr~iK)  (cos  m(j>\ 

krs/{2nkr0  sin  0  sin  0O}  Isin  ni$) 

x[/(r0, 7r-|0-0o|)-/(ro,  7r-20!+0  +  0o)- 

-i(-l)m[/(r0, 7r-0~0o)-/(ro,  7r-20i+0-0o)-/(ro,  rr-20,+00 


with 


«)}]• 

(18.27) 


Hrtt<  *)  =  *)+  l„.(r0,  x), 


l, =  i-  sgn  (x) 


c,u", 


i : 


H*  -  N  kr()  sin  }|a|,  G(u  )  =  “  c 


d/i. 


•  ( 1  -i>* 


(18.28) 

(18.29) 

(18.30) 

(18.31) 


The  properties  of  along  with  /(ru.  2)  are  discussed  in  Section  18.::.  It  should  be 
emphasized  that  the  abo\e  results  for  rp>0.  and  r,r.  are  valid  only  if  both  source  and 
observer  are  located  away  from  the  axis  of  the  cone  and  provided  the  cone  apex  angle 
is  not  small.  If  any  of  these  restrictions  are  relaxed,  different  asymptotic  expansions 
of  the  field  must  be  obtained;  for  example,  if  1/  ^  0  the  dominant  geometrical  optics 
result  is  (Fi  1  st  s  [1959]): 
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ygo.  ~  e'(*r_iWR)  |C0S  m<^)(exp  {—ikr0  cos  0  cos  0o}Jm(kr 0  sin  0  sin  0O)  — 
kr  Isin  itupix 

—  1/ -S-n  ~  exp  { -  i kr0  cos  0  cos  (2 0,  -  tt)} 
f  sin  0O 

x  J  m  [kr o  sin  0  sin  (20,  —  —  20 ,  -I-  0g)  j  .  (18.22) 

18.2.2.  Plane  w  ave  incidence 

For  a  plane  wave  incident  from  the  direction  0O,  (j>0  such  that 

V1  =  exp  { ~  iA:r[sin  0  sin  0O  cos  (</>- </>0)  +  cos  0cos  0O]},  (18.33) 

the  total  field  is  (Felsen  [i957a]): 

V'  +  V  =  r  £  cm  cos  m(<f>—<t>0)  I  dv(2v+  iyih"tikr)G, ,  (18.34) 

i  7T  m  —  0  J  £ 

where 


G,  =  -in 


r(v+m  +  l)Pvm(cosQ<)  r 
if— m  +  l)sin (y-m)n  L 


r(v— m  +  l)sin(v— »i) 


.cos0>)_^(^^p-^ 


•  -  P~m(cos  0,) 


K) 


(COS  0; 

(18.35) 


and  C  is  theconto.ir  si.  vn  in  Fig,  18.2.  An  alternative  representation  of  the  total  Feld 
as  an  eigenfunction  expansion  is  (Fixsin  [1957a]): 


l  '  r  v*  =  Z  C-I cos  "'(</■' -<l'o)  I  (2p+  I y  i>p'j,,(kr) 

sin  (/ j  w-  o  p>  o 

rp(cos  0)PZ( cos  (>,) 


which  may  be  written  as 


F*  +  1’  =  2  £  cn,  cos  »>(</>  -  <j> 0)  £ 


e 


(CICOl)P^(co'i  0,)(d/(7p)P?(cos  0,) 


■""UknncM  0)PT(cos  0oj 


m-0 


j  [Pjftcos  y)]2  sin  ady 
Jo 


The  summations  in  />  extend  over  all  positive  roots  of  the  equation 

p;,n(cos  a,)  =  o. 


(18.36) 


(18.37) 


;  18.38) 


l:\pressions  for  the  surface  field  r(r’  4  1')  fd  are  trivially  obtainable  from  eqs. 
(18.36)  and  (18.37). 

If  At  •  :  1,  the  representation  in  eq.  (18.36)  is  rapidly  convergent  and  the  dominant 
term  leads  to 


y'l'r"  \  Jt(Kr)'’1  /’„(««  (/)/»ri(ce»s  0„) 

sin  (»,  2r,~  '/  (p,  +  1)  (f  ,'0, )/>p,(cos  IPJcosO,)' 
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where  pt  denotes  the  first  zero  of  />p(cos  0t),  and  0  <  px  <  1  for  90°  <  0,  <  180°. 
The  above  equation  makes  explicit  the  behavior  of  the  field  near  the  tip. 

In  the  region  0  +  0o  <  20J-7T,  which  excludes  the  domain  of  reflected  waves,  the 
scattered  field  is  (Felsen  [19137a]): 

v‘  °  l  cm  cos  m(<p-<t>0)  fdx  x 

'  2 kr  m= o  J0  cosh  nx 


cos  0)/ ("(cos  0o)Kj(--cos  G ,) 
f(i  +  m  +  ix)r(i  +  m-ix)KJ(cos  0,) 


(18.4C) 


and  for  1  with  0  +  0Q  not  too  close  to  2^!  —  zr  (see  e.g.  Felsen  [1957b]  and 
Keller  et  al.  [1956],  example  8): 

i*r  J-  00  |  n 

~  1  +  I  7T~„—  FI  «*- ' )  +  B}\S,  (18.41) 

kr  L  «=  i  (2ikr)  n\  **  i  J 

where  S  is  defined  as  in  eq.  (18.14),  namely 

c  x  f°° ,  tanh  7ix  K"(cos0)KJ(cos0o)K"(--cos0,) 

m = o  J  o  cosh  nx  T(i  +  m  4-  ix)f(i  +  m  -  ix)  K"( cos  0 , ) 

(18.42) 

and  5  is  the  Beltrami  operator 

„  )  d  .  nd  i  a2 

sin  0md0  dO  sin2  0  d(j)2 

The  field  in  eq,  (18.42)  has  the  appearance  of  a  spherical  wave  emanating  from  the 
cone  tip.  In  the  case  of  a  thin  cone  (a,  »  tt),  a  first  order  approximation  to  S  is 
(Felsen  [1957a]): 


log  [sin2  \S]  cos  0  +  cos  90 


(18.43) 


liquation  (18.43)  does  not  account  for  the  singularity  in  Vs  as  0  +  0o  “*  n:  in  this 
case,  it  is  necessary  to  include  the  accompanying  geometrical  optics  and  transition 
fields.  In  particular,  for  a  thin  cone  (0,  «  it)  and  kr  >  I,  the  scattered  field  may  be 
decomposed  as 

»’  -  ^d  +  Ktn.  +  Klr.,  (18.44) 

where  l'd  is  the  diffracted  field  due  to  the  cone  tip,  l'rcf).  is  the  field  reflected  from  the 
surface  of  the  cone  according  to  the  laws  of  geometrical  optics,  and  I',,,  is  a  transition 
field  that  provides  a  continuous  field  behavior  across  the  geometrical  optics  boundary 
0  ~  -  0O.  The  diffracted  field  to  first  order  is  obtained  from  eqs.  (18.41 )  and  (18.43): 


kr  log  [sin2  Id]  cos  0  + cos  0„ 


(18.45) 
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and,  provided  kr  sin2  <  1  and  (sin  0 ,  sin  0O)  #  0,  the  reflected  and  transition  fields 
are  given  by: 


with  a  =  Q+Qq  —  ti  and 

/(r,  a)  =  /g.o.0%  a)  +  /lr.(r,  a), 
i,.0.M)  =  -2i7i#)eik'cos*, 


/(r,  a) 


(27r/cr  sin  0  sin  0c)1  log  [sin2  4(>] 


=  iJtsgn(i)  G(h’)—  J  e'*r, 
L  *vv'2rtj 


w  =  v  /cr  sin  J|a|, 


c,. 

v* 


r 

•'(l- 


e^'d/i. 


(18.46) 

(18.47) 

(18.48) 

(18.49) 

(18.50) 


i)w 


The  properties  of  G(vv)  along  with  /(r,  a)  are  discussed  in  Section  18.5.  Equation 
(18.46)  is  valid  provided  both  source  and  observer  are  away  from  the  cone  axis.  Such 
a  restriction  is  no  problem  if  both  source  and  observer  are  located  within  the  back¬ 
ward  cone  because  in  this  instance  only  the  diffraction  term  contributes  significantly 
to  the  far  field.  If,  on  the  other  hand,  either  the  source  or  observer  is  near  the  surface 
of  the  cone  itself,  eq.  (18.46)  is  not  valid.  On  the  boundary  9  =  tt-0o: 

jZ  fe‘*r  +  iiR 

Vs - -Y_l_ -  . .  (18.51) 

(2 kr)*  sin  0O  log  [sin2  \S] 

For  a  plane  wave  incident  along  the  axis  of  symmetry  0o  —  0,  such  that 

Ki  =  e-ifcrco,*  (18.52) 

eq.  (18.34)  reduces  to  (Felsen  [1955]): 

r  +  r  =  )i !  Ui  2v+1  e'  iiyKjv(kr)  fa-cos*)-  P-^~-C0S  )  />v(cos  0)1  .  (18.53) 
*f;:  sinvn  L  Pv(cos0,)  J 

while  eqs.  (18.36)  and  (18.37)  simplify  respectively  to 


r  +  r  =  -  2  l(2p+  l]e~i>p’jr(kv)  -  Pp{cos  0)  -  — 

sin  0,  p>»  P‘( cos  0, )(r'(> )Pp( cos  (),) 


2  V  „ 

P>  - 


r^'jJkr^AcosO) 


°  I  [P'ptcos  i)]2  sin  idi 
Jo 


(18.54) 

(18.55) 


where  the  Mimmations  extend  o\er  the  positive  zeros  p  of  P  (cos  0, ). 
l  or  0O  -  0.  in  the  region  0  <  20l  ~n%  the  scattered  field  is: 

Ky[  -  cos  0, ) 
(cos  0, ) 


•  =  1  "  c  I  d.\.vtanh.T.vo'!'"//,i:’(/tr)A>(cos())A:'<  cos"').  (18.56) 

*  2kr  J(,  Kx(cos  0,1 
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and  the  quantity  S  appearing  in  eq.  (18.41),  which  determines  the  diffracted  field  due 
to  the  cone  tip,  becomes 

S  =  -i  f  dxx  tanh  nxKx( cos  0)  — — — - .  (18.57) 

J0  Kx(cos  0,) 

The  approximation  to  S  in  eq.  (18.43)  remains  valid  for  0O  -  0. 

For  0O  =  0  and  kr  >  1,  the  scattered  field  may  be  decomposed  as  in  eq.  (18.44) 
with  the  diffracted  field  given  by: 

ikr 

Kd  ~  —  S  (18.58) 

kr 

where  S  is  obtained  from  eq.  (18.57).  Although  the  integral  in  eq.  (18.57)  is  conver¬ 
gent  only  for  0  <  —  7r,  it  can  be  shown  by  a  proof  paralleling  Felsen  [1959]  that 

the  angular  dependence  of  the  far-zone  diffracted  field  must  be  the  same  for  all  angles 
in  0  2s  0  5s  0j.  In  principle,  therefore,  one  may  calculate  the  diffracted  field  from  the 
integral  in  cq.  (18.57)  valid  for  the  restricted  range  of  angles  and  then  employ  the 
resulting  closed  form  expression  everywhere.  In  practice,  however,  the  integral  is 
difficult  to  evaluate  in  terms  of  known  functions,  and  a  closed  form  expression  valid 
for  all  angles  is  not  available.  For  (sin  0.  sin  0,)  7*  0,  the  reflected  and  transition  fields 
are  given  by: 

y. „|.+  K,  ~  ~i cot  0,  +J  cot  o)  T(r,  a),  (18.59) 

where  a  -  ti  -  20, 4-  0  and 


T(r.  x)  =  TIC,i  (r.  a)+7]r.(r, 

(18.60) 

T„ t,{r.  y)  =  >i(i)  1  ,an;-  exp  f 
'  2nkr  l 

\(kr  cos  a  +  i7r)  +  likr  — — *)  K± 
cos  a )  \ 

tifcr— *  (18.61) 

cos  a  / 

7;,.(r.  x)  =  -[»/(*)  +  ii;( -x)] 

c*'nl 

w  J 

(18.62) 

with 

w  -  ^  kr  sin  lY. 

(18.6.1) 

flic  function  Ki  is  the  modified  Bessel  function  of  the  third  kind  and  of  order  ]. 
Properties  of  the  function  Hr,  x)  are  discussed  in  Section  18.5.  The  transition  func¬ 
tion  not  onl\  cancels  the  singularit)  at  0  ~  20;—  n  in  the  diffracted  wave  term,  but 
also  proper!)  compensates  for  the  jump  discontinuity  in  the  reflected  wave.  Away 
from  the  getnnelric.il  optics  boundary  0  ---  20,  -  jt,  such  that  kr  sin2  x  1,  the  reflect¬ 
ed  field  is 
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Krefl.  - 

r  sin  0 


Jlcr  co*  a 


i  /cotfl,  cot  0  cot  a 


1-7  - 


-  + 


kr  \4  sin  a  8  sin  a  8  sin 


)tot  \ 
in  a/ 


+  0  • 


which  becomes,  for  0  -  0,  (observer  on  the  cone  surface): 

V  ^  cos d| 

Krcfl.  e 


fell- 

(18.64) 

(18.65) 


The  incident  field  (18.52)  is  thereby  cancelled  as  required.  It  should  be  emphasized 
that  the  above  results  are  valid  only  if  the  observer  is  located  away  from  the  axis  of 
the  cone  and  provided  the  cone  apex  angle  is  not  small. 

For  O0  =  0,  0  =s  0,  the  back  scattered  far  field  is 


7ns 


e^r  .co 

ax  x 

ikrJQ 


,  Kx(-cosOv)  e 
tanh  nx  - - - -  + 


K*(cos  Oj)  yjlnkr  \dct 


Id 

l“-icot  0, 


)  I(r, «), 


(18.66) 


where  a  =  n-20  and  /(r,  a)  is  defined  by  eqs.  (18.47)  through  (18.50).  The  term  in¬ 
volving  7(r,  a)  is  important  only  for  a  wide  cone  0t  &  {n,  in  which  case  both  source 


Pig.  18.4.  Normalized  nosc-on  back  scattering  cross  section  o/A*  as  a  function  of  0,  for  a  soft  cone: 

(  )  wide  cone  and  ( — )  thin  cone. 
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and  observer  lie  in  a  transition  region.  For  0,  «  a  first  order  result  is  given  by 
(Fli  sen  [1955],  see  also  Felsen  [1953]): 


I'BS 

V  ~ 

i  /  ns  c 

V  ~ 


-e“rsin  0^1 

ikr  1 


ikr  (20,  -7t)2  ’ 


'2,7e"*,,rivG(w)],  w  <  4 
w  >  4 


(18.67) 


where  w  =  -y' At  cos  0,  and  G(w)  is  as  defined  in  eq.  (18.50).  A  plot  of  the  magni¬ 
tude  and  phase  of  the  quantity  in  brackets  in  eq.  (18.67)  is  provided  in  Section  18.5, 
Fig.  18.17b.  It  may  be  noted  that  when  0,  -  {n,  eq.  (18.67)  yields  a  back  scattered 
plane  wave  appropriate  to  reflection  from  an  infinite  flat  plane.  For  a  thin  cone 
(0,  «  n ),  eq.  (18.43)  remains  valid  for  0o  =  0,  0  ~  0. 

For  0Q  =  0  and  for  a  wide  cone  0,  «  in,  the  back  scattering  cross  section  is,  from 
eq.  (18.67): 


A2 

7t(20,  -7l)*  ’ 


(18.68) 


whereas,  for  a  thin  cone  0,  «  tt,  eq.  (18.43)  leads  to: 

A2 

167T [log  4(71-0,)] 2 


(18.69) 


The  cross  sections  given  in  eqs.  (18,68)  and  (18.69)  are  plotted  in  Fig.  18.4  as  func¬ 
tions  of  0,. 


38.3.  Acoustically  hard  cone 

18.T1.  Point  sources 

For  a  point  source  at  (r0,  0O,  </>0),  such  that 


V1 


JkR 


kR 


(18.70) 


the  total  field  i>  (Carsi.aw  [5914],  Fi  i.sin  [1957a]): 


F'-Ms  -  V  r.m  cos  m(0-0„)  dv(2v  + 1  )jjkr<)h[l  '(Ar^K^  * 

71  m  0  J  ^ 


(58.71) 


w  here 
G\  -  - \z 


_  /  (v  f/u  4- 1  )/*“  "(cos  0.;) 

/  ( v  —  1  !)  sin  (v~m); z 

fl-  ,  (d\i0.)/v",(- cos/m.  r  ; 

I*  (  cos  0.|-  t  ‘(cost/.) 

(dd01)/V,r,(cos01) 


(is.  12) 
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and  C  is  the  contour  shown  in  Fig.  18.2.  An  alternative  representation  of  the  total  field 
as  an  eigenfunction  expansion  is  (Carslaw  [1914],  Felsen  [1957a]): 


<'*+  V'  =  - -  i  8m  cos  m(4>-<j>0)  £  (2q -‘.-\)jq(kr<)hll)(kr>) 

Sin  9 1  m  =  Q  q>  0 

P?(cos  0)/’"(cos  d0) 


P-!(cos  O^d'ldq  89 ^(cos  6 y 


which  may  be  written  as 


ivr  =  2i  l  s„  cos  m(4>-(j>0)  £  ^<)y)(fc/>)^cosp)p?(cos°o). 

J  [P^cos  a)]2  sin  a  da 


m  =  0 


4^0 


(18.73) 


(18.74) 


The  summations  in  q  extend  over  all  non-negative  roots  of  the  equation 

(^0l)^“w(cos91)  =  O. 


(18.75) 


The  root  q  =  0  occurs  only  for  m  =  0  and  leads  to  a  term  \j0(^r<W )(^r>)cosec23^1 
in  the  eigenfunction  representation  of  V'+V*;  the  remaining  roots  in  q  are  positive. 

Expressions  for  the  total  field  on  the  surface  are  trivially  obtainable  from  eqs.  ( 1 8.73) 
and  (18.74). 

If  kr  <  1  and  kr0  >  1,  the  representation  in  eq.  (18.73)  is  rapidly  convergent  and 
the  dominant  terms  lead  to 


r  +  r  ~ 


aikr0 


kr0 


-  s/Vre  i>"‘n  cos  (<£ - 4>o)(kr)'1' 


sind.^'-Y^.+i) 


4(C0S  0)Pl„(cos  do) 


^.(cosd^/dg.ddOOcosd,) 


4 


(18.76) 


where  q j  denotes  the  first  zero  of  (d/dflj/^cos  0t)  and  0  <  qx  <  1  for  90  <  < 

<  180°.  The  above  equation  makes  explicit  the  behavior  of  the  field  near  the  tip. 

In  the  region  0  +  0o  <  20,  -7r,  which  excludes  the  domain  of  reflected  waves,  the 
scattered  field  is  (Felsen  [1957a]): 


---  -  I  r.„,  cos  nt(t/>-c/>0)  I  dxx  -an’1  nXe  x'H\"(kr)H\'x)(kr0) 

2ksn'0m-i)  J0  cosh  nx 

Kmx( cos  0)k;(. cos  0oXd/d0,)K*(-cos  6,) 
r(\  +  #ii  +  i’v)r( j  +  »i - ixXd/dOt )#C7(cos 0,)  ’ 


x  - 


18.77) 


and  for  kr .  kr,  ■  I  with  0  +  0t]  not  too  close  to  2 0, -n  (Felsen  [1957b],  see 
also  Km  «  k  et  al.  [1956],  example  8): 


»iMr  +  ro)  r 


r 


k2rru 


«+I  ,r.  '  „  j  flW*-»  +  B} 

«  i(2ik/\)«!  a -i 


5, 


(18.78) 
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s  =  -in  £  £mcosm(<£-</>0) 


X  f*dxx tanh  nx  K*(cos  °)K*(C0S  go)(d/dgi)^r(-cos  0J  ,  /18  79) 

J0  cosh  ttx  r(i  +  w  +  ix)r(i  +  m--ix)(d/d01)Kj,(cos  0j)  ’ 

and  B  is  the  Beltrami  operator 

n  1  d  .  n  d  i  1  d2 
sm  d  dO  dO  sin2  0  d(j>2 

The  field  in  eq.  (18.78)  has  the  appearance  of  a  spherical  wave  emanating  from  the 
cone  tip.  For  a  thin  cone  «  7r): 

S  &  — ^  S*n  ^ — -  [1  +  cos  0  cos  0O  +  2  cos  (</>-  '>0)  sin  0  sin  0O](1  +sin2  |5)  + 

(cos  0+cos  0O)3 


4i  sin4  i<5 
(cos  0+cos  0O)3 
8i  sin4  iS 


n  n  .  6  sin2  0  sin2  0O  ln  /.2,c\  it, 

cos  0  cos  0O “3-  - - ~r  [log (sin2i(>)-}]  + 

_  (cos  0  +  cos  0O)  - 


4 - - — -  cos  ((fr-fpo)  sin  0  sin  0O[4(1  +  cos  0  cos  0O)  + 

(COS0  +  COS0O) 

+  sin2  0+sin2  0o][log  (sin2  45) +j]- 

—  7ri  sin4  j5  f  dxx  — -  (x2  +  \)2Kx( cos  0)KX( cos  0O)  /(x)  + 

J  o  cosh  nx 

+  2i n  sin4  45  cos  (</)-(/>o)  f  dxx  * (x2+i)K*(cos  0)Ki(cos  0o)/(*)  + 

J  n  cosh  nx 


24  i  sin4  45  ...  ,  *  .  2  n  .  2  n 

+ - -  ---  cos  2((p-(p0)  sm  0  sin  0O , 

(cos  0+cos  0O) 


(18.80) 


where /(x)  is  defined  by 


f(x)  =  4(1  —log  2)  +  2x2F(x), 

F(x)  =  t(»  +  ir'[(n  +  l)2  +  xTl- 


(18.81) 


The  definite  integrals  appearing  in  eq.  (18.80)  have  not  been  evaluated  in  terms  of 
known  functions.  However,  they  are  amenable  to  numerical  calculation  since  the  in¬ 
tegrands  arc  positive  real  functions  of  x  that  decay  exponentially  for  large  x.  In 
addition,  upper  and  lower  bounds  may  be  placed  on  the  integrals  since 

0  S/(x)-/( 0)  ^  2x2F(0), 

where  F(0)  -  0.4144  . . ..  If  5  is  sufficiently  small  to  warrant  the  omission  of  higher 
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order  terms,  eq.  (18.80)  reduces  to  the  fast  order  approximation  given  by  Felshn 
[1957a,  b]: 

Sz  ^  S*n  ^  [1  +cos  0  cos  0o  +  2  cos  ((fr-fpo)  sin  0  sin  0O].  (18.82) 

(cos  0  +  cos  d0)‘ 

If,  on  the  other  hand,  0  «  0  and  0o  «  0,  eq.  (18.80)  may  be  approximated  by 
S  «  Vi  sin2  -J(5[l  +2  sin2  $0  +  2  sin2  J0O  +4  sin2  ^<5  (1-log  sin  |<5)  + 

+  4  cos  (</>-(/>0)  sin  {0  sin  {O^-in  sin4  \S  f  dxx  tan^  nX  (v2  +  |)2/(.y).  (18.83) 

J  o  COSh  7T.Y 


For  a  point  source  on  the  axis  of  symmetry  (0Q  =  0),  eq.  (18.71)  reduces  to  (Cars- 
law  [1914],  Fi.lsen  [1955]): 


V'+V 


'  f  dv  2-+~j,(kr<)h\"(kr>) 
2  Jc  sin  vtc 


PX-cos  0)  + 


Pl{- cos  (J,) 
P‘(cos  0,) 


while  eqs.  (18.75)  and  (18.74)  simplify  respectively  to 

|/>+r  =  -  —  J  (2fl+lU^;r<)^fcr>)i»^co»0) 

sin  0,  <(  o  /^(cos  0,)(<7(5(/)PlJ(cos  0|) 

K'  +  r  =  2i  x  Mkr<')l,(<i>^kr>^p^co&.0^ 

q  °  [P^(cos  a)]2  sin  adx 
Jo 


(18.84) 

(18.85) 

(18.86) 


where  the  summations  extend  over  the  non-negative  zeros  q  of  P\ (cos  (J,).  The  series 
expansion  of  eq.  (18.85)  dates  back  to  Carslaw  [1914]. 

For  0()  -  0,  in  the  region  0  <  2 0,  -n,  the  scattered  field  is: 


Vs 


-71 


d.v.v  tanh  7T.\*  c  xnll\l\kr)ll\lXkr0)Kx(<'os  0) 


2I<\  rrj  o 


K[x(- cos  0t) 
Kj(cosfl,) 


(18.87) 


and  the  quantity  .V  appearing  in  eq.  (18.78),  which  determines  the  diiVracted  held  due 
to  the  cone  tip,  becomes 


S  —  i  d.Y.Y  tanh  nxK  Jcos  0) 

%  0 


Kj(-cos0,) 
K ,!(cos  (I, ) 


(18.88) 


The  approximations  to  .S  in  eqs.  (18.80),  (18.82)  and  (18.83)  remain  valid  for  0„  -  0. 
In  particular,  for  a  thin  cone  (0,  ^  ;r),  eq.  (18.82)  becomes 

.V  ^  li  sin2  lb  sec4  10.  (18.89) 


I’l  i  si  \  [1959]  has  treated  the  two  dimensional  problem  of  a  radiating  ring  source 
coaxial  with  the  cone  axis  (see  Fig.  IS. 3).  I  he  total  field  I  due  to  a  sinusoidal  ring 
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source  of  radius  a  =  r0  sin  0O  is  given  by  eqs.  (18.22)  and  (18.23)  and  by  eq.  (18.24) 
in  which  G,  is  replaced  by  G'2.  Explicitly, 


V  ~  2a 


(cos  ni(j) 
(sin  nuj) 


J|dv(2v+l)yv(fcr<K1,(Ar>)G2.  (18.90) 


where  C  is  the  contour  shown  in  Fig.  18.2  and  G2  is  defined  as  in  eq.  (18.72). 

For  kr  •  krQ  >>  1,  a  convenient  decomposition  of  the  total  field  is 

V  =  (18.91) 

where  id  is  the  diffracted  field  due  to  the  cone  tip  and  Fg.0.  is  the  total  geometrical 
optics  field.  The  remaining  term  Vu.  is  a  transition  field  that  provides  a  continuous 
field  behavior  across  the  various  geometrical  optics  boundaries  where  the  diffracted 
wave  becomes  singular  and  the  reflected  waves  undergo  finite  jump  discontinuities.  A 
creeping  wave  contribution  to  the  far  field  is  absent  as  a  consequence  of  the  special 
ring  source  excitation.  In  the  region  0  +  0o  <  20,  —n  outside  the  domain  of  specular 
reflections,  the  diffracted  field  in  the  far  zone  is  (Felsen,  [1959]): 


V, 


-  ■>  (cos  ni(b\  e 
2 n~a  ' 


iA(r  +  r0) 


sin  nuj))  i k2rr0 

^  tanh  nx  K"'( cos  0)K™( cos  0o)(d/d0,  ).K*(  -  cos  0, ) 
cosh  7r.v  r(i  +  m  +  ix)r(J  +  m-ix)(d/d0,)K^(cos  fl,) 


(18.92) 


Although  the  above  integral  is  convergent  only  for  0  + 0O  <  20,  -tt,  Felsen  [1959] 
has  shown  that  the  angular  dependence  of  the  far-zone  diffracted  field  must  be  the 
same  for  all  angles  in  0  ^  (0,  0O)  g  0,.  In  principle,  therefore,  one  may  calculate  the 
diffracted  field  from  its  integral  representation  (18.92)  valid  for  the  restricted  range  of 
angles  and  then  employ  the  resulting  closed  form  expression  everywhere.  In  practice, 
however,  the  integral  is  difficult  to  evaluate  (even  approximately)  in  terms  of  known 
functions,  and  a  closed  form  expression  valid  for  all  angles  is  not  available.  For 
(sin  0,  sin  0„,  sin  0,)  ^  0  the  geometrical  optics  and  transition  fields  are  given  by 
(Fusin'  [1959]): 


—  OQ 


i(*r-  i «> 


(cos  nuj)] 


ki\<  [2 nkr{)  sin  0  sin  0O}  Isin  nupl 

x  [/( /■„ .  n  -  |fl -  a,j)  +  /( r„ ,  7T  -  20 ,  +  0  +  0O)  - 

~i(~  1 )”'! /(G)*  x  —  0  —  0O)  -t-  /(/’o,  7T  — 20,  -f  0-0o)-f /(/*0, 7T  —  20 ,  +0o  —  fl)}],  ( 18.93) 

where  /(r„.  y)  is  defined  by  eqs.  (18.28)  through  (18.31).  This  result  is  valid  only  if 
both  source  and  observer  are  located  away  from  the  axis  of  the  cone  and  provided 
the  cone  apex  angle  is  not  small.  If  any  of  these  restrictions  are  relaxed,  different 
asymptotic  expansions  of  the  field  must  be  obtained;  for  example,  if  0  *  0  the  domi¬ 
nant  geometrical  optics  result  is  (Fit sen  [1959]): 
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—  e,(fcr  *mK)  (C0S  m<^|  exp  {— i kr0  cos  0  cos  0o}Jm(kro  sin  0  sin  60)  + 
kr  Isin  m</>H 


4-  l/sM2i‘ — -V -  exp  { -i/cr0  cos  9  cos  (20,  -0O)} 
r  sin  0o 

x  Jm£/cr o  sin  Osin  (20,  -0O)]  ^71-20,  +0o)|  . 


(18.94) 


18.3.2.  Plane  wave  incidence 

For  a  plane  wave  incident  from  the  direction  0o,  <j!>0,  such  that 

K‘  =  exp  { — i/cr[sin  0  sin  0o  cos  ($-</>0)  +  cos  0  cos  0o]},  (18.95) 

the  total  Held  is  (Felsen  [1957a]): 

V'+V'  =  £  Emcosm(0-<#.o)  fdv(2v+l)e->i,”/v(fo-)C2.  (18-96) 

1 7T  ni  - 0  Jc 


where 


G7  =  -- 


r(v+”l±. })pS^C0*°<) 

r(v— m  + 1)  sin  (v— 111)71 


x  rp;m(  -  cos  0>)  -  P'"'(COs  0>) 

L  (d/d0,)P7m(cos  0,) 


(18.97) 


and  C  is  the  contour  shown  in  Fig.  1 8.2.  An  alternative  representation  of  the  total  field 
as  an  eigenfunction  expansion  is  (Felsen  [1957a]): 


p  +  r  =  -,  ■  -  Y  e.m  cos  m(<j>-(j)0)  Y,  (2</  +  l)c“  ii,'7,l(A:i-) 
Sin  0,  m - O  q  0 


racosdjmcosOo) 


P,;(cos  0,)(r2/c</<-(/,)P:(cos  (),) 


which  may  be  written  as 


m-0  it  O  I  r  »./  ._■» 

[  (cos  a)]"  sin  ada 
Jo 

The  summations  in  q  extend  over  all  non-negative  roots  of  the  equation 


[18.98) 


(18.99) 


(f/f0,)F:m(cos0I)  =  0. 


[18.100) 


The  root  </  =  0  occurs  only  for  m  -  0  and  leads  to  a  term  j0[kr) cosec2  \0y  in  the 
eigenfunction  representation  of  F‘+r*;  the  remaining  roots  in  q  are  positive. 

Expressions  for  the  total  field  on  the  surface  are  trivially  obtainable  from  eqs. 
(18.98)  and  (18.99). 
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If  kr  <  1,  the  representation  in  eq.  (18.98)  is  rapidly  convergent  and  the  dominant 
terms  lead  to 

V'+V‘  ~  -v/ne~ii’"'  cos  X^)’1  Pj,(cos  0)Pj,(cos  Op) _ +, 

sin0,2,,_Jr(<7,+±)  Pl{cm0i){dildql80l)Pl'l(cos0l)  ’ 

(18.101) 

where  qi  denotes  the  first  zero  of  (d/dOi)Pq( cos  and  0  <  <  1  for  90°  <  A,  < 

<  180°.  The  above  equation  makes  explicit  the  behavior  of  the  field  near  the  tip. 

In  the  region  0  +  0o  <  2flj  -tt,  which  excludes  the  domain  of  reflected  waves,  the 
scattered  field  is  (Felsen  [1957a]): 

V’  =  X  em  cos  m(<j>  -  <t>0)  f  d.x.v  -dn~—  e~iXKH\'x\kr) 

r  2 kr  m  =  o  J0  cosh  nx 

x  AT(cos  0)Kmx( cos  (qd/dfl^-cos  0.)  .  (Jg  ^ 
r(4  +  m+i.x)r(i  +  m-ix)(d/d0,)fCj(cos  0,)  ’ 

and  for  Ar  1  with  fl  +  fl0  not  too  close  to  2 fl,  -  n  (Felsen  [1957b],  sec  a.so  Keller 
et  al.  [1956],  example  8): 

^  ~  v-T'+  I  fl  «*-•)+«}  1  S,  (18.103) 

kr  L  »=  i  (2i kr)  n\  s=i  J 

where  5  is  defined  as  in  eq.  (18.79),  namely 


S  =  -in  £  fi«cosm(0-0o)  dxx  - 


tanh  7T\* 


m=o  J0  cosh  7TX 

x  ^”(CQS  0)A:"(cos  0oXd/d0|)y”(— cos  0|)  ,)g  104) 

/’(■}  +  /ii  +  i.v)r(4  +  ill  -  i.x)(d/d0,)K”(cos  (),) 

and  5  is  the  Beltrami  operator 

n  i  p  .  n  r  t  a2 

sin  fl  flfl  (;fl  siir  fl  d(j) 

The  field  in  eq.  (18.103)  has  .he  appearance  of  a  spherical  wave  emanating  from  the 
cone  tip.  For  a  thin  cone  (fl,  %  rc),  approximations  to  S  are  given  by  eqs.  (18.80) 
through  (18.83):  in  particular,  the  first  order  approximation  is  (Fit  sin  [1957a,  b]): 


S  ^  S'n  ^  [  1  +  cos  fl  cos  0o  +  2  cos  ((j)  -  </>0)  sin  fl  sin  fl0]. 

(cos  A-f  cos  fl0) 


(18.105) 


Equation  (18.105)  does  not  account  for  the  singularity  in  Vs  as  (A-f  A0)  ->  n:  in 
this  case  it  is  necessary  to  include  the  accompanying  geometrical  optics  and  transition 
fields.  For  a  thin  cone  (fl,  ^  n)  and  kr  '  1 .  the  scattered  field  may  be  decomposed  as 


1  '  “  *d  +  lrvfl.+  ^  fr,  ' 


(18.100) 
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where  Vd  is  the  diffracted  field  due  to  the  cone  tip,  VttU,  is  the  field  reflected  from  the 
surface  of  the  cone  according  to  the  laws  of  geometrical  optics,  and  Vtr,  is  a  transition 
field  that  provides  a  continuous  field  behavior  across  the  geometrical  optics  bound¬ 
ary  0  =  n-0o.  The  diffracted  field  to  first  order  is  obtained  from  eqs.  (18.103) 
and  (18.105): 

Vd  ~  - - — -  [1  +cos  0  cos  0o  +  2  cos  (0-0i)  sin  0  sin  0O];  (18.107) 

kr  (cos  0  +  cos  0O) 

and,  provided  kr  sin2  <  1  and  (sin  0,  sin  0O)  #  0,  the  reflected  and  transition  fields 
are  given  by: 


Kefl.+  K,~ 


j-e-*1*  sin2  [0 
(2tt kr  sin  0  sin  0O)*  L03 


+i(cot0  +  cot  0O)  -  + 

Ja  COL 


+i(i  +  V6  cot2  0-f  rff  cot2  0O)  +t?  cot  0  cot  °oJ  I(r,  a)- 

_  fiL  -i(cot  o+cot  o0) — - 

(2tt kr  sin  0  sin  0O )*  Ldcc2  da 

-JO  +  ii  cot2  0+ff  cot2  0o)  +  694  cot  0  cot  0OJ  ^(r»  a)>  (18.108) 


where  a  =  0  + 0o-7r  and  /(r,  a)  is  defined  by  eqs.  (18.47)  through  (18.50).  Equation 
(18.108)  is  valid  provided  both  source  and  observer  are  away  from  the  cone  axis. 
Such  a  restricbon  is  no  problem  if  both  source  and  observer  are  located  within  the 
backward  cone  because  in  this  instance  only  the  diffraction  term  contributes  signifi¬ 
cantly  to  the  far  field.  If,  on  the  other  hand,  either  the  source  or  observer  is  near  the 
surface  of  the  cone  itself,  eq.  (18.108)  is  not  valid.  On  the  boundary  0  -  n-0o\ 

r  ~  ]/jL^-^krs'n2id  l|+  \ .  (3  +  cot2  0o)  + 

1  2 kr  sin  0O  I  8 kr 

+  2c  s  (0-0o)  [l-  -  ^  (1+3  cot2  0O)  j  j  .  (18.109) 


For  a  plane  wave  incident  along  the  axis  of  symmetry  0O  =  0,  such  that 

j  'i  _  g  -  i*r  cos  0 


(18.110) 


eq.  (18.96)  reduces  to  (Fhlsin  [1955]): 


V'  +  V 


=  ii  f  2' 


+  1  . 


>  (  sin  vn 


PK-cosO,) 


Pv(-cos<))  + 

L  pjfcostf,) 


Pv(  cos  0)  , 


(18.111) 
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while  eqs.  (18.98)  and  (18.99)  simplify  respectively  to  (Siegel  and  Alperin  [1952], 
Felsen  [1955]): 


V'  +  V*  =  I(2q  +  iy^Kjq(kr) 


Pq(  cos  0) 


sin  0 1  q  -0 


P,(cos  Oy)(dldq)P ,(cos  0,) 


(18.112) 

(18.113) 


V'  +  V’  =  2  £  -  e  —  ^fcr^c<^0) 

’  °  |  [P,(cos  a)]2  sin  a  da 
Jo 

where  the  summations  extend  over  the  non-negative  zeros  q  of  P\( cos  0j). 

For  0o  =  0,  in  the  region  0  <  20,  -tt,  the  scattered  field  is 

V*  =  -  | /—  e"i,{:  f  dxx  tanh  7rxe"ix,t/fSi)(/cr)Xx(cos0)  — 1 ,  (18.1 14) 

'2fcr  J0  K;(cos0i) 


and  the  quantity  S  appearing  in  eq.  (18.103),  which  determines  the  diffracted  field 
due  to  the  cone  tip,  becomes 

S  ~  i  f  6xx  tanh  nxKx(cos  0)  ^  — C-~')  .  (18.115) 

J0  Klx{cosO,) 

The  approximations  to  S  in  eqs.  (18.80),  (18.82)  and  (18.83)  remain  valid  for  0O  -  0. 
In  particular,  for  a  thin  cone  (0,  «  7r),  eq.  (18.82)  becomes 

S  »  iisin2i^sec4i0.  (18.116) 

For  0O  =  0  and  kr  1,  the  scattered  field  may  be  decomposed  as  in  eq.  (18.106) 
with  the  diffracted  field  given  by: 

ifcr 

Vd  ~  *  S  (18.117) 

kr 

where  S  is  obtained  from  eq.  (18.115).  Although  the  integral  in  eq.  (18.115)  is  con¬ 
vergent  only  for  0  <  20,  -7r,  it  can  be  shown  by  a  proof  paralleling  Felsen  [1959] 
that  the  angular  dependence  of  the  far  zone  diffracted  field  must  be  the  same  for  all 
angles  in  0  g  0  g  0,.  In  principle,  therefore,  one  may  calculate  the  diffracted  field 
from  the  integral  in  eq.  (18.1 15)  valid  for  the  restricted  range  of  angles  and  then  em¬ 
ploy  the  resulting  closed  form  expression  everywhere.  In  practice,  however,  the  in¬ 
tegral  is  difficult  to  evaluate  in  terms  of  known  functions,  and  a  closed  form  expression 
valid  for  all  angles  is  not  available.  For  (sin  0,  sin  0, )  ^  0,  the  reflected  and  transition 
fields  are  given  by: 

i;,n .+  ~  —I—  (  f  +i  cot  0,  +  i  cot  o)  T(r.  a).  (18.118) 

Nsin0Va  ' 

where  *  =  n-20,  4-0  and  T(r,  a)  is  defined  by  eqs.  (18.60)  through  (18.63).  The 
transition  function  properly  compensates  for  the  singularity  at  0  =  20, -n  in  the 
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diffracted  wave  term  and  for  the  jump  discontinuity  in  the  reflected  wave.  Away  from 
the  geometrical  optics  boundary  0  =  20{-n,  such  that  (kr  sin2  2)  >  1,  the  reflected 
field  is 


V. 


refl. 


~  ,Ka)P"  V—  (l+  i  +  i?-‘®  -  -COti-l  +0  [—,!) . 

r  sin  0  l  kr  \  4  sin  a  8  sin  a  8  sin  a/  L(&r)2J ) 


and  for  0  -  0,  (observer  on  the  cone  surface): 

^  h  b  St  +o[^-]!- 


(18.119) 

(18.120) 


It  should  be  emphasized  that  the  above  results  are  valid  only  if  the  observer  is  located 
away  from  the  axis  of  the  cone  and  provided  the  cone  apex  angle  is  not  small. 

For  0O  =  0,  0  -  0,  the  backscattered  far  field  is  (see  also,  Fi;lsi  n  [1958]): 


Vm  =  -  f  d.v.v  U 
i  krj0 


K](-cosf?,) 
tanh  it. v  - 


K[.(cos0,)  ^2nkr\dx 


*  (  +i  cot  a),  (18.121) 


where  a  =  7r  —  2^j  and  /(r,  2)  is  defined  by  eqs.  (18.47)  through  (18.50).  The  term 
involving  / (r,  a)  is  important  only  for  a  wide  cone  0S  «  \n,  in  which  case  both  source 
and  observer  lie  in  a  transition  region.  For  0,  %  Jjt,  a  first  order  result  is  given  by 
(Fi  Lst-N  [1955],  see  also  Felsen  [1953]): 


l'MS  ~  e'*r  sin  0,[l  - N  2n e"  Ji”wC(w)].  w  <  4 


V 


US 


jkr 


1 


(18.122) 


i kr  (20,  ~r)2 


w  >  4 


where  w  -  -  yjkr  cos  0,  and  G(w)  is  as  defined  in  eq.  (18.50).  A  plot  of  the  magnitude 
and  phase  of  ihe  quantity  in  brackets  in  cq.  (18.122)  is  provided  in  Section  18.5,  Fig. 
1 8. 1 7b.  it  may  be  noted  that  when  0,  =  4tt,  eq.  (18. 122) yields  a  back  scattered  plane 
wave  appropriate  to  reflection  from  an  infinite  plane.  For  a  thin  cone  (0,  ^  7r), 
eqs.  (18.80),  (18.82)  and  (18.83)  remain  valid  for  0O  =  0,  0  =  0. 

For  0O  =  0  and  for  a  wide  cone  0,  ^  \n,  the  back  scattering  cross  section  is,  from 
eq.  (18.122)  (Fi  t si  n  [1953,  1955]): 


G 


t:(20|  —  tt)4  * 


(18.123) 


whereas,  for  a  thin  cone  0, 


7T.  eq.  (18.116)  leads  to  (Fu  si  x  [1953.  1955]): 


64  n 


(18.124) 


A  more  general  expression  for  the  back  scattering  cross  section  is  given  by  (Sci:i  \- 
snt)  [1953],  Sinai.  et  al.  [1953a],  Sinai.  et  al.  [1955b]): 
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(18.125) 


where  the  summation  is  over  the  non-negative  zeros  of  Pfl*(cos  0^,  but  only  a  finite 
number  of  terms  must  be  included  since  the  infinite  series  diverges.  Despite  this  draw¬ 
back,  special  summation  techniques  have  been  employed  (Schensted  [1953],  Siegel 
et  al.  [1953a],  Siegel  et  al.  [1955b])  to  yield  second  order  results  in  the  wide  cone  and 
thin  cone  approximations:  for  a  wide  cone  0t  « 


22(1 —4  cos2  0,) 
16rt  cos4  0, 


(18.126) 


and  for  a  thin  cone  (0,  ^  rr), 

,  1 

o  ^  •  sin4  \t>  [I  -2  sin2  (1  +4  log  sin  ^<5)].  (18.127) 

471 


I  ig.  18.5.  Normalized  nour-on  back  scattering  crocs  section  a,  A*  as  a  function  of  0,  for  a  hard  cone: 

i  )  first  order  and  <--•)  second  order  theory  for  v\ide  cone,  ( - )  first  order  and  ( - ) 

second  order  theory  for  thin  cone. 
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In  the  case  of  a  thin  cone,  however,  eq.  (18.83)  leads  to 


A2  .  4 
a  #  -  sin 


sin4  £l  +8  sin2  (1  -log  sin  $5)- 

—47c  sin2  f  dx x  —  (x2  +  i)2/ ( x )  1  ,  (18.128) 

J  o  cosh  7tX  J 


where /(x)  is  defined  in  eq.  (18.81).  Equations  (18.127)  and  (18.128)  have  not  been 
shown  to  be  in  agreement;  the  difficulty  lies  in  evaluating  the  definite  integral  in  eq. 
(18.128).  The  cross  sections  given  in  eqs.  (18.126)  and  (18.127),  as  well  as  the  first 
order  approximations  of  eqs.  (18.123)  and  (18.124)  are  plotted  in  Fig.  18.5  as  func¬ 
tions  of  0,. 


18.4.  Perfectly  conducting  cone 


18.4.1.  Electric  dipole  sources 


For  an  arbitrarily  oriented  electric  dipole  at  (r0,  0O,  <t> o)  with  moment  (47r£//:)£,  the 
total  electromagnetic  field  is 

E'(r)+E'(r)  =  4nk9t(r\r0)  ■  t,  ,)g 

H'(r) + H*(r)  =  -  ■ 4m  Y V  a  0,(r|ro)  •  t. 


where  t  is  an  arbitrary  unit  vector  and  &e(r\r0)  is  the  electric  dyadic  Green  function 
for  ihe  cone: 


y  &,(r\r0)  =  (  . 

k  1st 


Li -i ‘J/A,  i.  | 


sin  0  d<j>  dO)  Isin  0O  d(j> 0  d0o 
[.IS1  ,,\  d  d1  6 


+  |,(*+Jk.)  +  !  51  +  _i_ J_)[*0 (il  +kA  + 

\  \dr2  J  r  drdO  rsin0  drd<j>j\  wj  / 


+  do  ?.*.  _  +  .  .&>  ^  |  rr oj 

ra  i>rod0o  r0  sin  0o  0rod<j>J  k‘ 


(18.130) 


and  where  V  a  Vt(r\r0)  is  given  by: 
4ir_  .. ..  .  [.IS1  .,\  6  <5 2 


4Iva  Wo) - + 0  - + -+~  -z-w-Il.  a 

k2  \  \(>2  /  r  dr 00  r  sin  0  dr sin  0O  <ty0 


i  A\ rV*  |  6  d 

°  t)0oi  k  Isin  0  d(j> 


+  + 


+  d»  .  +  _Jo  _  _J*_  \  ro^. 
r0  ilrod0o  r0  sin  0o  Sr0S</>0l  k 


(18.131] 


In  eqs.  (18.130)  and  (18.131)  the  scalar  functions  and  l/2  are  (Filsin  [1957a]): 


y..j  =  1  Xe„cosro(0-*o)f  dv  ^'+f  ),(fcr<)hl,"(fcr>)Cl.J,  (18.1321 

7T  n  -  0  v(v+l) 
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where 

G  =  _^r(v  fm  +  l)Pv~w(cosfl<) 
f(v  -  m  + 1)  sin  (v  -  m)n 

x  fpH-cos 0»)-  P,""(cos fl,)]  ,  (18.133) 

L  Pv  "(cos  0,)  J 

C  =  T(v  +  m  +  l)P,~'*(cos  0<) 

T(v — m  + 1)  sin  (v  -  m)n 

^-P;”(-cos  0,) 

x  P7"(-cos  0>)~  ± - P;"( cos0>)  ,  (18.134) 

^  P.-- (cos  e.) 

and  C  is  the  contour  shown  in  Fig.  18.6,  Alternative  representations  of  L\  and  U2 

Im  v 


t 


Fig.  18.6.  Contour  of  integration  C'  encircling  the  positive  poles  in  the  p-plane. 


as  eigenfunction  expansions  are  (Bailin  and  Silver  [1956]): 

Vi  =  -  X  Cm  COS  »i(4>-<t>o)  I  ■2p+\  jp(k'-<)h,p'>{kr>) 

sintl,  p>op(p+\) 

x  P"(cos  0)p;(cos  0O) 
x  {mjpy.  cos  0,)(<7<ip)p;(cos^,)  ’ 

t'j  =  i  COS  »l(<£  -WX  ^+!  ,Ukr<)hl'(kr>) 

Sln0,m  0  ,>(>  (j(<j+ l) 

P7(COS0)P^(COS0O) 

*  P7(COS  01)((',2/<“<J(’0,)PJ'(COS  0,)  ’ 


(18.135) 


(18.136) 
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which  may  also  be  written  as  (Tai  [1954],  Baiun  and  Silver  [1956]): 


U,  =  2i£  «,,cos  m(4>-</>0)£ 


j(,(fcr<)ftlpl’(fcr>)Pj'(cos  0)P£(cos  0o) 

P(P  +  Oj  [^(cos  *)]2  s>n 


q>°  <?(q  + 1)  I  [P?(cosa)]2sin  xdx 

Jo 


(18.137) 


(18.138) 


The  summations  in  p  and  <7  extend  over  all  positive  roots,  respectively,  of  the  equations 


P;m(cos  0i)  =  0, 
(6/dO,)P;m(c  os  0.)  =  0. 


(18.139) 


If  kr  <  1  and  Arr0  >  1,  the  representations  in  eqs.  (18.135) .  i  ( IS. 136)  are  rapidly 
convergent  and  the  dominant  terms  lead  to 


E'  +  E' 


ike  ^n(krY'-'  (f +(6/Pl)d/c0)PPl(cos  fl)f>»,( cos  fl0)(g0  •  g) 


r0  sin  ti{  2'"-1r(p1+i) 


P^,(cos  t),)(c/cp,)Pfl(cos  0 ,) 


(18.140) 


.kfit  --4—  ±1  r<ti>  A  .  n  A] 

L  <?,  £0  ?  l  sin  0  ctyj  L  sin  0O  #o  c0o- 

X  p£f  (COS  0)P^.(COS  0O)  COS  (<£  -</>0) 


(18.141) 


where  denote  the  first  zeros  of  P,,(cos  0t)and  (t^/cO^P^cos  0i),  respe^  I  .ely, 
andO  <  px  <  1,0  <  <7j  <  1  for  90  <  <  180°.  The  above  equations  make  explicit 

the  behavior  of  the  electromagnetic  field  near  the  tip. 

For  r  -4  r0,  in  the  region  (04-0o)  <  (20J  -7r)  which  excludes  the  domain  of  reflect¬ 
ed  waves,  the  scattered  portions  of  the  functions  U*  and  U2  may  be  written  as 
(Fllsen  [1957a]): 

L]  =  -\h\!\kr)h'0"(kr0)jr  cos  [tan  {0  tan  W0  tan2 

m  =  I  m 


n  v  /l  l  J  d.v.v  tanh  r.v  _XSl.ni/.  . 

-  V  cwcos  mM>-r/>0)  ■  •  c  Htl(^r)H\yx\kr0) 

2k N  rr0  *  -  o  c0  .\“  4-j  cosh  7r.v 


AT(cos  0)K*(cos  0o)K?(-cos  0, ) 

/  ( l  4-  m  4-  i.Y)n  1 4-  m  -  ix)Kj(cos  0, ) 


(18.142) 
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U\  =  i/i<0,>(fer)/i<01,(fcr0)  |  — 0(*_+o)  [tan  tan  ^  ta„2 

m- 1  m 


I  Emcos 


dxx  tanh  nx  _ 


2fcN/rr0m=o  J0  x24-icosh?rx 

K"(  cos  fl)K*(cos  0o)(d/dgi)K;(~cos  0^ 
f(i+ m  +  ix)f(i+ m -ix)(d/d0O^(cos  0,)  ’ 


t-”H["(kr)H\lXkr0) 


(18.143) 


and  for  Ar>  >  Ar<  >  1,  with  (0+0o)  not  t0°  close  t0  (20 1  - ;i)  (Felsen  [1957b]): 


iifr  +  ro)  r  ®  4  n 

-  T3—  '+  I  7177-,-,  II «»-«)+*}  *..a,  (18.144) 

k  h'q  L  «=i  (2i/cr<)V  a=i  J 


where 


/?!  =  i  X  — —  [tan  $0  tan  i0o  tan2  i(rc-0i)]m4- 

m  =  I  m 


«  I*,  cos  m(<t>-</> o)  f 
m  =  0  J  / 


dxx  tanh  ?rx 


m=o  Jo*+icosh?rx 

k;(cos  0)k;(cos  0o)k;(-cos  go 
r(-V+m+ix)rQ  f  m—ix)K"(cQs90i)  ’ 

jR2  =  -i  X  C"S  —  — — —  [tan  i0  tan  i$0  tan2  i(n-'0i)]w4- 


(18.145) 


m  =  i  in 


+  »ti  i  =*.  cos  m(<)>-4>0)  f 

m=  1  J  < 


dxx  tanh  rcx 


m=l  J0  x  4-i  cosh  ft* 

K?(cos  0)JK”(cos  0o)(d/d0t)K”(  -cos  0t) 
f( |  +  m  4-  ix)f(i  4*  m  -  ix)(d/d0 ,  )K"(c os  0 j ) 


(18.14M 


and  B  is  the  Beltrami  operator 


n  1  C  .  .  d  1  d2 

sin  0  ?0  d0  sin2  0  d<j>2 

Equation  (18.144)  leads  to  an  electromagnetic  field  that  has  the  appearance  of  a 
spherical  wave  emanating  from  the  cone  lip.  Since 


j  - 1  1  sin  *;  -l  -  — tanm  40  =  0, 

Lsin  0  vO  cU  sin2  0_ 


(18.147) 


the  summations  involving  tanw,49  in  eqs.  (18.145)  and  (18.146)  contribute  only  to  the 
leading  order  term  in  eq.  (18.144).  In  the  case  of  a  thin  cone  (0!  «  rc),  a  first  order 
approximation  to  /?,  and  P2  (Fflsmn  [1957a,  b]): 
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P,  %  i  sin2  \6  tan  { 0  tan  i0o  ( 1  + 


cos  0+cos  0O 


cos  (</>-<£„). 


R2  v  -i  sin2  ^(5 1 - +tan  $0  tan  j0o  1 1  + - 


COS  0  +  COS  0O 


COS  0  +  COS  0O 


(18.148) 
cos((£-4>o)|  • 


For  a  radial  electric  dipole  at  (r0. 00,  4>0)  with  moment  (4ne/k)P0,  the  total  field  is 


£*  +  £"  = 


+  fc2  +  - 


^  o1  \r(V[+V') 


v  \ur  /  r  drdO  r  sin  0  drd<j>)  r0 

Hl  +  H*  =  -ifcyj-—  —  -<?-)  ^— \ 
tsin  0  d(j>  d$l  r0 

where  F'  +  K*  is  the  point  source  solution  for  an  acoustically  soft  cone  *see  Section 
18.2.1).  The  particular  case  of  a  radial  dipole  located  on  the  axis  of  symmetry  (0O  =  0) 
was  treated  by  Macdonald  [1902].  If  the  radial  dipole  is  on  the  surface  (0O  =  0^, 
the  total  field  is  zero  everywhere. 

For  a  dipole  on  the  surface  (0O  =  02)  with  t  —  6if  the  non-zero  components  of  the 
total  far  field  are 


E.  =  Ztf.  = 


2ieifcr  £  .  .  ^  2p+ 1  _4i 

— cos  m(<j>  -  <t>0)  Y  i  P 


rr0  sin  0!  m=o 


P>op(p+I)  dr0 

ikr  oo 


-  [ro  .<,i(kr0)] 


(dld0)rp(cos6)  4ke  *  2  , ,  .  , 

x  -  -  '-p' - -  Y  m  cos  m(<b-60) 

(3/5p)P^( cos  0,)  r  sin  0  sin2  0,  m= i 

xy  2q  +  l  e-i'i'j  (kr  ) _ ^cos  °1 _ 

s>oq(g  +  l)  ’  0  (d2ldqdO,)P?(cosO,)' 


(18.150) 


Jkr  oo 


=  —ZHe  = 


rr0  sin  0  sin  0,  m=i 


Z  m  sin  m((j>-(po)  Y  ~7~~  e 


^"opfp+l) 
4/ce‘*r  * 


0  r  ...  y.  Pp(cos0)  j  4/ce'*r  *  /JL  ^  . 

x  —  OW^o)]  /T/T?\d«7  n  \  +  ~~T7r  Z  w  sin 

0ro  (0/0p)Pj:(cos0,)  rsin  01m=i 

x  V  (0/00)P;(cos0) 

<i>o<j(<7+1)  *  °  ^IdqdO^P^cosQy)' 


(18.151) 


If  a  circumferential  dipole  (that  is,  £  =  $0)  is  on  the  surface,  the  total  field  is  zero 
everywhere. 

For  an  x-directed  dipole  of  moment  (47re/fc)$  located  on  the  axis  of  symmetry  at 
(r0,  0, 0),  the  incident  field  is 

ni  ei**r>(r-rocos0)/3  3iA:  k2\  ik  1  ,  .  21  .  „  . 

kR  L  R  \R>  R2  R/  R  R2  J 
e,kR  f  rr0  sin  0  /  3  3i k  k2\  .  n  (ik  !  .  2\  , 

kR  L  R  \P3  R2  Rl  \R  R2  J  J 

E;  =  -  --  (-  -  +fc2)  sin  (18.152) 

*  kR  \R  R1  ! 


(18.152) 
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e,k*  /i k  1 


//;==i^^U'-^roSin0sin^ 


eikR  (\k  \ 


H'e - ikY  ^  -  -  -j  ( r  cos  6-r0)  sin  <j>, 


W;  =  —  \kY 


cikR  i\k  _  n 
\R  R2! 


r  cos  9-r0)  cos  <£, 


and  the  total  field  is 


£'  +  £*  =  [fl  sin  (p  — -]  k2A2  + 

l  sin  0  dOl 

■  (a  ±  l  d2  ,  1 2\  a  cos  (f>  d2  *  sin  <j>  d\  r  d  ,  ,  . 

I  \or  J  r  drdO  rsinfl  or/  rft  orn 


i  \or  j  r  CrdU  rsint/  Or I  r0  Or0 

2  7  (18 

H'  +  H'  =  -ifcy  j^sin  +k>)  +6™*  1-  1)(M2)+ 

l  \dr2  J  r  drd(j)  r  sin  0  dr I 

+  i kY  +  (f>  cos  (f>  — )  i  —  (r0/l|), 

l  sin  0  801  r0  dr0  V 

where 

>1,  =if  dv^L1.  MSli)  ["pJ(-cosO)-  ^-COi0')  Pi(cos  0)1 
2JC.  v(v+l)  sin  vn  L  vV  ’  P^cosO,)  J 


(18.153) 


(18.154) 


(  =  I  f  di,  2v+  I  ),(A.t <)/im(Ar>) 


2Jr  v(v+l)  sin  vn 


x  P'.(-cosfl)- 


(d/dO,'P‘(— cos  0,)  p, 
(d/dO,)Pj(cos  0,)  v 


P-(cosO)  ,  (18.155) 


and  C'  is  the  contour  shown  in  Fig.  18.6.  Alternative  representations  of  ,4)  and  /l2 
as  eigenfunction  expansions  are 

.1,  =  2'  X  (2p+t);p(AT<)h,;,(fcr>)  ,  P^cos0'1  ,(18.156) 

sin  (/ 1  />>()  (<ty<W,)Pj( cos  0i)(dldp)Pp( cos  (/,) 


I  (2q  +  l)./,(AT<)/i|("(fcr>) 


P’(cosd|) 


'  sin  •’  *  P;(cos0,)(d^V<M^(cos0,) 

which  may  also  be  written  as 


4  _  ^  v  Jp(kr<)hP  (kr^P'pi cos  0) 

A '  ~  ■'  2.  -77; - 

'  [Pp(cos  a)ll  sin  adi 
J  o 


(18.157) 


(18.158) 
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^  Ukr^h^kr^PlicosO) 

a2  -  2i  2,  ~rft - • 

q>  [Pi(cos  a)]2  sin  ada 
Jo 


(18.159) 


The  summations  in  p  and  q  extend  over  the  positive  zeros  of  Pj,(cos  0l )  and 
(dldO^Pfa-n  ^i),  respectively. 

For  r  #  r0)  in  the  region  6  <  2Gl-n,  the  scattered  portions  of  Ax  and  Az  may  be 
written  as: 

A\  =  ~-iihld\kr)h{Q\kr0)  tan  $6  tan2i(7r— 0,)+ 

+  — f  ~  tanh  7 ix  e~x*H\lXkr)H\lxXkr0)Kl(cos  0)  ~ — — -1--  , 

2/cv/rr0J0  x2  +  i  Xi(cos^) 

(18.160) 

A\  =  Yih{0l)(kr)ho\kr0)  tan  \G  tan2  i(7t-0,)  + 

+  7-—  f  "t^T  tanh  nx  e~X"H\'Ak,')H(ili(kl'(i)K'A<:o^  0) 

2ks/rr0J  o  x2+i 

x  :  (18.161) 

(d/d0,)K:(cos  0,) 

and  for  kr>  >  kr<  >  1,  with  0  +  0o  not  too  close  to  —  7r: 

_i*(r  +  r0)  r  «  1  »  “I 


r0)  r  oo  ^  n  -i 

-  1+  I  -,B-  n  W*-1)  +  B(l)}  r1>2,  (18.162) 

o  L  n  =  i  (2iAt<)  n!  s=t  J 


where 


f !  =^itan  {0  tan2  4(7r  —  0,)  —  i 


.  f 00  dx.v  u  Kl(-co$Qx) 

i  -  —  tanh  nx  A  i(cos  0)  , - - 

Jo  *2  +  i  V  A"  J  (cos  0,) 


(18.163) 


f2  —  -4i  tan  \0  tan2  i(7r-0,)-i 


00  dx.v  m  (d/d0,)/Ci(  — cos  0j) 

-■  —  tanh  nx  Aj(cos  0) '  -  - 1; 


0  **  +  i 


(d  d0,)Kj(cos0,) 

(18.164) 


and  B(\ )  is  the  operator 


B(  1)  =  l-  '  sin  0  - - 1-~ 

sin  0  £0  d0  sin2  61 


18.165) 


Equation  (18.162)  again  leads  to  an  electromagnetic  field  that  has  the  appearance  of 
a  spherical  wave  emanating  from  the  cone  tip.  For  a  thin  cone  (0,  ^  n).  a  first 
order  approximation  to  P,  and  r2  is 

f,  %  —  r,  %  )i  sin2  )<5  tanJ0  (2  +  tarr  J0) . 


(18.166) 
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18.4.2.  Magnetic  dipole  sources 

For  an  arbitrarily  oriented  magnetic  dipole  at  (r0, 0o ,  <j>0)  with  moment  (4tt /A)c, 
the  total  electromagnetic  field  is 


HXr)+HXr)  =  4nk$m(,\r0)-i, 
£'(r)+E5(r)  “  4*iZ  V  a  «?nl(r|r0)  •  i, 


(18.167) 


where  c  is  an  arbitrary  unit  vector  and  #m(r|r„)  is  the  magnetic  dyadic  Green  func¬ 
tion  for  the  cone: 

4;r  ,  .  ,  l  &  6  ,  3|(  60  i  ,  c  i  ,, 

k  ism  0  d(j>  d9)\sin0o  d<j>0  d0o) 


!  r.2 

i  0  ,1.2 


+  \  +  ~  —  + 


^  d 


r  drdd  r  sin  9  drd 


r>  (h  +“) 


+  °0  _  C_  +  0 _ ^  \  ^0  ^2 

r0  cr0d6Q  r0  sin  90  cr0d(j)0\  k2 


(18.168) 


and  where  V  a  0m(r|ro)  is  given  by: 

4jin  ,  ( .id2  .  2\  6  d2 

k2  \  \dr2  1  r  drdO 

+  „  *2  ](  g0  rC/L 

r  sin  .9  crc^llsin  0O  d</>0  °  f0o)  k 


;in  0  t>  cOll  UVj  / 


+  0„  7_  +  _Jo_  . <>*  jr0I/2 

r0  ci'ocOr,  r0  sin  0O  cr0<W  k 


(18.169] 


The  scalar  functions  £/,  and  (A  are  defined  in  cqs.  (18.132)  through  (18.138). 

If  kr  <7  1  and  kr0  1,  the  representations  in  eqs.  (18.135)  and  (18.136)  arc  rapidly 
convergent  and  the  dominant  terms  lead  to 

rnsmd,  2,!  T(</,  +  $) 


r  o  c  <nr 

X  r  f  +  —  I 

if  j  CO  </,  sin  0  f//>J  . 


+  4- 

t  (»0  S'.n  ()0  (>/■„ 


x  P,’  (cos  (t)P'(cos  0„)  cos  (<l> - <>0)  .  (18.1 70) 


- )  'pi« 


e'+f  - 


~  i/vXe 


\  n(kr)r 


>\\  sin  0{  2Pi  lr(pr fii 


[r  +  (0'P,V‘  r^P^icos^JP’.fcosaoM^,  *  a)  ^  m 

Pj,(cos  ^i)(P'<Ti)PPl(cos^i) 


668 


THE  CONE 


18.4 


where  px  and  qx  denote  the  first  zeros  of  Ep(cos  0X)  and  (d/dO^Pfoos  0 ,),  respec¬ 
tively,  and  0  <  p{  <  1,  0  <  qx  <  1  for  90°  <  0o  <  180°.  The  above  equations  make 
explicit  the  behavior  of  the  electromagnetic  field  near  the  tip. 

For  the  region  0  +  0o  <  20j-7r  which  excludes  the  domain  of  reflected  waves, 
exact  and  approximate  expressions  for  the  scattered  portions  of  Ul  and  U2  are  given 
in  eqs.  (18.142)  through  (18.148). 

For  a  radial  magnetic  dipole  at  (r0,  0O ,  <f)0)  with  moment  (4n/k)?0,  the  total  field  is 


"'♦"■-('(IH 


d2\  r(r-fFs) 


+  0  d _  + 

r  drdO  r  sin  0  drd(f>i  r0 


r0 


E‘  +  fc's  =ifcZ[-~ 

(sin  0  do  dO 


[18.172) 


where  V{  +  V*  is  the  point  source  solution  for  an  acoustically  hard  cone  (see  Section 
18.3.1.). 

For  a  radial  dipole  (£  =  P0)  on  the  surface  ( 0o  =  0 }),  the  field  components  in  the 
far  zone  are 

—  2ie”,r  00 

=  Iemcosm(^-0o)X(2t?  +  l)e-^(^o) 

rrosin01m  =  o  q>o 


(d/dO)P:(  cos  0) 


(d2/dndO{)P^(cosOl) 


— ,  (18.173) 


H A  =  YEa 


4ie 


ikr 


_  £  m  sin  m(4>-<t> 0)  Y  (2q  +  l)e‘il,%(fcr0) 

rr0  sin  0  sin  3,  m=i  q>o 

Pq( cos  (?) 


(d2ldqdOx)Pmq{cosQx) 

where  the  summations  in  q  extend  over  the  positive  zeros  of  (dldOx)P~m( cos  0,). 

For  a  circumferential  dipole  (6  =  0O)  on  the  surface  (0O  =  0,),  the  field  compo¬ 
nents  in  the  far  zone  are 

&kelkr  x  2n+1 

.  I  '»  sin  W(>  -  4>0)  Y  — —  -e  i,f’jp(kr0) 

/•  sin  0sin  0,  m=i  p>o  p(p+\) 

racos  0)  4ie'*r 


Ha  =  -  TE*  = 


(tv0p)Ep(cos  0,)  rr0  sin2  0,  m  = , 


£  m  sin  m(0“0o) 


*  s 

2</  +  1 
- e 

- 

</  >  0 

</('/  +  !) 

YEe  - 

2feei*r 

is, 

r  sin  0, 

m  =  0 

x  (didO)P^(co s 

;()) 

(fl/Wj(  cos 

».) 

x  I 

2<?  +  l 
-  e 

-}i«« 

v  >  0 

q(q+\) 

0ro 


4ie 


ikr 


<rn 


,  (DISO)P^(cos  0) 
(d1ldq00)ly;(cos0l)' 

)I 

p>0  p(/>+l) 

<r> 

Y  m2  cos>  m(4>-<t>0) 


(02ldqd0l)P^(cos  0,) 


(18.174) 


(18.175) 
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where  the  summations  in  p  and  q  extend  over  the  positive  zeros  of  P~ "(cos  0,)  and 
(d/dO^P^Xcos  0,),  respectively. 

Felsen  [1959]  has  treated  the  problem  of  radiation  from  a  narrow,  axially  sym¬ 
metric,  circumferential  slot  (see  Fig.  18.7)  located  on  the  cone  surface  far  from  the 

z 


Fig.  18.7.  Geometry  for  radiation  from  circumferential  slot. 


tip  and  excited  with  an  azimuthal  electric  field  distribution  E+  whose  amplitude  varies 
as  cos  m<t^0  or  sin  m</>0.  In  this  case  the  source  distribution  may  be  thought  of  as  a  ring 
of  radially  directed  magnetic  dipoles  on  the  cone.  Expressions  for  the  dominant  geo¬ 
metrical-optics  field,  including  the  transition  behavior  at  0  «  n-0u  are  presented 
for  kr  >  kr0  »  1 .  The  related  problem  in  which  the  slot  is  excited  with  a  radial  elec¬ 
tric  aperture  field  distribution  £r,  corresponding  to  a  ring  of  circumferential  dipoles, 
is  also  treated.  Explicit  results  are  given  only  for  the  special  case  of  uniform  field 
excitation  (£r  =  1 ),  although  both  the  diffracted  field  (see  especially,  Felsen  [1957c]) 
and  the  geometrical  optics  contribution,  including  transition  behavior,  are  considered. 
For  this  case  of  uniform  field  excitation,  Bailin'  and  Silver  [1956]  have  computed 
the  field  patterns  from  the  exact  series  representation  of  the  normalized  far  field  com¬ 
ponent  given  as  (see  also  Van  Bladll  [1964]): 

Z  2/’+1  c-^V.tkro)  ‘‘WAosfl)  ()8.176) 

A  r>o />(/>+!)  ((U'p)Pp(cos  0,) 

where  the  summation  extends  over  the  positive  zeros  of  £p(cos  0j)  and 

/  n  \  *  c'kr 

=  ikr0V0  f  ,  (18.177) 

\2krJ  r 

with  F0  denoting  the  constant  voltage  across  the  narrow  circumferential  slot.  The 
field  patterns  of  presented  by  Baiun  and  Silver  [1956]  for  0,  =  1 65°  with 
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Fig.  18.8.  Normalized  fur-field  amplitude  \EQjA\  for  0{  —  165',  and  (a)  kru  ~  50rr,  (b)  kr0  5.t, 
(c)  Ar0  .Vr  and  (d)  Ar()  =-  n  (Baiun  and  Silver  [1956]). 

kr0  --  5071,  5n,  3n  and  n  are  reproduced  in  Fig.  18.8.  For  the  case  fl,  =  1 65°,  kr0  =  50tt 
in  which  the  series  representation  of  eq.  (18.176)  is  slowly  convergent,  the  results  of 
Baiun  and  Silvfr  [1956]  were  found  by  Goodrich  et  al.  [1958]  to  be  in  good  agree¬ 
ment  with  the  simple  geometrical  optics  result: 

[fcVU  **  Vo  -  l/fer°-S~-  exp  [  -  ikr0  cos  (0,-0)- 0  >  n-0o.  (18.178) 
r  r  27t  sin  0 


Radiation  patterns  for  other  slot  excitations  and/or  configurations  located  far  from 
the  tip  are  given  in  Goodrich  et  al.  [1958]  and  Goodrich  ci  al.  [1959].  These  last 
references  contain  refinements  to  the  geometrical-optics  approximation  based  upon 
an  application  of  Fock  theory  to  the  surface  of  the  cone  (Goodrich  [1958])  and 
physical  optics  for  the  tip  diffraction  contribution.  Transition  phenomena  are  not 
taken  into  account  by  these  methods. 

For  an  .v-dirccted  dipole  of  moment  (4/r i'k)&  located  on  the  axis  of  symmetry  at 
(r,(.  0,  0)  the  incident  field  is 


e  f  r(r  —  r0  cos  ft)  /  3  3  k  fr\  i k  1  .  ^ 

II  -  0  (  -  -  ,  -  +  -  ,  sin « cos  0, 

kR  L  R  \R 3  R 2  Rl  R  R2  J 

clkR  [>r0  sin  0  /  3  3i k  k2\  .  ilk  1  " 

kR  L  R  \R*  R2  R1  \R  / 

*  in  \w  r 1  I 


cos  0  COS  (j)  , 


//,  -  -c  (iA  - 

kR  'K  R~ 


(18.179) 
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El  =  -ifcZ 


e,kR  l\k  l 


kR  \R  R2 


E'a  =  ikZ  - 


eUR  /i k  1 


E;  =  i/cZ  - 


IcR  K2 

eiltR  f\k  1 


/ilk  1  \  , 


2j  r0  sin  0  sin  <j>, 
(r-r0  cos  0)  sin  0, 
(r  cos  0  — r0)  cos  0, 


kR  \R  RlJ 
and  the  total  field  is 

H'+H’  =  (dcos^  —  ^ sin  <t>  ~)  k2At+  (?C0S(/> 

\  sin  0  del  \ 


(5  -’I 


a  cos  0  d2  -sin  0  5  1  r  5  /  A  v 

f0  „  JC - 0 - 1 -  --  -  — (r0/l2), 

r  5r50  /*  sin  0  On  r0  dr0 

ri,rs  _  L  .  ,  /  52  ,  ,  2\  *  sin  0  52  (Icos<j)  N  (18.180) 

E  4-E  =  i/cZ  <fsin  0  (— •  +  fc2|  +0 —  —  +  0 - -  — J  (r/1 v  7 

I  \dr2  }  r  dr  39  r  sin  0  3r) 

^  sin  0  t  ,511  5  ,  A  . 

-ifcZ  d  — +^C0S^-4—  •  (r0/l2), 

1  sin  5  50J  r0  5r0 

where  the  scalar  functions  and  Al  are  as  defined  in  eqs.  (18.154)  through  (18.159). 

For  the  region  0  <  2 0t  -rc  which  excludes  the  domain  of  reflected  waves,  exact  and 
approximate  expressions  for  the  scattered  portions  of  Ax  and  A2  are  given  in  eqs. 
(18.160)  through  (18.166) 

18.4.3.  Plane  wave  incidence 

For  a  plane  wave  of  arbitrary  polarization  incident  from  the  direction  0n,  0O,  such 
that  (see  Fig.  18.1c) 

£‘  =  (d0  sin  /i  +  0O  cos  /?)  exp  { -  ifcr[sin  0  sin  0O  cos  (0  -  0O)  +  cos  0  cos  0O]}, 

H'  =  V(0O  cos  sin  P)  exp  { —  i Arrfsin  0  sin  0O  cos  (0  - 0O)  +  cos  0  cos  0O]}, 

(18.181) 

where 


0O  =  *  cos  0U  cos  (pQ  +  $  cos  0O  sin  0O  -  £  sin  0O . 

0o  =  -isin  0O  +  f  cos  0O, 

the  total  field  may  be  written  in  terms  of  the  Debye  potentials  (a,  r)  as: 


(18.182) 


£’  Ft"  =  iAZ 

f. »  / 

'■  |  r+  j 

[o  (-f. 

0 

+  - 

.  > 
c  " 

+  -* 

Kin  0  50 

50 1  I 

i  '(  /•* 

/ 

r 

5r50 

r  sin 

//  f/r  -  Jf  ( 

*  >  +  *2) 

+ 

« ■* 

< 

+ 

_  0 

<2 1 
l 

(n) 

-i/kV 

(  0 

1 

1  \ 

<  / 

CrCO 

r  sin  0 

Prt’<f>l 

Isin  0 

‘ !  «• 


(18.183) 
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For  the.  cone,  the  Debye  potentials  (w,  v)  are 

M  =  7  i  Cm  f  dv  -yV'+  ! ;  j,(kr)e'  **’”  [ m  sin  m(4>  -  <j>0)  cos  p 

7tk  m-o  J c*  v(v+h  L  \m\QJ 


4- cos  m((i>-<p 0)sin  ft  ,  (18.184) 

»  =  ~  I  f  dv ----  - Ukr)c-ilv*  [cos  w(<£-<£0)  cos  p  (~)  - 
7T&  m  =  0  Jc  V(V+1)  L  \t)0o/ 

-m  sin  sin  p  l ,  (18.185) 

\sin  0O/  J 


where 


G,  =  -i7t 


r(v+M*i-  i)p;m(cos  o<) 
r(v-m  + 1)  sin  (v-w)7i 


P,‘"(-cos 0>)-  P;m(cos 0>)1  ,  (18.186) 

Pv  "(cos  0,)  J 


C2  =  -In, 


f(v  +  m  +  l)/>;m(cos0<) 


T(v-m  + 1)  sin  (v-m)n 

x  rp;"(-cos0>)- p-"(cos  0>)1  ,  (18.187) 

L  (d/dO,)Pv'm(cos  0,)  'J  V 

a  iu  C'  is  the  contour  shown  in  Fig.  18.6.  Alternative  representations  of  (*/,  r)  as 
eigenfunction  expansions  are 

t/=  2i  S  «  2p+l  c~*ipKj  p(kr)py(cos  0) 

k  sin  m=o  n\>o  p(p+  1)  (3/30,)Pp(cos  0|)(3/3p)P£( cos  0,) 

x  [m  sin  m(<£  -  <£0)  cos /?  ^cos  -fcos  w(0-0o)  sin  P  *  P7(cos  0O)1,  (18.188) 
L  sin  0O  30o  J 

—  2i  V  "  ~  2<j+l  e  ~  *  iqKjq(kr)P^(cos  0) 

ks\nO]  m  =  omq>o  q(q  +  \)  PJ*(cos  0,)(32/3^30I)PJ!(cos  0,) 

x  [cos  m(<t> -<t>0)  cos  P  *  PJ,(cos0o)-msin  w(0-0o)sin/?^COS^°^l,  (18.189) 
L  sin  0O  J 

which  may  be  written  as 

**•  “ o  r>o  j*  [PJ*(cos  a)]2  sin  id* 

J  n 


x  [ m  sin  w($-  #0)  cos  P  ^cos  ^  +  Cos  m(4>-$0)  sin  p  1  P?( cos  0O)  ,  (18.190) 
L  sin  0O  30o 
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2\Y  -  „ 

l)==  r  Ze*L 

K  rti  =  0  <f>0 


*iqKjq(kr)P%(cos  0) 

. f~9i  . 

q(q  4- 1)  [PJ*(cos  a)]2  sin  ada 
Jo 


x  [cos  m(<p-(t>Q)  cos  P  —  PJ*( cos  0o)-~m  sin  sin  P  S— 1.  (18.191) 

L  d0o  sin  60  J 

The  summations  in  p  and  q  extend  over  all  positive  roots,  respectively,  of  the  equations 


Ppm(cosOx)  =  0, 

(P^cosa^o. 


(18.192) 


On  the  surface  0  =  0 j : 


i  ikZ  a/1'1  d  (  . 

Eo  +  Ee  =  —~T  —  +  - 

sin  0X  d(f>  r  dr 

«♦+«♦  =  4t 

/  sin  dr  dtp 

Hl+H'r~(^+k2)  (M'), 


(18.193) 


where 


/l  =  — 


2i  y  g  y  2p+_l_  _e^%(fer) 

Jr  sin  0,  mTo  Vo  p(p  + 1)  (3/3p)P^( cos  0,) 


x  T/n  sin  m(<j> -<l)0)  cos  p  ^piCOS-^2  ,i.cos  m(</>-</>0)  sin  ft  --  P?(cosa0)|  , 
L  sin  0o  dfl0  J 

^  =  yt  y  2,  +  l  e-^, ,(*')_  (1 

1-  sin  0,  Vo  "Vo  q(q  + 1)  (d^dqdO^cos  0 , ) 

x  cos  <t>e) cos  p  ^(cos  0o)— m  sin  m(<j>— <t>0)  sin  p  ^^C°- -^°-l  . 

d0o  sin  0o  J 


"(cos  0,) 


(18.194) 


If  At  •<  I,  the  representations  in  eqs.  (18.188)  and  (1 8. 189)  are  rapidly  convergent 
and  the  dominant  terms  lead  to 


£i  +  F  s’rr(Ar)'”"1  [f+(dlp,)<!ldO}PPl(cosO)P{fl{cos00)s\np 

'  sin  a,  2p,',r(p.  +  i)  p^cosa.xa/ap^pjcosa,) 

;ye“l'«n«  ■VirrY'i  - 1 

«'  +  «'  -  .  , /P^costt.K^.^.IPi.lcosC,)!-' 

sma,  2"  r(i/,  +  )) 


,(18.195) 


»(.♦*  •’  T  *  ■’W""'1  ' 

\  (T/,  <j,sin0,  a^/lsin  0O  V 


-cos/? 

,  VAsin  (Vo 

x  Pj,(cos  a)P^,(cos  ao)  cos  (<j>  —  <t>o)'  (18.196) 
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where  pu  q ,  denote  the  first  zeios  of  Pp{ cos  0X)  and  {djdOx)P\{ cos  0t),  respectively, 
and  0  <  p{  <  1,  0  <  qx  <1  for  90°  <  0t  <  180°.  The  above  equations  make  ex¬ 
plicit  the  behavior  of  the  electromagnetic  field  near  the  tip. 

In  the  region  0+  0o  <  2dl-7r,  which  excludes  the  domain  of  reflected  waves,  the 
scattered  portions  of  (n,  i>)  may  be  written  as: 

\kr  or> 

M*  =  ~  -  Xs‘n  {»*(</>- 0o)  +  /?}Ftan  i0  tan  i0o  tan2  J(7t-0l)]w- 

k  r  sin  0q  m  =  i 


-  71 1  j  JL  ci*«  y  c  f  *  tanh  nx 

kl  2kr  m=o  mJ0  x2  +  icosh;rx 

*xnH\lx\kr)Kx(cos  0)K”(- cos  0j) 
r(j  +  m  +  ix)/(J  +  m  -  \x)K  J(cos  0  , j 


x  m  sin  m((j)  -  0O)  cos  p  — — •+  cos  m(<j)  -  0O )  sin  /?  —  K*(cos  0O)  < 

sin  0O  d0o 


(18.197) 


v'  -  -  ^cos{m(^~0o)  +  ^}[tani0tani0otan2l(7r-^i)T- 

kv  sin  0O  »<  =  i 


n  rj  dxx  tanh  nx 

k  I  2kr  m - o  mJ0  x2  +  i  cosh  tex 


dxx  tanh  nx 


e  iXKHyx)(kr)K'!(cos  0)(di<10t)Kmx(  -ccs  0,) 
/  ( i  +  m  +  ix)f(  J  +  m  ~ ix)(d/d0|)^7(cos  0, ) 


^.v(C0S  0O)1  t 


x  cos  ;n(r/> --</»,,)  cos  p  —  K"'( cos  0o)~/n  sin  m(0-0o)  sin  p  ^ — 

d0o  '  sin  0O 


(18.198) 


and  for  At  !  with  0  +  0, ,  not  loo  close  to  20,  —  tt: 


>  1+  V  '  -  IlHs-l)  +  B}  (U,*),  08.199) 

A~r  L  «-  i  (2iAr)  n!  i  J 


where 


£  sin  {iii(0~/£.,)  +  /f}[tan  $0  tan  J0otan2  1(^-0,  )]" 


~:V,- 


f '  d.v.v  tanh  nx 


K‘*(co&  0 )  K'"(  -  cos  0 , ) 


'  J „  x:  -}•  J  cosh  7i v  f( \  +  m  -V  i  v)/'(  1  ■+  in  ~  ix)K'"(cos  0 , ) 


in  w(0-0o)  cos  />  ^  V^C0S  ^  +  cos 
sin  0„ 


)  sin  p  K'”(cos  0O) 

d0o 


(18.200) 
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$$  = -  £  cos  {wi(0-^o)+^}[tan  $0  tan  i0otan2  £(75—0^]*"- 

sin  0o  m-  1 

_?ryy  g  f®  dxx  tanhrcx  _  K*(cos  0)(d/d0  !)££(- cos  0,) 

m  —  0  J  Q  X  2  +  i  coshrcx  f^  +  m+ixJrQ  +  m-ixXd/dO^^^cos  0j) 

x  [" cos  m(<j>  -  0 0)  cos  p  —  K  J(cos  0O)  —  w  sin  m(<£  -  $<,)  sin  ft  ^(cos  ^pjl 
L  d0o  sin  0O  J 


and  0  is  the  Beltrami  operator 


(18.201) 


n  1  5  0  ^  i  02 

sin  0  00  00  sin2  0  d<p2 

Equation  (18.199)  leads  to  an  electromagnetic  field  that  has  the  appearance  of  a 
spherical  wave  emanating  from  the  cone  tip.  Since 


—  -  --  sin  0  — - tanm£0  =  O, 

sin  0  00  00  sin2  0_ 


(18.202) 


the  summations  involving  tanm  $0  in  eqs.  (18.200)  and  (18.201)  contribute  only  to 
the  leading  order  term  in  eq.  (18.199). 

For  0  +  0o  <  20 ,  -  7T,  the  non-zero  components  of  the  scattered  held  in  the  far  zone 


where 


e ;  =  z  u%  =  s, , 

kr 

ifcp 

£;  =■■  -ZHl  =  —  5\, 
kr 


s.  =.-  i  114  ,Z- 

00  sin  0  <  0 

i\  =  lll-iZ 

sin  0  0f/>  00 


(18.203 


(18.204) 


with  (U,  '<!<)  defined  as  in  eqs.  (1.:.200)  and  (18.201).  For  /)  =  \n  (incident  magnetic 
field  perpendicular  to  the  cone  axis)  and  0,  «  n  (thin  cone): 

^  rri  0  '  dvx  tanh  kx  K*(cos  0)K'J(c:os  0U) 

1  log  (sin2  t())J0  .\,:  +  i  cosh  7T.v  1  +  </(x)/log  (sin2  t('i) 


4i  sin"  lii 
(cos  0  4-  cos  0U) 


.  COS  (</)  -  </>0)(  1  +  cos  0  cos  0O>, 


4i  sin2  l<>  sin  (</>  —  0O) 
(cos  04-  cos  0(| l* 


(18.205) 
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where  ^(x)  is 

ato-ZM-Oc’  +  i)-1  (18.2%) 

with/(x)  defined  as  in  eq  (18.81).  The  definite  iniegral  in  eq.  (18.205)  has  not  been 
evaluated  in  terms  of  known  functions.  However,  if  5  is  sufficiently  small  to  warrant 
the  omission  of  higher  order  terms,  eq.  (18.205)  reduces  to  the  first  order  approxi¬ 
mation  (compare  with  eq.  (18.43)): 

£  ^  i  tan  ±6  tan 

log  (sin 2 15)  cos  0+cos  0,  ' 

S2  w  0.  '  ‘  ; 

On  the  other  hand,  for  0  =  0  (incident  electric  field  perpendicular  to  the  cone  axis) 
and  0,  «  n  (thin  cone): 

c  _  1!.:.^  j.  J  *  ,  24  sin2  *<5 


S,  =  -isin2  J<5  sin  (<t>-4>o) ! - - - 

((cos  0  4-  cos  0o)2  ( cos  0 4- cos  0O)4 

/*  n  *  •  8  sin2  4(5  [  { -  log  (sin2  45)]  t  .  2, 

X  (1  4- cos  0  cos  0o4-sht  0o)+ - 2— - — — -  (sm  6  -sin2  0O)  + 

(cos  04-cos  0O) 


4-2/r  sin2 


(J_  ± 

-  _J_  1)  f 

Vsin  0  d0o 

sin  0O  00/ J( 

dxx  K'x( cos  0)Klx( cos  0o)f(x) j 

cosh  nx  I 


•  4  ,  c  •  ^/ i  .  n  24  sin  0  sin  0O 
-i  sm4  J<>  sin  2(0  ~0O)- — - - 

(cos  04- cos  0O) 


(18.208) 


c  .  .  2  ,  c  (  2  sin  0  sin  0O  ,  12  sin2  id  .  -  .  n  „  n 

S2  «  - 1  sin  jd  - —  4 - -  sin  0  sin  0O(1 4- cos  0  cos  0O)4- 

((cos  0  4-  cos  0O)  (cos  0  4-  cos  0O) 

4-  1  °g (sin ^  sin  0  sin  0O|  4(1 4-cos  0  cos  0o)4-sin2  04-sin2  0O]- 

(cos  04-  cos  0O) 

V.  sin2  id  f  dxx  tanh  n-  (x24-i)£i(cos  Q)KX{ cos  0o)/(x)j  - 

!  .  rnth  jt  v  I 


cosh  7tX 


.  .  2  ic  /i  ,  x  14(1 4- cos 0 cos 0O)  24 sin2  id 

—  i  sin  Id  cos  (0-0o)  {  v  —  -  4-  --  « 

l  (cos  0 4- cos  0O)3  (cos  0  4-  cos  0O)5 

x  [2(1  4- cos  0  cos  0o)4*(sin2  04* sin2  0O)  cos  0  cos  0o4-5  sin2  0  sin2  0O]  — 

^8sin  \S[\  log  (sin  [(sin 2  0-4-  sin2  f^0)(  S  4-  Cos  ^  eos  60)  4-  4  sin 2  0  sin 2  0o]  4- 

(cos  04- cos  0O) 

4-2-Tsin2  Id  (  *  *  -  —  ^  \  f  d.v.v  tan^  nx  Kj(cos  0)A^(cos  0o)/(x)j  - 

V0  00o  sin0sin0o/Jo  cosh  nx  I 

.  .  4  . ,  .  f  ,  24  sin  0  sin  0O  ( 1  4- cos  0  cos  0O 

—  !  Sill  Id  COS  2(0  0o )  .  4- 

(cos  0  4-  cos  0O)  1  cos  0  4-  cos  0() 

4- J  tan2  10  tan2  10o(2  4-cos  04- cos  0o)j  ,  (18.209) 
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where/(*)  is  as  defined  in  eq,  (18.81).  Again,  tie  definite  integrals  appearing  in  eqs. 
(18=208)  and  (18.209)  have  not  been  evaluated  in  terms  of  known  functions.  If,  how¬ 
ever,  6  is  sufficiently  smail  to  ignore  higher  order  terms,  eqs.  (18.208)  and  (18.209) 
reduce  to  the  first  order  approximation 


^  ^  -4isin2i<5sin(<f>-</>0) 

(cos  0+COS  0O)2 
—2i  sin 2  4  <5 

S2  *  -  2~  — [$in0sin0o  +  2cos(<£-$o)(l-fcos0cos0o)]. 

(cos  0  + cos  0o) 


(11.210) 


Ff.lsen’s  [1957a]  first  order  approximation,  after  some  trigonometric  reduction,  is 
identical  to  that  in  eq.  (18.210).  For0  «  0,  P0  «  0,  eqs.  (18.208)  and  (18.20*:)  may  be 
approximated  by 

51  %  “i  sin2  sin  (</>-0o)[l +  3  sin2  i^  +  2  sin2  ^0  +  2  sin2  ^0O], 

52  2s  -i  sin2  i<5[sin  ^0  sin  j0o  +  cos  (</> - </>0)(l  +  3  sin2  i«5 -F 2  sin2  ]0  +  2  sin2  |0O)]. 

(18.211) 

Equations  (18.207)  and  (18.210)  do  not  account  for  the  singularity  in  Es  as 
(0  +  0o)  — ►  7r;  in  this  case  it  is  necessary  to  include  the  accompanying  geometrical 
optics  and  transition  fields.  For  a  thin  cone  (0i  &  n)  and  kr  »  1,  the  scattered  field 
may  be  decomposed  as 

E8  =  £d  +  Eren+£tr.,  (18.2*2) 


where  £d  is  the  diffracted  field  due  to  the  cone  tip,  £rcfl<  is  the  field  reflected  from  the 
surface  of  the  cone  according  to  the  laws  of  geometrical  optics,  and  £lr.  is  a  transition 
field  that  provides  a  continuous  behavior  across  the  geometrical  optics  boundary 
0  ~  7T  —  0O .  For  p  -  \ny  the  diffracted  field  to  first  order  is  obtained  from  eqs. 
(18.203)  and  (18.207): 


<>e 


ikr 


i  tan  ^0  tan  |0O 
kr  log  (sin2  ±6)  cos0+cos0o 


18.213) 


and,  provided  kr  sin2  •>;;  1  and  (sin  0,  sin  0O)  #  0,  the  reflected  and 
fields  are  given  by: 


^rcfl.  +  ^k. 


(kr)2x  (sin  0  sin  0O)  log  (sin2  \S) 


..([  +  J  cot  0  -  ;  cot  ()„  ) 
jd)\py  ' 

1 lkri(r.*)  +  d,  C‘"  n  lkr,(r,a).  (18.2.4) 

t  2 n  k2rN  (sin  0  sin  0„)  log  (sin‘  J<>)  fr  r  2;r 


where  x  =  0  +  0o-n  and  /(r,  x)  is  defined  by  eqs.  (18.47)  through  (18.50).  On  the 
boundary  0  —  rr  —  0o : 
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r  -  p 


-  L  —  { l  -  - 1/  —  eiiK  cot  0O]  + 

kr  sin  0O  log  (sin2  i<5)  l  2  f  2 kr  / 

F0  - - — [l-  \j—  siin  cosec  0O - — )  -  (18.215) 

N  2kr  sin  0O  log  (sin2  id)  \  I  nkr  2 kr) 


For  ji  «  0,  on  the  other  hand,  the  diffracted  field  to  first  order  is  obtained  from  eqs. 
(18.203)  and  (18.210): 


c  ^  e  *f  4  sin2  $d  sin  (0  - <£0)  t 

tj  ^  U  .  . .  . — - - —  4- 

i  kr  (cos  04  cos  0O) 

Jfcr  2  c!n^  1/S 

4  $  —  - I - -  [sin  G  sin  0Q  +  2  cos  (<j> — <£0)(1  4  cos  0  cos  0O)] ; 

iArr  (cos04cos0o) 

(18.216) 

and,  provided  kr  sin2  id  <  1  and  (sin  0,  sin  0o)  ^  0,  the  reflected  and  transition  fields 
are  given  by: 

£r«n.+E„.  ~  f  v  .T-1”-—-.  *  sin  (j> -&>)  ]J~  I(r,  a)  + 

(Jcr)  \/(siii  0  sin  0O)  '  2n 

h  2e*u  sin2  id  3  .  .  ,  ,i//cr  , 

+  0  L  B  sin  ^-0O)  [/—-/(/*,  a)  + 

\kryj(s\n  0  sm  0O)  '  27r 

co.(*-*0rf-  /('••«).  (18.217) 

iK/\/(sin  0  sin  0o)  r  2 k 

ns  here  *  -  040o-ff.  /(r,  a)  is  defined  by  eqs.  (18.47)  through  (18.50),  and 


1  /f2 


sin  0O  \col 


!  0  0\ 

2  -i  cotO  v  -J cot 0O  -I  , 


fl  =  -  J  —  -  (  —  -]•  cot  0  -  $  cot  0O  |  +  - (  (  ~  *  COt  0O  -  jl  cot  0) 

i k  sin  0O  Pr  \fa  /  sin  0  \dot  / 

,  '"2  t  J  .2 

<  =  ;  ,  ~{  cot  0  w  -g  cot  0O  ;  -  - 


-  1(1  0  cot2  0+  \*6  cot2  00 -?■  cot  0  cot  0o4l), 

r2  *?  p  \  1  p 

<'l  =  .  ,  -  :  cot  0  -  J  cot  tfo;-  +  .  -  + 

' r  <2  <  a  sin0sin0o  i/c  rr 

4  ,'()(  V  cot2  0+  V*  cot2  0o  +  -44°-  C0v  0  cot  0O  4 6). 


(18.218) 


On  the  boundary  0  =  n-0o: 


ti  -  r 


e,u  i  2rr  c * iiBfcr  sin2  4<>  . 


c«kr  sjn-  ^  _ 


i kr  f  kr  sin2  0, 


sin  (</>-- <£o)-0-  \  ‘  si n(r/>-</>0)- 

Ar  sin*"  0„ 


(8. 
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'0+1)  + 

J.  (18.219) 

The  above  expressions  for  the  reflected  and  transition  fields  are  valid  provided  both 
source  and  observer  are  away  from  the  cone  axis.  Such  a  restriction  is  no  problem  if 
both  source  and  observer  are  located  with  the  backward  cone  because  in  this  instance 
only  the  diffraction  term  contributes  significantly  to  the  far  field.  If.  on  the  other  hand, 
either  the  source  or  observer  is  near  the  surface  of  the  cone  itself,  the  above  results 
are  not  valid. 

For  0o  <  7 z-O^  so  that  the  entire  cone  is  illuminated,  and  ft  =  0  (incident  electric 
field  perpendicular  to  the  cone  axis).,  the  physical  optics  bistatic  scattering  cross 
section  is 

Op.o.iO'  0;  0o,(j)o)  = 

_  )}  tan4  <$[(1  +  cos  0  cos  0o)  +  cos  (0-0 0)  sin  0  sin  0o?t2 

n  [(cos  04-  cos  d0)‘-tan2  <5{sin2  0  +  sin2  Q0  +  2  cos  (0-0o)  sin  0  sin  <>o}]3  ’ 

(18.220) 

provided  0  +  0(}  <  2d,  -tt,  which  excludes  the  region  of  specular  reflections.  It  is 
interesting  to  compare  the  physical  optics  cross  section  w  ith  the  cross  section  obtained 
from  the  exact  theory,  i.c. 

4>'<oa.  4>0)  =  -’2  (|S||2 +|S.|2),  (18.221) 

71 

where  SU1  are  defined  in  eq.  (18.204).  For  a  thin  cone  (0,  ^  tt)  and  ji  -  0,  the  ap¬ 
proximation  in  eq.  (28.21 1 )  with  0  *  0,  0O  ^  0  leads  to 

(t{0.  (/>;  d„.  0 o)  * 

^  sin4  Jdfl  +6  sin*  Id +  4  sin2  J0  +  4  sin2  J0O 4-2  cos  (0-0o)  sin  \0  sin  ld0], 

(18.222) 


/ne  1  kr  sin" 


yjlkr  sin  0 
+  2  cos  (0“0O)  f" 


1 - (3  cot2  £ 

8  kr 


14-  — ■  (9  cot2  0O4- 11) 
8  kr 


whereas,  for  d,  ^  t.  d  ^  0  and  0O  ^  0,  eq.  (18.220)  becomes 
<7p  tJ0,  (j> ;  d0,  </>() )  * 

*  /m  sin4  Idj  1  t  (y  sin  *  Jd-Msin2  ldf4sin2  td,;.  -t-4  cos  (0-0o)sin  01  sin  Id,,]. 

"  (18.223) 


l  hcsc  two  approximations  ditler  only  in  the  term  involving  ^os(</>  -  0„).  and  for  axial 
incidence  td„  0)  the  two  results  are  in  complete  agreement  to  this  order  of  ap- 
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proximation.  For  bac 
[1951]) 


scattering  0  =  0O,  0  =  0Os  eq.  (18.220)  reduces  to  (Spencer 


a 


p.o. 


=  —  tan4 5  (l- 
16jt  \ 


sin 

cos2  6/ 


(18.224) 


The  back  scattering  cross  section  given  in  eq.  (18.224)  is  plotted  in  Fig.  18.9  as  a 
function  of  0  for  various  cone  angles. 


Fig.  18.9.  Normalized  physical  optics  back  scattering  cross  section  apo  /A*  as  a  function  of  9fo«* 

various  cone  angles  0t  (Spencer [1951]). 


For  fl  =  {jt  (incident  magnetic  field  perpendicular  to  the  cone  axis),  and  0, 
(thin  cone),  with  0  +  0Q  not  too  close  to  n,  eq.  (18.207)  leads  to 

,n  .  A2  tan2  JO  tan2  }0o 

4a [log  i(7t -(],)]*  (cos  0  +  COS  0O)‘ 

which  becomes,  for  back  scattering  [compare  with  eq.  (18.69)]: 

^  k2  tan4  }0 

167t[log  J(7r  —  ^,)]2  cos20 


(18.225) 


(18.226) 
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It  is  interesting  to  note  that  for  this  polarization  (0  =  Arc),  a  result  analogous  to  eq. 
(18.225)  is  also  rigcrously  obtained  in  the  case  of  scattering  by  a  semi-infinite  cylin¬ 
der  whose  circumference  2 na  is  small  compared  to  the  wavelength;  indeed,  the  cor¬ 
responding  half-cylinder  result  is  obtained  upon  replacing  *n  eq.  (id-225) 

with  ka \  where  ka  <  1.  An  attempt  to  regard  the  thin  cone  as  an  approximation  to  a 
thin  semi-infinite  wire  dates  back  to  Macdonald  [1902],  who  treated  the  case  of  a 
radial  electric  dipole  located  on  the  axis  of  symmetry  (see  eq.  (18.149)). 

For  a  plane  wave  incident  along  the  axis  of  symmetry  0O  =  0,  such  that 

El  =  ie~lkrc05*,  (18.227) 

eqs.  (18.184)  and  (18.185)  for  the  Debye  potentials  reduce  to  (Goryanov  [!96i]) 


cos  <t>  C  <  2v+  1  e'iiv7v(fo’)  rnl/  m  ?v( 

u  =  — Z  dv - ;  P:(-cos  0) - -v- 

2k  Jr*  v(v-fl)  sin  vrc  L  Pi 


v  =  -  y  -- 


Jc '  v(v-fl)  sin  vrc  L 
sin  <j>  C  .  2v-M  e"iivn)v(kr) 


v(cos  0,)  J 


2k  Jc  v(v+l)  sin  vrc 


(18.228) 


X  P:(-cos  0)-  1 

L  (d/de,)Pi(cos  0.)  'J 


while  eqs.  (18.188)  through  (18.191)  simplify  to 
l<  =  21  Z(2n+\y^j,(kr) - 

i.  •_  n  *— 1  v  1  7  J  "v  7/-M«in  \  n  I  / n 


k  sin  0X  p>o 


(dieOJP'AcosOMIdpWcosO,) 


v  =  —  ^  I(29  +  l)e-li’*;,(fcr)- - - 

k  sin  0,  ,>o  ’  P^cosO.K^flO.JP^cosO,) 


(18.229) 


_  2i  cos  (j>  v  e”iip7p(kr)Pp(cost  ; 

u - L  7*7- . 

P>  [Pp(cos  a)]2  sin  aria 
Jo 

2iV  sin  </>  ^  e"*i,%(fcr)Pj(cos0) 

*  q>°  f  [P«J(cos  a)]2  s'n 

Jo 


(18.230) 


where  the  summations  in  p  and  q  extend  over  the  positive  roots,  respectively,  of 
P’(cos  0, )  and  (P/C0t  )P,J( cos  0, ). 

On  the  surface  0  --  .V  (Senior  and  Wilcox  [1967]): 

r  i  P  a'  1 

Ei  +  p;  =  COS0  j  ^  (r /1)-;-  .  , 

ikr  cr  sin  0,  J 


//;+//;  =  -  y  cos  </> 


fcrsintf.  <V 


(r/l')  +  /l  , 


[18.231! 


//;  +  //;  =  -  '*  sin  <l>  (f*  (r.l  ). 

k  ’  Cr  ' 
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where 


Am  y  (2p  +  \y^JJjkr) 

sin  P>o  (dldp)Plp( cos  0,) 

4'  =.  V  (2<y-fl)e~*,**j,(lcr) 
sin  0i  q> o  (d2ldqdOl)Piq(cos  0{  j 


(18.232) 


Senior  and  Wilcox  [1967]  have  computed  the  surface  field  components  (£*, 
sx  defined  by 

Ei  +  £J  «  cos  <f> 

-  Y  cos  (j>  ,  (18.233) 

H'r+H*r  «  :'sin0$>„ 

where  the  actual  formulae  for  (£„,  and  5%  are  evident  from  eq.  (18.231).  The 
components  were  computed  in  real  and  imaginary  parts,  amplitude  and  phase,  as 
functions  of  kr ,  0  <  kr  £  30,  for  a  sequence  of  values  of  0t  spanning  the  range 
150°  g  0X  ^  172i°.  Their  results  for  the  amplitudes  and  phases,  with  the  phases  rela¬ 
tive  to  those  of  the  physical  optics  approximation, 


[&U  =2cos01e-!‘'c“»', 

KyU.  = 

R\]p.„.  =  -2  sin  0Ie~i*,c°‘8' 


(18.234) 


ire  plotted  in  Figs.  18.10  through  18.12  for  0,  =  150°,  165°  and  172}°,  corresponding 
to  cones  of  half-angle  5  =  30°,  15°  and  7)°,  respectively. 

For  0o  =  0,  in  the  region  0  <  20, -n,  the  scattered  portions  of  (ti  v)  are 

,  coscie'*''  , .  2,,  cosffli/  a  n, 

»  =  -  Ji  -  'an  JO  tan*  1(71-0,)+  -  -X  L'  —  e‘“ 

2k2r  k  f  2 kr 

x  f "  d,VV  tanh  nx  e-^H\'x\kr)Kl(cos  0)  .  (18-235) 

J0  A'  +  l  Ki(cos0i) 


,,  _  l' sin  ,an  jo  tan2  4(« — 0,) —  ™n*lT,‘  c‘» 

2/c2#*  /c  r  2kr 


C’  dv.v 

Jo  *2  +  l 


tanh  k:<  Q~l'*H\lx)(kr)Kix( cos  0) - 


(d/d0l)Kl(-cos0l) 


(d/d0,)/C.i(cos  0, 


18.236) 


and  the  scattered  field  in  the  far  zone  is  (Goryanov  [1961]): 


e;  =  z/i;  =  cos  </> . l,(0). 

ikr 


18.237) 


t;  -  -Z //’.  =  -sin  (p  -  -  L,(0). 

ikr 


Phase 


Fig.  18.11.  Amplitude*  (a)  and  phases  (b)  of  surface  field  components  Qe  ( - ),  and 

for  =  165°  (Senior  and  Wilcox  11967]). 


where 


in  which 


L,(0)  =  S  —  i  sec2  \0  tan2  i(n-0,), 
sin  0  dO 

1*2 {0)  =  */"  -  -  + 1  sec2  )fltan2i(n-0,), 

t  O  sin  0 


d.V.Y 

•x2  +  I 


d.v.v 

v’  +  l 


tanh  nx  K'x( cos  0) 
tanh  n.v  Ki(cos  0) 


Kx(-co$  (),) 
Kj(cos0,) 
(d/dfl.JKil-cosO,) 
(d/d0,)K^(cos  0,) 


(18.238) 


(18.239) 
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The  functions  I1>2(0)  are  real,  positive,  and  increase  monotonically  with  increasing 
0  in  the  interval  0  £0<  20, -7r.  Goryanov  [1961]  reports  of  extensive  numerical 
calculations  ofL,i2(0)  for  0  g  0  g  20, -*-2°,  96°  ^  0,  g  178°,  AO  =  2°,  AO,  =2°, 
and  a  reproduction  of  his  data  appears  in  Fig.  18.13.  The  far  fields  according  to  physi¬ 
cal  optics  are  also  presented  in  the  form 

ifcf 

[r,]p  =  z[w;]p.0.  =  cos  <j>  r  lpo.(0), 

i  kr 

ikr 

[E;]P.o.  =  -Z[H,]p„.  =  -sin  -  Lp,.(0), 

ikr 


(18.240) 


I 
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where 


K,(0)  = 


-sin2  0,  cos  0t 


4  cos  ]0[cos  (0{  —  \0)  cos  (0j  +  W)]1 


(18.241) 


and  graphs  of  the  quantities  (Llt2/Lp  o )-  1  plotted  as  functions  of  are  reproduced 
in  Fig.  18.14.  Goryanov  [1961]  concludes  that  the  difference  between  the  true  far 
field  and  that  predicted  by  physical  optics  increases  uniformly  with  angle  away 
from  the  back  scattered  direction  and  that  the  difference  never  exceeds  10  percent 
of  the  value  computed  with  eq.  (18.237)  for  0  £  —  zr  —  7r/90. 
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For  0o  =  0  and  kr»  1,  the  scattered  field  may  be  decomposed  as  in  eq.  (18.212) 
with  the  diffracted  field  given  by: 


-  [d  cos  0  L , (0)  -  0  sin  0  L2(0) ] 
i  kr 


(18.242) 


where  Lx(0)  and  L2{0)  are  obtained  from  eq.  (18.238).  Although  the  integrals  in  eq. 
(18.239)  are  convergent  only  for  0  <  2 -rr,  it  can  be  shown  by  a  proof  paralleling 
Felsen  [1959)  that  the  angular  dependence  of  the  far-zone  diffracted  field  must  be 
the  same  for  all  angles  in  0  ^  0  £  0{.  In  principle,  therefore,  one  may  calculate  the 
diffracted  field  by  means  of  the  integrals  in  eq.  (18.239)  valid  for  the  restricted  range 
of  angles  and  then  employ  the  resulting  closed  form  expressions  everywhere.  In  prac¬ 
tice,  however,  the  integrals  are  difficult  to  evaluate  in  terms  of  know"  functions,  and 
closed  form  expressions  valid  for  all  angles  are  not  available.  For  (sin  d,  d,)  ^  0, 
the  reflected  and  transition  fields  are  given  by: 

£rcri.  +  E„  ~  *  (t  j  -i  cot  0  S-  +|  cot  0,  --5-)  T(r,  a)- 

krj sin  0  \dot  dot  dot/ 


-g  cosj 


krj  sin  d  LVda 


-Jcot  0+1  cot  0 , )  —  +  r  T(r,  a)  — 

dot  f  dr  sin  0J 


k  sin  0  dr. 


a), 


(18.243) 


where  ot  =  7r-2d,  +0  and  T(r,  ot)  is  defined  by  eqs.  (18.60)  through  (18.63).  The 
transition  function  properly  compensates  for  the  singularities  at  0  ~  20x-n  in  the 
diffracted  wave  and  for  the  jump  discontinuities  in  the  reflected  wave.  Away  from  the 
geometrical  optics  boundary  0  -  2d,  -  zr,  such  that  kr  sin2  ot :  1 ,  the  reflected  field  is 


t  sin  0 


x  [  -P  sin  ot  cos  (j)  1  -f 


i  /3cotd. 


kr  \4  sin  ot 


3  cot  0  3  cot  a 

-f 

8  sin  ot  8  sin  ot 


-  6  cos  ot  cos  <j)  I  1  -f 


0  sin  (j)  1  -f- 


i  /3  cot  d,  7  cot  d  1  cot  a  ^  1  -  sin  0  sin  a 
kr  \4  sin  ot  8  sin  ot  8  sin  ot  sin  d  sin  ot  cos  ot 


i  11  cot  d,  7  cot  d  I  cot  ot  cot  :i 
kr  \4  sin  o  8  sin  ot  8  sin  ot  sin  d 


r 1 

-(kr)1]!  ' 


IS. 244) 


and  for  d  •-  d,  (obsener  on  the  cone  surface): 


i:  4  /; 


A%-iOci<vi»|  /  I -i  I  C( 

de  cms  d,  cos  (/>  2  — 


i  cot +  0  r  I 

kr  sin  0,  „( kr ) 


18.245) 
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with  the  tangential  components  equal  to  zero  as  required.  It  should  be  emphasized 
that  the  above  results  are  valid  only  if  the  observer  is  located  away  from  the  axis  of 
the  cone  and  provided  the  cone  apex  angle  is  not  small. 

For  0o  =  0,  the  total  field  along  the  axis  0  =  0  is  (Felsen  [1955]): 


E'  +  E'  =  £-■  °- 
kr  Or 


Lp>o  sin  pn  (d  I  dvjP^cosO^j 

+  ^  T  Y  (q  +  l)e” *iqn  q ^  .T 50s  ^ 1 ) . 

U>o  sm  qn(d2 1 dqdO^PKcosO^ 


(18.246) 


which  may  also  be  written  as 

£i  +  £s  =  £  *  A  r  y  P(P  +  0e'iipn^p(/cr_) 


kr  dr  pm>  f  ‘  i 


[Plp( cos  a)]2  sin  ada 

+*  r  i , 


q(q+\)e~y'q*jq(kr)  ' 

Oi 

[P^(cos  a)]2  sin  ada 


(18.247) 


and  the  summations  in  p  and  q  extend  over  the  positive  zeros,  respectively,  of 
Pp(cos0,)  and  (d/dO^P^cos  0,).  The  back  scattered  far  field  is  (see  also,  Felsen 
[1958]): 

£bs  =  $  .e':‘r_  lcot2  w  _  4  r  d.xx(x2  +  i)sinh  rex  \  _ 

2ikr\  ‘  ‘  !tj0  (d/d0,)[/C|(cos  ft,)]2) 


(v  +lcot0,)i|/^/(r,<x)+ 
k  r  \d%  !  dr  f  In 


e_iiR  /  v 


2 kr  Via 


+Icoi0,\!/k--;( 


(18.248) 


where  a  =  Tr-20,  and  /(r,  a)  is  defined  by  eqs.  (18.47)  through  (18.50).  The  terms 
involving  /(r,  a)  are  important  only  for  a  wide  cone  0,  ^  \n,  in  which  case  both 
source  and  observer  lie  in  a  transition  region.  For  0,  ^  l^(a  first  order  result  is  given 
by  (Felsen  [1955],  see  also  Felsen  [1953]): 


-ie,tr  sin  0X[\  -  N  2ttc~  i,’,ivG(w)],  w  <  4 


(18.249) 


i kr  (2(>,  -  7t)2 


iv  >  4 


where  >v  -  s  kr  cos  0 ,  and  6(h  )  is  as  defined  in  cq.  (18.50).  A  plot  of  the  magni¬ 
tude  and  phase  of  the  quantity  in  brackets  in  eq.  (18.249)  is  provided  in  Section  18.5, 
Fig.  1 8. 17b.  It  may  be  noted  that  when  0,  =  U,  eq.  (18.249)  yields  a  back  scattered 
plane  wave  appropriate  to  reflection  from  an  infinite  flat  plane.  For  a  thin  cone 
(tl,  ^  /:),  eqs.  (18.208)  through  (18.211)  remain  valid  for  0o  =  0,  0  -  0. 
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For  0O  =  0,  the  physical  optics  bistatic  scattering  cross  section  in  eq.  (18.220) 
reduces  to 


4>)  = 


)} 

n 


tan4  <5(1 4- cos  0)2 
[(1  f  cos  0)2-tan2  <5  sin2  0]3  * 


(18.250) 


and  by  some  trigonometric  transformation,  eq.  ( 18.250)  can  be  shown  to  be  in  agree¬ 
ment  with  Siegel  el  al.  [1955a]  and  with  the  result  of  Guryanov  [1961]  (see  eq. 
(18.240)).  For  0  =  0,  eq.  (18.250)  reduces  to  the  widely  quoted  nose-on  back  scat¬ 
tering  cross  section  (Spencer  [1951]): 

tan4  a.  (18.251) 

167C 


For  a  wide  cone  0,  sr  J7r,  the  back  scattering  cross  section  is,  from  eq.  (18.249): 

l2 


7t(20,  -7r)4  * 

whereas,  for  a  thin  cone  0,  «  n,  eq.  (18.210)  yields  the  first  order  expression: 

..  A2(jt -0,Y 


(18.252) 


1*5tc 


(18.253) 


A  more  general  expression  for  the  back  scattering  cross  section  is  given  by  (Hansen 
and  Schiff  [1948],  Schfnsted  [1953],  Siegel  et  al.  [1953a,  1955b],  Mentzer  [1955]): 


- 

471 


y  _  P(P+  De-‘" 

A  ht 


-1 


q(q+\)e-kn 


r>°  f  [P,(cos  :)]J  sin  ada  ,:'°f  [P,|(cos  a)]2  sin  ad* 

!  Jo  Jo 


(18.254) 


where  the  summations  are  over  the  positive  zeros  of  Pxp( cos  0j)  and  (d/dO^P^l cos  0, ), 
but  only  a  finite  number  of  terms  must  be  included  since  the  infinite  series  diverges. 
Despite  this  drawback,  special  summation  techniques  have  been  employed  (Schkn- 
sted  [1953],  Siegel  et  al.  [1953a,  1955b])  to  yield  second  order  results  in  the  wide 
cone  and  thin  cone  approximations:  For  a  wide  cone  0X  «  Jzr, 

A2(  I  -2  cos7  0,) 
rr  ^  —  , 

1 6ft  cos  0, 

and  for  a  thin  cone  (0,  ^  zr), 

a  ^  A  sin2  \d[  \  4  6  sin2  Id] 
n 


(18.255) 

(18.256) 


m  agreement  with  eq.  (18.222).  It  should  be  noted  that  the  physical  optics  result  in 
eq.  (18.251)  is  in  agreement  with  the  exact  theory  for  both  wide  cones: 

<v„.  %  '■  .  [1  -2  cos2  0,  i  cos4  0,  +  . . .]  (18.257) 

16/r  cos'  0, 
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and  for  thin  cones: 

.  ■> 

ffp  0  ^  X  sin2  Vr>[l  4-6  sin2  45  +  25  sin4  45+  .  .  J.  (18.258) 

71 

The  cross  sections  given  by  eqs.  (18.251),  (18.252),  (18.253),  (18.255)  and  (18.256) 
are  plotted  in  Fig.  18.15  as  functions  of  0,. 


f  ig.  IS.  I  s.  Normalized  nose-on  hack  scattering  cross  section  njX2  as  a  function  of  0,  for  a  perfectly 
conducting  cone:  (  )  physical  optics,  (---)  first  order  and  (  -  )  second  order  theory  for  wide 

cone.  <  -  )  first  order  and  (  -  )  second  order  theory  for  thin  cone. 

18.5.  Special  functions 

I’hc  l.egcndre  function  /’(‘(cos  (), )  is  an  entire  function  of  v.  For  ft  real  and  /;  <  1, 
or  for  //  an  integer,  the  /cros  of  /’(‘(cost!,)  in  the  r-planc  are  all  real  and  simple 
(Roms  see  also  M  \< donaid  |I900]  and  Hoiison  [1931  ]  who  take  /  real  and 

n  ■  R).  The  positive  zeros  />  and  </  defined,  respectively,  as  roots  of  the  equations 

/'/(cost),)  -  0. 

(f  f4M/’i,",(cos(M  -=  0, 


(IS. 259) 
(1X.2WM 
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with  m  =  0,  1,  2, . . .,  are  fundamental  to  eigenfunction  expansions  involving  conical 
boundaries.  Because  of  the  relation 


wcoso,)  =  (-r  "V+-+-,'  j°;m(cos  o,), 

r(v-m-fl) 


(18.261) 


the  functions  Py(cos  0, )  and  (d/dOt)Py(co s  0t)  possess  the  same  zeros  as  P~m( cos  0,) 
and  (<7/00,  )Pym( cos  0, ),  respectively,  along  with  the  2m  zeros  v  =  -m,  -m+ 1, . . 
m-\  of  r(v  +  w:  +  I)/f(v-w+l).  Since 

p:( cos  0,)  -  PV  | (cos  0J,  (18.262) 


the  positive  and  negative  zeros  are  related:  For  each  zero  i  e  also  have  -  v0-  1  as 
a  zero.  Various  analytical  approximations  to  p  and  q  for  arbitrary  m  may  be  found 
scattered  in  the  references,  but  for  a  general  review,  see  Robin  [1959]. 

From  the  Wronskian  relation 


/>;(cos  0,)  -  p:(- cos  0,)- P?(-cos  0,)  ---  P7(cos  0 ,)  = 

d0,  d0, 

_  2  sin(v-m)7i  T(v+m  +  l) 
n  sin  0,  r(v-m  +  l)' 

it  follows  that 


P£(-cos  0,)  = 


2  sin  (p~m)7r  r(p-h  w-h  0  I"  pm^  QS  ^  x 
7r  sin  0,  r(p-m+ 1)  LaO,  P 


00, 


P*(-cos0,) 


2  sin(</~w)7t  r(q  +  m  +  l) 
7T  sin  r(q  —  m  + 1 ) 


[P"(cos  0,)]-'. 


It  may  also  be  demonstrated  that  (see,  e.g.,  Bailin'  and  Silver  [1956]) 


rih 

J  [P£( cos  a)]2  sin  ada  - 


sin  0,  dP^(cos0,)  dP^(cos0t) 
2p+l  d0t  dp 


j*  [P^icos  a)]2  sin  ada 
*>  o 


sin  0,  02Pj,(cos  0,) 
2q  +  \  dqd0x 


Pycos0t). 


(18.263) 

(18.264) 

(18.265) 

(18.266) 
(18.267) 


Equations  (18.263)  through  (18.267)  have  been  employed  in  deriving  alternative  ex¬ 
pressions  for  the  eigenfunctions  expansions  for  the  cone. 

Some  numerical  tables  for  the  roots  p  or  q  are  available  and  are  based  upon  different 
computational  methods,  including  asymptotic  analysis  (Pal  [1918,  1919],  Morton 
[1947],  Carrus  and  Treolnmls  [1950]),  power  series  in  the  argument  0,  (Hall 
[1949]),  power  series  in  the  index  v  (Siegel  ct  al.  [1951.  1952,  1953b]),  numerical 
integration  of  the  Mehler-Dirichlet  integral  representation  (Waterman  [1963]),  and 
trigonometric  series  expansion  for  the  Legendre  function  (Wilcox  [1968]).  Pal 
[1918.  1919]  calculated  the  first  five  values  of  p  and  q  for  0,  =  15  .  30  ,  45  and 
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m  -  0,1,  2;  his  tables  were  later  corrected  by  Horton  [1947].  For  m  =  0,  Hall 
[1949]  presents  the  first  three  roots  p  for  1  +  cos  0,  -  10’ 2  and  the  five  first  roots  p 
for  1+  cos  0,  =  10"\  10-4,  10“ 5 ;  in  addition,  the  corresponding  values  of  the 
normalization  integral  in  eq.  (18.266)  are  given.  For  m  =  1,  Carrus  and  Treuenfels 
[1950]  tabulated  the  first  fifty  zeros  p  every  5°  for  90°  g  0,  g  175°  and  the  first  fifty 
zeros  q  every  5°  for  90°  g  0,  g  130°.  Also  tabulated  were  the  normalization  integrals 
in  eqs.  (18.266)  and  (18.267).  Errors  in  the  Carrus-Tireuenfels  tables  were  noted  by 
Siegel  et  al.  [1951].  For  the  special  value  0,  =  165°  with  m  =  I,  the  first  nineteen 
zeros  p  and  the  first  fifteen  zeros  q>  along  with  the  normalization  integrals,  were  re¬ 
computed  by  Siegel  et  al.  [1952, 1953b].  These  were  again  recomputed  with  even 
more  accuracy  by  the  Institute  of  Numerical  Analysis,  University  of  California, 
Los  Angeles  (see  Siegel  et  al.  [1953a]).  For  ihis  same  value  of  0,  =  165°  and  m  =  1, 
the  first  thirty  zeros  p  and  q  were  later  presented  with  a  stated  accuracy  of  seven  sig¬ 
nificant  figures  by  Waterman  [1963],  and  to  the  same  accuracy,  the  first  fifty  zeros 
were  provided  by  Wilcox  [1968].  Comparison  of  the  results  in  these  last  two  refer¬ 
ences  shows  agreement  in  the  values  of  p  to  six  and  usually  seven  significant  figures. 
However,  for  q  the  values  in  Waterman  [1963]  are  consistently  lower  than  those  in 
Wilcox  [1968],  with  the  difference  showing  up  in  the  fifth  decimal  place  for  the  higher 
order  zeros.  No  explanation  for  the  discrepancy  has  been  found,  although  on  the 
basis  of  re-evaluating  the  Legendre  function  at  each  of  the  two  proposed  values  for 
the  zero,  Wilcox  [1968]  concludes  that  his  values  are  more  accurate.  The  first  five 
zeros  of  Pp(cosGx),  /^(cosO,)  and  (0/00, )P]q (cos  0,)  are  plotted  in  Fig.  18.16  as 
functions  of  0t  for  90°  g  0,  g  180°. 

The  Mehler  [1881]  conical  functions  Af*(cos  0)  are  defined  in  terms  of  Legendre 
functions  by  the  equation 

K”(  cos  v)  =  /^(cos  0),  (18.268) 

where  x  is  a  real  parameter  and  m  ~  0,  1,  2, . . ..  The  principal  properties  of  these 
functions  cars  be  deduced  from  the  general  results  concerning  ;he  Legendre  functions 
(see  c.g.  Robin  [1957-1959]);  in  particular,  from  eq.  (18.262)  we  observe 

K”( cos  0)  =  K1  x(cos  0),  ( 1 8.269) 

implying  'hat  K”( cos  0)  is  an  even  function  of  x ,  and  from  eq.  (18.261 )  we  obtain 


K;m(  cos  0) 


KJvcos  0) 


For  0  <  0  <  jt: 


(18  270) 


K~m(ms0)  =  ^  tan"  W  2F,( J  +  i.x.  J -i.v;  w+  1 ;  sin2 }())  = 


in'. 


<-!)' 

in 


IT  mi/1[\  4.vJ+|-  (4.x2  +  l2)(4.x2  +  32)  .  « 

tan”  1+  ,  -sin  ’W+'  .  '  sin4  }(>+  .. . 

!  '  L  l!2-(m+!)  ‘  2'24(m  +  l)(m  5-2) 


(18.271! 


l 


THE  CONE 


Fig.  18.16.  First  five  zeros  of  (a)  Pp( cos  0X)  (Hall  [1949]), 
(b)  f*J(cos  0j)  and  (c)  (d/dOi)/*^  (cos  0X)  as  functions  of  0X  for 
90°  ^  0j  ^  180°.  The  results  in  (b)  and  (c)  were  provided  by 
P.  H.  Wilcox  (private  communication). 
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where  2Fj  is  the  Gauss  hypergeometric  function;  in  particular,  for  m  =  0: 

Kx{ cos  0)  =  1  +  £  - 1  )*]  sin2»  jo.  (18.272) 

n.<  2  2"(n!)2  ' 

It  is  clear  from  eqs.  (18.270)  through  (18.272)  that  K^icosO)  is  real  and  that 
A\(co s  0)  >  0.  For  0  =  7r,  /^(cos  0)  displays  a  logarithmic  singularity,  and  an  expan¬ 
sion  suitable  for  0  &  n  is 


K,( cos  0)  =  ^  cosh  7T.v  [  log  tan2  i0 -<?(*) + 


+  y  (4.x2  +  l2)(4.x2  +  3^)..  L[4x2+r>-02]cos2n 
2  2"(n!)2 


where 


--  cos2"  £0  [log  tan2  i0-g(x)  +  £  ? 

L  *=i  s 


/v  4x2-2n  + 1 

is  the  quantity  that  appears  in  eqs.  (18.205)  and  (18.206).  For  x  sin  0  >  I: 

(-*re*  r.  4m2-l_n_/l\l 


K^(cos  0) 


1-  t'!'l  J  cot  0  +  0 

8.x 


(18.273) 

(18.274) 

(18.275) 


(2nx  sin  0)4  L  8.x  \x2/ J 

For  0  +  0o  <  it,  an  integral  of  particular  importance  for  diffraction  by  thin  cones  is 


rdv.v,anh™  ^(cosO)/C(cosO„)  =(2m)!  . ,  , 

Jo  coshK.x  IT  (cos  iM-cos  0O)2,TH 


(18.276) 


which  is  a  generalization  of  the  result  given  by  Meijler  [1881  ]  for  m  =  0.  Other  per¬ 
tinent  integrals  are  given  by  Felsen  [1956];  in  particular,  for  0  +  0o  <  n: 


.*  r 

dv 

tanh  7t.x 

v 

0 

cosh  7T.X 

f ' 

tanh  tt.x 

d.v 

.V 

'o 

COsh  7T.Y 

,  ,  ,w.  ,  2  I  +cos 0 cos 0O 

(x"  +  J)Ax(cos  0)A,(cos  0O)  -  - -  ®  . 

71  (COS0  +  COS0O) 

(x2  +  i)/C((cos  0)fC.l(cos  0o)  - 


(18.277) 


=  4  sm.°.sln0«  [4(!  +cos  0  cos  0o)+sin2  0+sin2  fl()],  (18.278) 

7T  (cos  0+ cos  0n)5 


j’’  dVV  tanh  nv  ^’((cos  0)Kj(cos  0„)  -  '  UU1 2°‘Un 
.V"  +  ]  cosh  7T.Y  7T  COS  0  +  COS  0„ 

to  which  may  be  added 

( ‘  d  \  v  tanh  rr.v  :  2  v 

kx{MsU)ky{cos0o)  = 

.  (I  v‘  4  4  cost  r.v 


;iS.279) 


2  tan2  10  tan2  }0„ 
cos  0  1  cos  0„ 


2  1  -f-  cos  0  cos  0O 

cos  0  4  cos  (cos  0  \  co*  0,,)” 
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f  dx x  lanl1  UX  (x2  +  \)2Kx(cos  9}KS( cos  0Q )  = 

J  o  cosh  7TX 

24  sin20sin20o  1  3-cos  0  cos  0o  ,  . 

—  - -  — - - .  .  (18.281) 

n  ( cos  0  +  cos  0O)  n  (cos  0 + cos  0  0) 

Still  I'uri her  similar  integrals  can  be  obtained  by  employing  the  recurrence  formulas 
I (l  m  cot  (/W;1  = 

l'"  :  08.282) 
i  mi coi (A  k r  =  -[(.v2+i)+Mi(M/-i)]xr‘, 

«»•  .Heii  mat  equation 


1  ,  rsil,"l  “  '"2J  « -(**  +  »*:. 

sm  H  iUt  dO  sin2  0 J 


(18.283) 


I  he  function  /(r.  *)  governing  certain  geometrical  optics  and  transition  phenomena 
is  dell  licit  by  the  billowing  equations: 


Mr,*)  = 

/„.„.(r,  «)  + 

1, ,.(r,  a), 

(18.284) 

- 

~2n\t](ct)c 

i kr  cos  x 

» 

(18.285) 

/tt.(r,  a)  = 

ni  sgn  (a) 

\gm- 

“1 

e-,=l  e“', 

(18.286) 

L  w^/Ztu 

N//cr  sin  i|a| 

,  G(w) 

2 

2I"2  f  e-“2d^ 

(18.287) 

J  (1  -i)w 

e  a  determines  some  geometric' 

1  optics  boundary  at  a 

=  0.  The 

function  (7(h  )  is  related  to  the  Fresnel  integral  discussed  in  the  Introduction  by 


G(w)  =  -y--.  e~2iH’:~Ai’tF(u,v/2) 


[18.288) 


so  that  its  principal  properties  may  be  deduced  from  the  general  results  concerning 
the  Fresnel  integral.  In  particular,  for  w  ,  •  1  (away  from  the  geometrical  optics 
boundary): 


eiiR  r  '  I  *3'  ••(2/1-1) 

i  +  y 

L  n  i  (4iw2)n 


:  18.289) 


and  the  transition  function  /lr<(r,  a)  in  eq.  (18.286)  is  therefore  very  small  for  points 
well  away  from  the  geometrical  optics  boundary;  i.e.  for  kr  sin2  Ja  >  1: 


Ur,.)--  V**""*"  I  l'3  •(f'l-’V 

yjlkr  sin  Ja 1  [4i/cr  sin2  Jaj" 


18.290) 
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On  th*  other  hand,  an  expansion  suitable  for  w  «  0  is 

(r4iw2)" 


G(w) 


=  e'2i"'!-2|/2 


e^'VY 

(isO  1  *  3 


(18.291) 


thus,  for  points  close  to  the  geometrical  optics  boundary,  i.e.  for  kr  sin2  \ol  <  1  the 
total  function  7(r,  a)  behaves  as 


/(r,a) 


V«cl(*r“ in) 

yjlkr  sin  Ja 


-Trie 


i kr  cos  < 


00 


2ci>x/2nkr  sin  i<x  £ 

n  =  0 


[-4iAr  sin2  joe]" 
f  ~3~(2n  +  l)  ' 


(18.292) 


The  singular  part  in  /(r,  a),  represented  by  the  first  term  in  eq,  (18.292),  yields  a  field 
contribution  that  is  exactly  cancelled  by  a  corresponding  singularity  in  the  diffracted 
field  due  to  the  cone  tip.  The  remaining  forms  in  eq.  (18.292)  are  regular  and  free  of 
jump  discontinuities  on  the  geometrical  optics  boundary  a  =  0.  The  phase  and  ampli¬ 
tude  of  both  G(w)  and 


-  Jv/irce11*  dG^  =  tl-v,2ne'ii"wC(w)]  (18.293) 

dw 


have  been  plotted  by  Fhlsgn  [1955, 1957c,  1958,  1959]  and  his  ‘esultsare  reproduced 
in  Fig.  18.17.  Also  shown  in  Fig.  18.17  are  the  amplitudes  of  the  leading  asymptotic 
approximations  to  G(w)  and  [1  -  y/2n  exp(-ii7r)w>G(w>)]  for  1  as  determined 
from  eq.  (18.289).  On  the  basis  of  these  plots  Felsen  concludes  that  transition  effects 
are  appreciable  only  for  w  <  4. 

The  function  T(r,  a)  governing  geometrical  optics  and  transition  phenomena  for 
axial  incidence  (except  when  0X  -*  irc)  is  defined  by  the  following  equations: 


TM)=  Trcn.(r,a)  +  Ttr.(r,a),  (18.294) 

Tnt\.(r,  a)  =  //(a)  }Aan  a  exp  {i (kr  cos  a  +  i7r) 
f  2nkr 

x  exp  (}i/cr--n  aJ  ,  (18.295) 

l  cos  a )  \  cos  a  / 

Tu.(r.  a)  =  -h(»H-b/(-a)]l/tan  eiUr  Un)  [e”* *'v2A', ( - iw2) - 1/7^  , 

r  2 nkr  L  r  2  w  J 


with 


w  =  yjkr  sin  J|a|. 


(18.296) 

(18.297) 


The  function  A,  represents  the  modified  Bessel  (or  Macdonald)  function  of  order 
The  angle  /  determines  the  geometrical  optics  boundary  at  a  =  0,  and  for  axial  plane- 
wave  incidence,  t  ---  n- -2(^+0.  In  the  region  At  sin2  Ja>  1  well  away  from  the 
optics  boundary,  the  transition  function  yields  a  negligible  contribution  to  the  field 
since  it  behave  as 


Fie.  18.17.  Amplitude  (  )  and  phase  (---)  of  (a)  <7( u)  and  (b)  [!  —  \/2.t exp  (—  Ji.T)wG' (»»•)];  also,  amplitude  ( - )  of  the  corresponding 

asymptotic  approximations  (a)  [(w\  '27r)-,exp  QL-r)]  and  (b)  [i/(4w2)]. 
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3e 


Ur 


T-<r'  - -«*>♦«  -  *»  W(^,.  si„“=T« 


+0 


In  this  same  region,  kr  sin2  ia  >  1,  we  have 


Ttefdn  a)  ~ 


^e,fc"0Sa|,+ 

kr( sin  a)*  \ 


3i  cot  a  _ 

- +0 

8 kr  sin  a 


(18.298) 


(18.299) 


On  the  other  hand,  for  points  close  to  the  optics  boundary,  i.e.  for  kr  sin2  ia  1 
and  kr  >  1.  the  total  function  T(r ,  a)  behaves  as 


tu  «)  *  M.  + 

Ar(2  sin  |*|)*  (2/cr)^[cos  jot]1  w(^) 

e~*‘*  /  i »  u  •  .  \kr  .  2  t  I 
+  - (U'/rsinJa-  sm  ...  . 

r(-})  ni)  I 


(18.300) 


The  singular  part  in  7(r,  a)  represented  by  the  first  term  in  eq.  (18.300),  leads  to  a 
held  contribution  that  is  cancelled  by  a  corresponding  singularity  in  the  diffraction 
field  due  to  the  cone  tip.  The  remaining  terms,  to  this  order  of  approximation,  are 
regular  and  free  of  jump  discontinuities  on  the  geometrical  optics  boundary  7  ~  0; 
however,  the  higher  order  terms  do  contain  jump  discontinuities  at  a  =  0,  so  that  for 
smaller  kr  the  function  T(r,  a)  would  have  to  be  modified  in  order  to  obtain  an  ap¬ 
propriate  uniform  asymptote  expansion  for  the  field. 
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B,  VECTOR  RELATIONS 


A,  B,  C,  D  are  arbitrary  vector  fields;/ and  y  are  arbitrary  scalar  fields. 

General  formulas: 

(1)  A  BaC  =  B  CaA  =  C  AaB 

(2)  A  a  (BaC)  =  (A  ■C)B  -(A  B)C 

(3)  Aa(BaC)+Ba(CaA)+Ca(AaB)  =  0 

(4)  (A  a  B)  •  (C  a  D)  =  A  •  (Ba(CaD)]  «  (A  ■  C)(B  ■  D)  -  (A  ■  D)(B  ■  C) 

(5)  (A  aB)a(CaD)  =  (A  a  B  ■  D)C — (A  a  B  ■  C)D 

(6)  V(fg)=fVg+gVf 

(7)  V  •  (fA)  =  A  ■  V/+/V  •  A 

(8)  Va(/A)  =  V/aA+ZVaA 

(9)  V(A  •  B)  =  (A  -  V)B  +  (B-  V)A  +  .4  a(VaB)  +  Ba(Va/1) 

(10)  V-(AaB)  -  B-VaA-A-VaB 

(11)  V  a  (A  a  B)  ==  AV  ■  B-BV  •  A  +  (B  ■  V)A-(A  ■  V)B 

(12)  V  a  V/  =  0 

(13)  V  •  V  a  A  =  0 

(14)  VaVa/1  =  VV'  A-VlA 
(is)  vy -  V  •  V/ 

(16)  V/(„)  =  <y  Vf/ 

<'!/ 

(17)  V:(/,/)  =  /Vy  +  tfVJ/+V/  '  V.y 

(18)  VJ(/4 )  =  /VJA  +  .4 vy+  2(V/-  V)4 

(19)  VV  •  (fA )  =  (V/)V  /i+/VV'  A  +  (V/'  V)4  +  (4  •  V)V/+ V/a  ( V  a /S ) 

120)  V  a  V  a  (/A )  =  /V  a  V  a  4  -  AV2/  +  (V/)V  •  A  + 

+  V/a(VaA)+(A  •  V)V/-(V/-  V)4 
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Special  formulas: 


Ifl 

r  =  rf  is  the  radius  vector  from  a  fixed 

origin  and  F  is  any  constant  vector,  then 

(21) 

Vr  =  * 

(22) 

<3 

II 

(23) 

Vai-  =  0 

(24) 

V(l/r)=  -P/r2 

(25) 

V  •  (P/r2)  =  — V2(l/r)  =  -4ft<5(r). 

a 

where  d(r)  =  0  if  r  #  0,  and 

<5(r)dr  =  1 

J 

all  space 

(26) 

V-(F/r)  =  —  F  •  P/r2 

(27) 

VA[FAP/r2]  =  -V[F-  P/r2],  if 

r  #  0 

(28) 

V2(F/r)  =  0,  if  r  #  0 

(29) 

Va(Fa^)  =  F(V-^)+Fa(Va^)- 

-V(F-A) 

Integral  relations: 
Gauss'  theorems: 


(30)  fv/du  =  f/fldS 

v  V  J  S 


where  the  volume  v  is  bounded  by  the  closed  regular  surface  S  with  unit  normal  A 
pointing  outward  from  r,  and  the  partial  derivatives  which  appear  in  the  integrands 
are  continuous  in  the  interiors  of  a  finite  number  of  regular  regions  ol  which  v  is  the 


sum. 


Substitution  of  special  vectors  in  Gauss'  theorems  fields  various  Green's  theorems, 


such  as 

(33)  1  (/V2(/*f  V/-  V(/)dr  = 

17?  dS, 

J  V 

Js  cn 

(34)  (  (/V2</-yV2/)di  =  I 

*  l’  * 

s  \  (  n  cn/ 

for  other  Green's  theorems, 
pendix  A ). 
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Stokes'  theorems: 

(35)  |  AaV/  dS  =  fdl 

(36)  -/IdS  =  |  Adi 

(37)  J  [(/)  a  V)  a /4]dS  =  -  <j)  A  Adi 

(38)  J  (V/a  Vfl)  •  6dS  =  (j)  fVg  ■  d/ 

=  -  ji^Vfdl, 

where  the  open  regular  surface  S  is  bounded  by  the  contour  /  whose  line  element  d / 
is  oriented  in  the  positive  sense  with  respect  to  the  normal  h  to  S',  and  where  the 
various  partial  derivatives  in  the  integrands  are  continuous  in  a  region  containing  S 
in  its  interior. 

Dyadics: 

The  formal  multiplication  AB  of  two  vectors  A  and  B  is  called  a  dyad;  by  definition: 

(39)  AB  C  =  A(B  •  C),  C  AB  =  (C  A)B. 

If  B  =  BxSt  +  By$  +  Bst  is  a  linear  vector  function  of  /l  =  Axk  +  Ayf  +  AJ,  then  the 
relation 

/B  x\  ((I  xx  9xy  9xz\l/^x\ 

(40)  I  By  I  =  I  9yx  9 yy  9 yz  )(  j 

\BSI  \9:x  9  zy  9zz'  \A:! 

may  be  written  as 

(41)  B  -  *  A< 

with  the  dyadic  operator  #  given  by 

(42 )  V  =  gxxkk + gxy*9  4-  gxzkk  + 

+  0yx9*  +  ffyy99  +  fJyS92  + 

thus,  Vi  represents  a  tensor  of  rank  two. 

We  may  also  write  (42)  in  the  forms: 

(43)  Vi  =  *Gx  +  fGy  +  ZG: 

GJ  +  Gy$  +  G’:  £, 

where  the  G  are  the  row  vectors  and  the  G'  the  column  vectors  of  the  matrix  \gn\ 
of' (40).  In  particular,  the  identity  dyadic  is  given  by 

(44)  /  --  kk  + 
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A  list  of  useful  relationships  for  dyadics  may  be  found,  for  example,  in  reference 
[10]  of  Appendix  A;  here  we  only  give  a  few  differential  operators. 

In  rectangular  Cartesian  coordinates  (jc,  y,  z ): 

(45)  VA  =  (i  5  +9~  +«  *!■)  A 

\  5.x  dy  dz / 

=  V(4^)  +  V(/l^)  +  V(/l:f) 

5/4  *  cA  .  dA  . 

(46)  /4V  =-  -  *  +  $+  -  t 

5.x  dy  dz 

^  *s 

(47)  V  -  =  "  G<  +  6  0,+  G.. 

5.x  dy  dz 

=  (v-G;)je+(v-G;)j)+(v-G:)f 

(48)  jeV-G^  +  pV-Gy  +  fV-G, 

(49)  V.ST-i  ^  +,  +f  (3  - 

\  5)'  dz)  \dz  dx)  \  5.x  dy ) 

=  (Vag;)*+(Vag;)$+(vag:)s. 

In  circular  cylindrical  coordinates  (/>.  </>,  r)  we  may  write,  in  analogy  to  (43): 

(50)  =  pG„  +  0G,  +  £G; 


(51)  S/A  =  (p  ''  +  ^  +£ 

V  <>  i>  (  <j>  <W 


=  vv  ^  p+  rv  ^>+v/i.f 


(52)  V  • = 


*'  )  G„  +  1  <7G*+  <1C- 


l>  ('f> 


=  (v  •  g;,-  tf“)  />+  (v  •  g;+  <h(v  •  g:)« 

(53)  v  A  /;  =  p  ('  rG-  -  +4,(3  -  3\  +t  (G*  +  ‘G*  _  1 

' o  d(f>  dz  ’  \  dz  dp)  \p  dp  p  ('</>' 

=  (vag;+  1  g;a^p+ (vag;-  1  g;,a^U+vag;* 


r(,-r  Kif  a  y  i  //  t  i  v  /\  vj^  -  vj,,  - 
P  '  \  p 


and  in  particular 


(a4)  V/#  =  <p<p.  \  <j>  -  tf>p ,  Vf  =  0. 

l>  P 
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In  spherical  polar  coordinates  (r,  0 ,  <j>)  we  may  write,  in  analogy  to  (43): 

(55)  rS  =  PGr+iG9+iG4 
=  Grt 


(56)  Vi*  =  (*-+--  +  —t—  •-)  A 

\  dr  r  d6  r  sin  9  d(j>/ 

=  [Vi4r-  '  K0+.4^)j  n  jV4,+  -(A,d—Atcol  00)j  d  + 
+  |^V +  -  (Ar  4-  Ag  cot  *p 

(57)  V  •  V  =  (2  +  Gr+  1  (--  4- cot  o)  G9  +  — < > 

V  dr!  r\80  !  r  sin  0  d<j> 

=  (v  •  g;-  9b+±#}  n  [v  ■  g;+  i  cot  o)j  d+ 

+  [v  ■  g;+  -  (y^+y^s cot  0)J  ^ 

(58)  V  A  'S  =  f  r l-°  +cot  o)  Gt—  ^1  + 

/•  L\c?0  /  *  sin  0  d<j>  J 

+#r_!_^_(.?.  +  «)c3  + 

Lr  sin  0  d(f)  \dr  rJ  *J 


♦c  ♦))*-■  a 

=  |vag;+  '(GiAd+GiA^j  t+ 


+  |vag;  +  (G;A0cot«-c;AO)j  0+ 
+  Jvag;-  1  (c;+c;)A^j  $ 


and  in  particular 
(59)  V*  =  W  +  W 


vd  =  (M  cot  «  -  df),  =  -  (<£?  4-  <j>o  cot  d). 


C.  ORTHOGONAL  CURVILINEAR  COORDINATES 


Let  i/, (.v,  y\  z),  u2(x  z),  w3(*,  y,  z)  be  a  right-handed  system  of  orthogonal 
curvilinear  coordinates,  and  let  be  a  unit  vector  tangent  to  the  coordinate  line 
oriented  toward  increasing  uh  and  such  that  ut  au2  =  «3.  The  metric  coefficients 
//j,  h2,  hy  are  given  by 

/.V  ,.2  _  /<M2 ,  tsy\2 ,  (fo\2  :  ,  ,  0 


the  line  element  d s  by 

(2)  (ds)‘  =  1  hf(M)2 

i »  1 

and  the  volume  element  dr  by 

(3)  dr  =  /?,  h2h3dul  ..du3. 

If/  is  a  scalar  field  and  A  is  a  vector  field  with  components  A,-  =  A  • 

3  1  /!/* 

W  V/=Y  ‘/i,.. 

i  =  l  hj  CUi 

(5)  V  -4  =  -- ...  [,-(A2M.)+  /  (A.Mafi  , 

hlh2hy  Lc)u 4  cu2  du3  J 

(6)  Va/J  =  ‘  \-f  (hyA})—  /(Mi)l  «,+ 

/t2"3  Lew  >  ru3  J 

+  1  r/-(M,)-  (m3)1  *2+ 

/i3/i,  U  «3  rM|  J 

i  r  r*  .  _  c  . 


/it/i:  Lai, 


(/?>  A2)-  ^  (/i,  A,)  u3, 


(7)  v2/  =  1  r  c.ihih> Pf  u  r  (h>ht  pf  )  + p  ihih*  pf\ 

/i, /i3/i3  lPm,  \  /t,  av  a i2\  h2  <ni<2  cu3  \  J?3  <iu3M 


Formula  (6)  is  valid  only  if  the  coordinate  systems  (.v,  v,  z)  and  (k,,i/2'N3)  are 
either  both  right-handed  or  both  left-handed.  Otherwise,  the  right-hand  side  of  eq.  ((>) 
must  be  multiplied  by  minus  one. 

Particular  formulas  for  the  eight  coordinate  systems  adopted  in  this  book  are  given 
in  the  following:  for  other  coordinate  systems  see,  for  example,  M(X)\  and  Sim  no  r 
f  ield  Theory  Handbook  (Springer);  Mousi:  and  Ffsiibach  (1953),  Methods 
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of  Theoretical  Physics,  chapter  5  (McGraw-Hill);  Margenau  and  Murphy  (1943), 
The  Mathematics  of  Physics  and  Chemistry  (Van  Nostrand). 

1.  Rectangular  Cartesian  coordinates: 

(8)  ut  =  x ,  u2  =  y,  it}  -  z\  -oo  <  x,  y\  z  <  oo 

(9)  hx  =  h,  =  II  =  1 


(10)  Vf  =  y.jl+?lp+8li 

dx  dy  dz 

(11)  V-A  =  dAi  +  ~y  +  ^ 

dx  Oy  dz 

(12) 


M,  _ 

cM2\ 

1  Jp+ 

. 

dAx 

ris 

ax  / 

\  dx 

dy. 

(14)  V2^  =  (V2Ax)$  +  (V2Ay)$  +  (V2A;)L 


2.  Circular  cylinder  coordinates: 

(15)  U)  =  p,  w2  =  </>,  U}  =r;  0  ^  /)  <  oo,  0  ^  </;  <  2jt,  —  oo  <  z  <  oo 

x  =  p  cos  </>,  y  =  p  sin  </>,  z  =  z;  p  -  v  (x2  4-y2) 

(16)  /t„=l,  =  hz  -1 

(17)  A(1  -  Ax  cos  $  + Ay  sin  (j)>  A+ =  Aycos  (fr- Axs\n  (j>,  A.  -  Az 

Ax  =  cos  (fr-Aj  sin  <4V  =  sin  (f>  +  A+  cos  <£, 


(18) 


^  +  y  * 


c  0 
=  x  -  V 


dp  p  IX  p  dy  d(j)  Vy  Vx 

d  ,  d  sin  6  d  d  .  .  d  cos  6  0 

=  cos  (p -  ,  =  sin  tp  + 

Ox  dp  p  d(f)  dy  dp  p  d(j> 

(19)  v/=f  p+  1  Vj>+  f « 

dp  p  d<p  vz 

r?  j  1  <7  .  I  dA*  dA. 

(20)  VA  =  U>A„)+  *  +  ,  ' 

pip  p  d<p  i  z 


(21)  Va^  = 


1 

dA. 

dAi 

-P 

dif, 

dz  J 

i  r 

l  (7\ 

1 

(p. 

+  , 

p  dp 

v  vpr 

P" 

p  + 


1<A"  -  ^*1  *+  1  ^  (paj-  1  r:Y\ 5 

-  cz  r/)  J  Lp  rp  p  cip  J 
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(24)  V-p  =  i,  V  •  $  =  V  •  2  =  0 

P 

V a ^  ,  Va£  =  Va£  =  0, 

P 

3.  Elliptic  cylinder  coordinates: 

(25)  ii]  «  u,  u2  -  «3  —  0  g  u  <  oo,  0  g  <  2tt,  -oo  <  z  <  oo 

x  =  jd  cosh  u  cos  t',  y  =  W  sinh  u  sin  i\  z  —  z 

d  —  interfocal  distance 

also:  {  =  cosh  w,  r/  =  cos  r;  1  g  <!;  <  oo,  —  1  g  ^  g  1 

(26)  /iM  =  /?„  =  4(/(cosh2  w- cos2 t>)*<  /?.  =  1 

(27)  V/  =  -  (cosh2  u  -  cos2  r)~ *  (C^  «+  ™  +  —  £ 

d  \cw  dv  !  dz 

(28)  V  •  A  =  ^(cosh2 1/ —cos2 1')~ 1  [(cosh2  m— cos2  o)*i4j  + 

+  --  [(cosh2 1/- cos2  +  — 

Ct’  ) 


4.  Parabolic  cylinder  coordinates: 

(31)  it ,  =  v,  u:  -  tj%  uy  ■■■■■  r:  -  /  <  z  <  */ .  0  g  >/  <  x,  -  x  <  r  <  x 
•v  -  'jr-n2).  y  l>h  -  =  " 

(32)  /i.  -  /i,  --  t  i/2)'.  /i.  1 


c 
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(34) 

(35) 

(36) 


V  •  A  =  (i2+n2)-'  [«J +42)^{]+  --  [({2V)M,])  + 

va  a  =  {+  -«2+»»2ri^]  a+ 

+({.t,.r.  [| .  Ml  t  toi] , 

(0+0)+ %■ 


5.  Spherical  coordinates: 


(37)  u,  =  r,  w2  =  0,  =  0;  0  ^  r<  co,  0  ;g  0  g  tt,  0  ^  <j>  <  2n 

x  =  r  sin  0  cos  ~  r  sin  0  sin  z  =  reos0;  r  =  v/(x2  +  y2  +  z2) 

(38)  hr  -  he  -  r,  -  rsin  0 

(39)  /tr  =  4X  sin  0  cos  <j>  rAy  sin  0  sin  <£  +  cos  0 
Aq  =  ,4*  cos  0  cos  (j)  +  /ly  cos  0  sin  $  -  Az  sin  0 
Af  =  ,4y  cos  </>  -  /I  x  sin  $ 

/lx  =  A,  sin  0  cos  (/>  +  Ag  cos  0  cos  (j)  -  A+  sin  (j) 

Ay  =  Ar  sin  0  sin  <f)  +  Ae  cos  0  sin  4>  +  A+  cos  (j> 

Az  -  Ar  cos  0-Ae  sin  0 


(40) 


d  x  d  y  <7  z  d 

--  =  -  *  +  -  -  +  -  - 

(V  r  dx  r  dy  r  dz 

d  xz  0  yz  d  d 

— - —p  -  ; 

£0  p  dx  p  dy  d: 

d  =  d  r 

c?v  dx 


p  “  V(-x2+>’2) 


('!  p  \  p 

_  -  =  sin  0  cos  (j>  -f  cos  0  cos  >j> 

cx  Or 

r  (V 

*  -  sin  0  sin  </>  *  + 

*  cos  0  sin  (jy  1 

fr  <V 

r  dO 

d  d  sin  0  r 

=  cos  0  - 

rz  dr  r 

do 

Vf='  f  f+  1  ‘  f  0  + 

* 

dr  r  dO 

r  sin  0  C(f) 

sin  (/>  d 
r  sin  0 
cos  </>  P 
r  sin  0  d(f> 


(41) 
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(42)  V-A-I£(r*Ar)+ 

r  dr  r  sin  0  dO 


1  d  r  •  o  ^  ,  1  dA4 

—  (sin  0/4)  + - f 

r  sin  6  d<t> 


(45)  *] ,+ ;  kb  t  ~  IH #+ 

,44)  W  -  \  >  (,’  »)  +  ^!_  i  U  0  *\  4.  &, 

r2  dr  \  dr)  r2  sin  0  d0\  do)  r2  sin2  0  d<t>~ 

(45)  V2A  =  (v244r-  2  A-  At-  \ 

\  r  r  r 


OA, _ 2 OA 

dO  r1  sin  0  dip  I 


A 


+  (v2y(,+  2  — '  -  -----  44,-  ^25*1  ?A*\  6-y 

\  r2  dO  r2sin20  r2  sin  0  d<t> ) 

+  (v%+  -j—  —  -  -j-iy-  44*+  ^ 

\  r2  sin  0  d(b  r 2  sin2  0  r2  si 


(46)  V  •  ?  =  2  ,  V  •  0  =  — -  ,  V  •  ^  =  0 
r  r 

V  A  f  =  0,  V  A  0  =  -  ,  V  A^  =  — -  )  —  -  . 

r  r  r 


sin  0  d(j)  / 


6.  Prolate  spheroidal  coordinates : 

(47)  (/,  =  u,  a 2  =  v,  u3  =  <j>;  0  S  :i  <  oo,  0  g  r  g  n,  0  g  </>  <  2 n 

x  -  Id  sinh  u  sin  u  cos  (/>,  v  =  Jr/  sinh  u  sin  v  sin  </>,  r  =  cosh  u  cos  r 
i/  =  interfocal  distance 

also:  f  -  cosh  u,  //  =  cos  r;  !  g  {  <  oo,  - 1  g  g  1 

(48)  ft.  =  ),/  (£~^)\  ft,  =  }</  ft*  =  )</[(c2  -1)0 -/?2)]‘ 

(49)  V/=  “({2  -r;2)-*  f«1-l)‘<7ee+(l-l2)‘<7*l  + 

d  L  Ci  nj  J 

+  2I[u,2-ixi-V)r*?-^ 

d  cq) 
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(51) -Va A 


(52)  V2/  =  ^  {Z2—>l2)~' 


+ 


4 

dl 


ue-w-tfr1 


d2f 
d4>2  ' 


7.  Oblate  spheroidal  coordinates : 

(53)  ut  =  w,  u2  -  v,  u3  =  0;  0  g  u  <  oo,  0  g  D  g  7T,  0  ^  (/>  <  2n 

x  -  jd  cosh  u  sin  v  cos  0,  y  =  cosh  u  sin  v  sin  0,  z  -  \d  sinh  u  cos  v 

d  =  interfocal  distance 

also:  {  =  sinh  u,  rj  =  cos  u;  0  £  {  <  oo,  - 1  g  tj  g  1 


(54)  /l{  =  ^(^)1,  a,  =  id  (£*)*.  h,  =  m2+m-fi2)]* 

(55)  Vf-he+r,2)-'  \(C+\)id!j+(l-»J2)id/-i\  + 

d  L  d(  drj  J 

+  ^[(^+D(i-^)]'g^ 

d  Ocp 


(56)  V-/4 


(ftrc 


j +.,« 

,5{  £j 


^  e 


«_1  /1  +  2/‘VY 

+  1J  <+rft*2  +  H2/ 


r+r 


*,+  ,[(r+>)(t-42)]' 

d 


dA+ 

30 


,s,» — 


^  s2+i 


h  K  i+ 


+ 


X 


+ 


•)' 


( 
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(58)  V‘/=  *  ({2  +  i»2r'  (J-  r«*  +  .)^l  +  y  f(l-^)f-l)  + 
d~  \d£  L  j  drj  L  (5//JJ 


+  J[«,+oo -'i2)]"S' 

(/*  d(p 


8.  Parabolic  coordinates: 

(59)  u,  =:  u2  -  rj,  i/3  =  0;  0  <&  4  <  oo,  0  g  >»  <  oo,  0  g  0  <  2tc 

x  -  2v/4>7  cos  <p,  y  -  2 sin  0,  z  =  £~tj 

also:  {,  =  n/2{,  {2  =  y]2r\\  0  ^  4,  <  oo,  0  ^  {2  <  od 

(60)  =  \ 

(61)  v/  =  (^+);r!(^^i+'f,'f  i) 

\  (5c  or\  /  (50 

(62)  V.,  =  f  UV-  +  2l’  +  'Ll 

\€  +  »|/  L2f  2f(£  +  „)J  * 


f  UV-+  2^-U+ 

/  „  yrA+  2„+</i 
w + n'  iSn  2<i(<j+>i)J 


2 in  ?<t> 


+  \(&l) 


d 0  \{  +  i//  \5{  2« 


+(£+'/)";  I?1  [-f,  +  -  .1  -4,-^  j  -  +  y  !--l  -L-j  * 

I  L?{  2(< +>/).!  L  dn  2(£+nU  I 


L<fy  2[i+n)2 


(64)  V'j  =  (£  +  ,,)-'  rf.jVfW  ^  (,,C?) 

L(  C  V  (V  <>/  \  Oif/  J 


44^  (n0  ? 
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15  geometrically-simple  shapes.  Such  shapes  are  important  in  their  own 
right  and  as  a  basis  for  synthesizing  the  radiation  and  scattering  properties 
of  more  complex  configurations.  Each  shape  is  treated  in  a  separate 
chapter  whose  contents  are  presented  in  stylized  format  for  easy  reference. 
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